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Abstract: In this paper, we will present several upper bounds for the numerical radii of a opetatoR matrices.
We use these bounds to generalize and improve some well-known numerical radius inequalities. We provide a
refinement of an earlier numerical radius inequality due to (Bani-Domi & Kittaneh, 2021) [Norm and numerical
radius inequalities for Hilbert space operators], (Bani-Domi & Kittaneh, 2021) [Refined and generalized
numerical radius inequalities for operator nidtricds] and (Al-Dolat & Kittaneh, 2023) [Upper bounds for the
numerical radii of powers of Hilbert space operators].
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Introduction

Let B(H ) be the C* —algebra of all bounded linear operators on the complex Hilbert space . Recall that the
numerical radius w(.) and the usual operator norm ||. || are, respectively, defined by

w(¥Y) = sup [{Yx,x)| and ||Y|| = sup ||Vx]|| whereY € B(H).

llxl|=1 [1x]|=1
A fundamental relation between the norms w(. ) and ||. || is the following inequality
1
3 Y]] <w(¥) < ||Y]| for every ¥ € B(H). (1.1)

Many mathematicians are interested in giving refinements for the inequalities in (1.1). For example, in Kittaneh
(2005) Kittaneh provided the following improvement

JIVE + 17 Rl = w2 @) < IIY]2 + Y] forevery Y € BGFH)  (12)

1
where [¥| = (Y*Y)=.

In El-Haddad and Kittaneh (2007), the authors showed that the upper bound in (1.2) can be generalized as
follows:

w'(y) = % I|Y]?" + |Y*|?"|| foreveryr= landY € B(H). (1.3)
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Recently, in Al-Dolat and Kittaneh (2023), Al-Dolat and Kittaneh have refined the inequality (1.3) by showing
that

2r Ira
wir(y) = "

(1.4)

Y12 + [Vl —I—?wr(l’z) foreveryY € B(H), r = land a € [0,1].

In Kittaneh (2003), Kittaneh showed the following inequality
w(¥) < IIIY] +|Y*[ll foreveryY € B(#). (L5)

In Dragomir (2009), Dragomir showed that the numerical radius of a product of two operators has the following
upper bound

wh(V'X) < % I|X|%" 4+ |Y|?"|| foreveryr = 1and X,Y € B(H). (1.6)

Let H be a complex Hilbert space and let £ (2} = H @ H denote the 2 —copies of H. Based on this
decomposition every operator ¥ € B(}f{z}) hasa 2 X 2 operator matrix representation

Y,, Y
Y:|: 11 12:|
Y21 Y22
With ¥;; € B(JL) where i,j € {1,2}. To learn more about the numerical radii of operator of matrices and
their applications, one can refer to (Al-Dolat et al., 2016 ; Al-Dolat & Jaradat, 2023).
In this paper, we give new upper bounds for the numerical radii of 2 X 2 operator matrices. Based on those

bounds, we obtain refinements of the inequality (1.4). Also, we refine earlier numerical radius inequalities for an
operator of matrices obtained in (Bani-Domi & Kittaneh, 2021; Al-Dolat & Kittaneh, 2023).

Results and Discussion

For our purpose, we need to recall a few well-known lemmas.

Lemma 2.1 (Kittaneh, 1988). Let ¥ € B(H’) be a positive operator and let x € H with ||x|] = 1. Then
(Yx,x)" < (¥"x,x) foreveryr = 1.

Lemma 2.2 (Aujla & Silva, 2003). Let f be a non-negative convex function on [0, @) and X, Y € B(H) be
positive operators. Then

I GOl = 1737
In particular,

X+ <27 X"+ Y"|| forevery r = 1.
Lemma 2.3 (Hirzallah & Kittaneh, 2011). Let X, ¥ € B(H ). Then

(@)
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W[[)é \(()D = max {w(X ), w(Y)},

W(B{( ;D =max {wW(X +Y),w(X -Y)}.

o e

Lemma 2.4 (Buzano, 1974). Let u, v, w € H with |[w]|| = 1. Then

In particular,

[, wiw, v)| = %(Ilull vl + 12, v)D.

Lemma 2.5 (Moradi & Sababheh, 2021). Let X, Y € B(H). be self-adjoint. Then
w2(X +iY) = ||X? + V2.

Our first main result in this paper provides a refinement for the upper bound given in (Ajula & Silva, 2003,
Theorem 2.6).

Theorem 2.6 Let X, ¥ € B(H ). Then for every @ € [0,1] and 7 = 2, we have
wT(Y*X) E%IIIXI" + IYI”IIWE(Y*X) -I—I_Tawz(l}(lr +i|Y]").
Proof. Let x € JH be any unit vector. Then by letting # = Xx and v = ¥x in Lemma 2.5, we have
(Y X, X)I7 = al(Xx, Yl |(Xx, Vo) + (1 — a) (X, Y|
< all Xx Yl Y X2, x) [z + (1 — @) Kl ]vx]”
< SR + 1YY X, 0l + 228 (Ll + [1yx]?n)
(by the arithmetic — geometric mean inequality)

= % (Wflzx.x)g + (|Y|2x, x}g) (Y*Xx, x)lg +1_T“ UX12x, ) + ([V]2x, x)7)
< S (IRI" %, %) + (Y17 DY X, 1) + 2 (X172, 102 + (7]7x, %)) (by Lemma 2.1)

= Z(UXI™ + Y1), DY X,z + SEKAXIT + i]¥] ), ).

Thus,

17



International Conference on Basic Sciences, Engineering and Technology (ICBASET), April 27-30, 2023, Marmaris/Turkey

w'(Y*X) = sup [(Y"'Xx,x)|"
[lx]]=1

< ZNXI™ + [YI7lwz(r X) + == w2(X]" +ily]").

Remark 2.7 The upper bound presented in the above theorem is smaller than the upper bound given in the
inequality (1.6). To see this, note that for every & € [0,1] and r = 2, we have

w(¥"X) < SIXI + Y1 lw=(v"X) + 2 w2(X|” +i[¥]") (by Theorem2.6)
< C1XI" + Y1 w3 X) + 22 1X12 + Y127 (by Lemma 2.6)
= % 10X + Y2 +1_Ta I1X[*" + |Y|*"|| (by the inequality (1.6))
< ZYIXP2 + Y12+ 221X+ Y127 (by Lemma 2.5)

1
= X2 + Y]]l

The next result in this paper refine [Aujla & Silva, 2003, Theorem 2.9].

Theorem 2.8 Let X € B(H ). Then for every & € [0,1] and r = 2, we have

wr(X) < Sw? (IXIE +ilX°]) + =S wa (%) || X|z + [X* |z

Proof. Let x € JH be any unit vector. Then we have

(Xx, )" = al(Xx,x)|" + (1 — a)|{Xx,x)|"

< a{|X]x, )F (X" |, 1) + (1 — @) (Xx, 2)F(X %, )5 (X" |, )3

(by the Mixed Schwarz inequality)

= %((lX x,x)") -I—% |(Xx.x)|£ ((|X|x x)g + {|X*]|x, x)g)

x,x) +{| X"

(by the arithmetic — geometric mean inequality)

r 2 r 2 _ T r r
< 2({ilexx) + (1o Bxx) )+ 5510 ((1X1E + 18°2) x, %) (by Lemma2.1)

. r 2 _ r r r
(B 5 0 (0 ) ).
Thus,
w'(X) = sup [(Xx,x)|"

[lx]l=1
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< Zw? (IXlE +ilX°R) + =S wi () || X]z + |X*z

Remark 2.9 The upper bound presented in the above theorem is smaller than the upper bound given in the
inequality (1.3). To see this, note that for every & € [0,1] and r = 2, we have

wr(X) < Sw? (IXIE HilXR) + 2w (X) || 1X|z + |x* ||| (by Theorem 2.9)

(by Lemma 2.5)

< ST+ X171+ 2 w20 |[1X1z + 1x° 12

o 2

(|X|£ + | X* |E) (by the inequality (1.3))

X + X))+
= SIHx™ + X"l + =
< ZXI" + X171 + =2 11X17 + X*17]| (by Lemma 2.2)

1 .
= X"+ [x*]7l.

Now, we give an upper bound for the numerical radius of a 2 X 2 operator matrix which generalize [8,
Theorem 2.1].

Theorem 2.10 Let A, B, C, D € B(H). Then for every r = 2, we have
r A B r-1 r r r-2 : :
w 5 <2 max {w' (A),w' (D)} +2" max{ w? (BC), w?(CB)

C
+2"° max {H|C|r +|B cl' }

,H|B|r ;

Proof. Let
A B A 0
Y = VY, = and
C D 0 D

0 B
Y, = { 0 } Then for every unit vector x € H (2), we have

[(Yx, )| = ({¥1x, )| + [{¥ax, x)])"

= 2" Y x, x)|" + 27 |{(Vox, x)|" (by the convexity of t',r = 2)

< 2Ly, [ + 27 (Y, x )k, Y )

2 iy z
|{Y2 x.x)| 4 ||Y2x||||5’2 J."”)z (by Lemma 2_4)

2 2

< 2y 0l + 277
r T r r
< 27 1|(Yyx, x)|” + 272 (|(Y22x,x)|5 + ||Y2x||E|IY2”’x||E) (by the convexity of tz,r = 2)
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= 2"V 0|+ 272V x x4 273 (1 1T+ 1Y )
(by the arithmetic — geometric mean inequality)
< 2"V x, )T 4 272 [(YVEx, x) |z + 273 (T 4 Y5 )X, x).

Therefore,

w'(Y) = sup [(¥Vx,x)|"

[lx]]=1
< 2 lwT (V) + 27 2wz (V2) + 273 || + Y5 7]
= 2" tmax{w"(4),w" (D)} + Zr_znlax{wE(BC). WE(CB)}

+2" 2 max{[lIC|" + |B*["II, 1IBI" + 1C*["13.

There are many upper bounds for the numerical radii of Hilbert space operators that can be obtained from
Theorem 2.12. The following results demonstrate some of these upper bounds.

Corollary 2.11 Let A, B € B(H )., Then for every r = 2, we have

r r T A B
max {w'(A-B),W' (A+B)} =w HB AD

<2"tw (A)+27 2wz (B?) + 2% ||B[ +[B|

By setting A = 0 and B = X in the above corollary we have the following result.

Corollary 2.12 Let X € B(H ). Then for every r = 2, we have

voo-w([y o]

1! Lo |y
szw%x6+ZWx|ﬂx

r

r

SEWXFHX*
2

To prove Theorem 2.16, we need the following lemma which can be found in (Al-Dolat & Al-Zoubi, 2023).

Lemma 2.13 Let u, v, w € H with ||w|| = 1. Then

1 et r r ' 1-a
|, wiw, v)[" = < [lull"l[vll™ + 5 llullzllvllzl(w, v}z +—= [, v)]"

Foreveryr = land @ € [0,1].
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Now, we present new upper bound for the numerical radius of the off-diagonal of a 2 X 2 operator matrix.

Theorem 2.14 Let B,C € B(H). Then

W' @0 BD < lmax{w2(|C|+i
cC O 4

r

B ol

), W2 (B|+i

)

+% max {H|C|r +|B”
4

,H|B|r +\C*\rH}max {W;(BC),WZ(CB)}

+1_Tamax{w“(BC),Wr (CB)},

Foreveryr = 2 and @ € [0,1].

2

Then for every x € H (2) with || x|| = 1, we have

Proof. Let

(Y, x) |27 = [(Yr, x){x, Y )|

= % |V ||"||Y*x||" + % 1Y x|]z|[¥* x||z[{Yx, Y x)|z + % {¥x,¥*x)|" (byLemma 2.15)

= i(IIYXIIZ’" + )2 + S Ayxl” + 1y x[IDI¥2x, x) + I_Ta (Y2, )"
(by the arithmetic — geometric mean inequality)
= i((lerx.x)z + {177, x)?) + (Y] + ¥ )%, (P2 x, %)z +% (Y2, x)["
(by Lemma 2.1)
= 2AYI” + iy )x, O + (YT + [ 1)x, 2%, 0l + 222 (2, )17

Thus,

w2"(¥) = sup [{Vx,x)|?"
[lx|=1

slmax{wz(|C|+i B c’
4

), W (|B|+i

)

-l—%max{ll Icl™+ B*I"|I, I|B|" + IC“’I’"II}max{wE(BC),wE(CB)}
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-l—% max{w"(BC),w"(CB)}.

As special case of Theorem 2.16, we have the following refinement of the inequality (1.4).

Corollary 2.15 Let X € B(H). Then for every & € [0,1] and = 2 we have

w2 (X) < Sw2(IXT 4+ i1%° 1) + SHXIT + 10T Iwae?) + 5wr (k)

1+a

< ZENIXIP + X Pl + =S w2,

Proof. We have
0 X
wo' (X)) =w* H x 0 D (by Lemma 2.3)

< iwzﬂxr +ilX*™) +%|| 1X|" + |X* | lwz(X2) +?wf(xz) (by Theorem 2.16)

< ST+ X R+ S X+ X w3 (X%) + =2 w(X?) (by Lemma 2.5)

< i X127+ 1% P70+ S HAXTT + 1712 +?W‘“(X2) (by the inequality (1.6))
1+a

< TIIIXIZ]' + X127 —l—?w‘"(ﬁ’z) (by Lemma 2.2).

In the following result, we find a new an upper bound for the numerical radius of a 2 X 2 operator matrix.

Corollary 2.16 Let A, B,C, D € B(H ). Thenforeveryr = 2 and @ € [0,1], we have

W' @é ED <22t max{w2r (A), W (D)}

B*

+2°% max (w? ([ +i[B) w2 (B|+i[c "))
+a22 3max{ll[C|" + |B*"Il, I|BI" + IC*I'“II}nmx{w%(BC >-W5(CB>}

+(1 — a)2?" ?max{w"(BC),w"(CB)}.

Proof. By the convexity the of t2" and Theorem 2.16 we get
2r
L([A B A 0 0 B
W =W +W
cC D 0 D c O
< 22r—1W2r A O + 22r—1W2r 0 B
a 0 D cC 0
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< 22" I max{w?"(4), w?" (D)} + 22" 3max{w?(|C|" + i|B*|"), w2(|B|" + i|C*|")}
+a22r=3max{ll[c]” + [B* "Il 1BI" + |c*|" Imax{w=(BC), wi(CB))

+(1 — )22 2max{w"(BC),w"(CB)}.
The following result presents an upper bound for the numerical radius of the sum of operators.

Corollary 2.17 Let A, B € B(H ). Thenforeveryr = 2 and @ € [0,1] we have

2rAB ZrAB_ZrAB
max{w(—),w(+)}_w {B A}

-
< 2277w 2T(A) + 223w (|B]" +i|B*|") + a2® 3| |B|" + |B*|"[lwz(B?)
+(1 — )22 2w (B2).

To prove Theorem 2.22, we need the following lemma which can be found in (Al-Dolat & Al-Zoubi, 2023).

Lemma 2.18 Letu, v,w € H with ||w]|| = 1. Then
1 2+ r r I 1-
(o, wilw, v)|" < < [lull"llv]l" +Ta lullzllv]lz|{w, v)|2 +Ta [{u, v)]"

where & € [0,1] and r = 2.
Now, we can state the following result in this paper as follows.

Theorem 2.19 Let B, C € B(H ). Then for every @ € [0,1] and r = 2 we have

2r 0 B 1 2 roo- r
W @C ODsgmax{w (C| +i )}

+E 8 max{llicl” + B 1L N1BI" + |¢*[ max{w3(BC), wi(CB)}

B'[),w?(B| +ilc”

+ %a max{w"(BC),w"(CB)}.

2

Then for every x € H 2 with ||x|| = 1 we have

Proof. Let

(Y, x) |27 = [(Yr, x){x, Y )|
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= Ti |V ||"||Y*x||" + ZTTa IYx||z|IlY* x||z2|{Yx, Y x)|z + % [(Yx,¥"x)|" (by Lemma 2.21)

24

1 * *
= S (v lP"+ 1Y x]1?7) + — Ulyx]I” + Y x|[D[(¥x, X[z +— (Y2, x)["

(by the arithmetic — geometric mean inequality)

2ta

Eél((IYI‘“ + 1Y )x, )12 + = (Y17 + [V [Dx, x)(V2x, )z +— (¥2x, )"

(by Lemma 2.1).

Therefore,
w2'(¥) = sup |[(Yx, x)|?"
[lx]]=1
QYT + 41y 17, )P + S Y]+ v ||wz(Y2>+ wT(¥2)

=%max{w2(|6|r +i|B*|"), w2(|B|" +i|C*|")}

2+a . . r r
+—= max{|||C|" + |B*|"||,||IB|" + |C Irll}nlax{Wz(BC), Wz(CB)}
+1%j max{w”(BC),w"(CB)}.

Corollary 2.20 Let X € B(H ). Then forevery @ € [0,1] and v = 2, we have

24

wi(X) = “w2(X|" + i|X" ") + X1 + x| IIW2(X2)+—W"(X2)
1 .
= SIHX1P" + X771,
Proof. We have
0 X
W2r(X):W2r
X 0
(by Lemma 2.3)
w2(IXI" +ilX |7 + =2 [1X] + X ||W2(X2)+ w”(X2) (by Theorem 2.22)

2ta

< SIXI2 -+ X2+ Z2 X + 1% lwz(X?) + Z“w"(X?) (by Lemma 2.5)

2+ -
—|||X|2r+|X 27+ == N0XT + 1) )2||+ =X+

1X*?"]| (by the 1nequallty (1.6))

2ta 1-a
o | — Il

—IIIXIZ’" + XTI+ == X+ X P+ IXI2" + 1X*|?"|| (by Lemma 2.2)

1 .
= X2+ 1x77\.
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