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Abstract This paper investigates the existence and uniqueness of fixed points for a class of generalized
contractive mappings defined on extended cone metric spaces. Subsequently, we define and explore (a, B, ¢, 6)-
contractions, a generalization of traditional contractions that allows for a more nuanced understanding of the
contraction behavior in extended cone metric spaces. The extended metric space was defined for the first time in
2017, by Kamran et al. (2017). They replaced the constant in the triangle inequality of the metric with a two-
variable function and explored various fixed point theorems. In 2022, Das and Bag[4] introduced extended cone
metric spaces by incorporating a three-variable map into the third condition of the cone metric. Afterwards,
Selko and Sila introduced the concept of extended quasi cone b-metric spaces and demonstrated the Banach
contraction within this framework. In 2018, Algahtani. (2018) and colleagues established several fixed point
results for a pair of orbital cyclic functions in an extended metric space. In this paper we prove some fixed point
theorems for (e, 3) -orbital-cyclic functions in extended cone metric spaces by using the continuous map ¢ and

a nonnegative constant &.
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Introduction and Preliminaries

Cone metric spaces are a generalization of traditional metric spaces that allow for more flexible notions of
distance and convergence. In a cone metric space, the usual notion of distance is replaced by a cone metric,
which measures the distance between points in a way that is not constrained by the triangle inequality as in
traditional metric spaces. Cone metric spaces are used in various mathematical contexts, including functional
analysis and topology. These spaces are used in various fields, including mathematics, computer science, and
engineering, to model situations where distances between points are not well-defined or are subject to certain
uncertainties. Cone metric spaces are a way to extend the concept of a metric space to a more flexible and

versatile setting. Let us start with the cone definition.

Definition 1.1 Das and Bag (2022). Let P be a nonempty subset of E, where E is an ordered Banach space. The
set P is called a cone if and only if:

(i) P isclosed, nonempty and P {6},
(i) a,bell; a,b>0, x,y € P implies ax+by e P,
(iii) xe P and —x € P implies x = 6.
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The cone P is called normal if there is a positive real number K such that, for all x,y in P we have:
0° x° y=|x|<K]y| (1)
or, equivalently, for three given sequences with terms from P, the sandwich rule holds i.e.

X, ° Y,° z,and limx, = LI_EQ z, =c implies that !I_To y,=¢C (2)

n—o

The positive number K is called the normality constant of P.

The cone P is called regular if every increased sequence which is bounded from above is convergent. That is, if
{x,};_; is asequence such x, <x, <---<b forsome beE, thenthereisa x € E, such that lim|x, —x|=0.
n—w

Equivalently, the cone P is called regular if every decreasing sequence, which is bounded from below is
convergent. Regular cones are normal and there exist normal cones which are not regular.

Inacone P c E, apartial ordering relation © with respect to the cone P is defined as follows:

X° , yiff —xePforallx,y e P. 3)

We also write x <y if, x° yand x =y, while for every x,yeP,x° ., yiff y—xeInt(P). In the following,
always P is a cone in the ordered Banach space E.

Definition 1.2 Das and Bag (2022). Let P be a cone and X a non-empty set. The function d: X xX — P is
called a cone metric if it satisfies the following conditions:

(cl) d(x,y) =@ forallx,y e X, and d(x,y) =8 iff x=y,
(c2) d(x,y)=d(y,x) forall x,y e X,
(€3) d(x,2)° d(x,y)+d(y,z)forall x,y,ze X.

Then d is called cone metric on X and the pair (X,d) is called a cone metric space. Czerwik and Bakhtin
introduced the concept of b-metric space and generalized the Banach contraction principle in such spaces.

Definition 1.3 Czerwik (1993). Let be X a nonempty set and s>1be a given real number. A function
d: XxX —0" iscalled a b-metric if, for all x,y,z e X it satisfies the conditions:

(bl) d(x,y)=0iff x=y,
(b2) d(x,y)=d(y,x),
(b3) d(x,z) <s[d(x,y)+d(y,z)].

The pair (X ,d) is called b-metric space with parameter s.
According to this definition, the cone b-metric notion will be defined as follows:

Definition1.4 Czerwik (1993). Let be X a nonempty set and s>1 be a given real number. Suppose the
mapping d : X x X — E satisfies the conditions:

(i) d(x,y) =0 forallx,ye X and d(x,y)=0 iff x=y,
(i) d(x,y)=d(y,x) forallx,y e X,
(iii) d(x,2)° s[d(x,y)+d(y,z)] forallx,y,ze X.

Then d is called a cone b-metric on X and the pair (X,d) is called a cone b-metric space.
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As a development of the b-metric spaces, Kamran et al. [2] in 2017, introduced the notion of extended b-metric
spaces taking instead of the coefficient s, a two-variable function 6.

Definition 1.5 Das and Bag (2022). Let X be a nonempty set and €:X xX —[L+wx). A function
d, : X x X —[0,+00) is an extended cone metric, if for all x,y,z e X it satisfies:

(dy1) dy(x,y) =0 iff x=y;

(dy2) d,(x,y)=d,(y,x), forallx,y e X;

(d,3) dy(x,2) <6(x,2)[d,(x, y)+d,(y,z)] forall x,y,ze X.
The pair (X,d,) is called an extended cone metric space.

Remark 1.6 Das and Bag (2022). If 6: X x X —[1,+x), where (x,y) =s, for x,y € X, where s e[1,+w)is a
constant, then we obtain the b-metric space definition, and when s=1 we obtain the cone metric space definition.

Example 1.7 Czerwik (1993). Let X ={1, 2, 3, .. .}. Define 6: X xX —[L+) and d,: X x X —L " as:

|x—y| forx=y

H(X, y) = {1 f and dg(X, y) = (X_ y)4
orx=y

The pair (X,d,) isan extended b-metric space.
In 2022, Das and Bag extended the function 8 from X x X to X x X x X obtaining this

Definition 1.8 Das and Bag (2022). Let be X a nonempty setand 8: X x X x X —[1+). Let d,: X xX =0 *
be a function which satisfies the following conditions:

(d,1) d,(x,y)=0 forall x,yand d,(x,y)=0 iff x=y,
(d,2) d,(x,y)=d,(y,x) forall x,yinX,

(d,3) dy (X, Y)<O(x,y,2)[d, (X, 2) +d,(z,y)]-
The function d, is called extended cone metric on X and the pair (X,d,) is called extended cone metric space.

Example 1.9 Let X ={2, 4, 6}and 6: X x X —[1,+w) defined by 6(x,y)=1+2x+3y. Let be the cone
P ={(a,b) el *:a,b > 0}. Define the function d, by :

d,(2,4) =d,(4,2) = (10,10)
d,(2,6) =d,(6,2) = (20,20)
d, (4,6) = d, (6,4) = (30,30)
d,(2,2)=d,(4,4)=d,(6,6)=(0,0)=0

It is evident by the definition of d, that the first and second conditions of extended cone metric space are
fulfilled. Let now check the third condition:

d,(x,2) <O(x,2)[d, (%, y)+d,(y,2)] forall x,y,ze X or,

0(x,2)[d,(x, y)+d,(y,2)]-d,(x,2) = 0
0(2,6)[d, (2,4) +d, (4,6)] - d, (2,6) = 23[(10,10) + (30,30)] - (20, 20) = (900,900) € P
0(2,4) [d9 (2,6)+d,(6, 4)] -d,(2,4) =17[(20, 20) + (30, 30)] —(20,10) = (840,840) e P
0(4,6)[d, (4,2) +d, (2,6)]-d,(4,6) = 27[(10,10) + (20, 20)] - (30,30) = (780, 780) < P
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Then (X,d,) is an extended cone metric space.
Some basic concepts, like convergence, Cauchy sequence, continuity and completeness in cone metric spaces
are defined as follows.

Definition 1.10 Kamran et al. (2017). Consider a sequence {Xn} in a cone metric space (X, d) and P be a normal
cone in E with normal constant M. Then

1. {X.,} converges to x if for every ceEwith ¢ > 8 3N el such that for all n=N, d(x,,X) < ¢
Denoted by limx, = x or X, ———X.

2. {x,} is said to be Cauchy in X if for every ceE with ¢ > 8 3IN el such that for all
n,mx=N=d(x,X,)<c

3. The mapping T:X — X is said to be continuous at a point xe X if for every sequence {x,}
converging to x it follows that limTx, =T limx, =Tx.

n—o

4. (X, d)issaid to be a complete cone metric space if every Cauchy sequence in X is convergent in X.

2 (S,T)-Orbital-Cyclic Admissible Pair
Popescu in his paper in 2014 introduced the concept of a-orbital admissible functions as follows:

Definition 2.1 Popescu (2014). Let T:X > X and a:XxX —[0,0).We say that T is an «a —orbital
admissible if for all x,y e X, we have

a(x,TX)>1 = a(Tx,T*x)>1 (4)

Definition 2.2. Khamsi, (2010).A set X is regular with respect to mapping «: X X X— [0, o) if, whenever {x,}
is a sequence in X such that a (X, Xn+1) = 1 and a (Xn+1, X,) = 1 for all n and x, — x € X as n — oo, then there
exists a subsequence {X i} of {xn} such that a(Xu, X) = 1 and a (X, Xnw) = 1 for all n.

Algahtani et al. (2018) introduced the concept of («, ) -orbital-cyclic admissible pair and proved some fixed
point results for a couple of orbital cyclic functions in extended b-metric spaces.

Definition 2.3 Algahtani et al. (2018). Let S, T are two self-mappings on a complete extended cone metric space
(X,d,). Suppose that there are two functions e, f: X x X —[0,0) such that for any x € X,

a(x,TX)21 = p(Tx,STx)>1 and

B(x,Sx) =1 = a(Sx,TSx) =1 ®)

Then the pair (S, T) is called («, B) -orbital -cyclic admissible pair.

Main Result
Below, we give this key-lemma which is essential for our main results.

Lemma 2.4 Let (X,d,) be an extended cone metric space and let P be a normal cone with normality constant
K. If there exists g €[0,1) such that the sequence {x }for an arbitrary x, € X satisfies

n,m-—w

lim O(X, Xy X yq) < 1 and also
q
0= dy(%. %) ° Ad,(%,1,x,) forany nell, ®)
then the sequence {x_} is Cauchy in X.
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Proof. Using the inequality (6) recursively it follows that

90 d&(xn’xnﬂ)o qnde(xi’xo) (7)
Taking the limits in both sides for n to infinity and using the fact that g <1, it follows that

limd,(x,,X,,,)=0. (8)
From (d,3) property of extended cone metric and the triangular inequality we can write as follows

X

x

Xoips %) O(Xoips Xoipa X ) (dy (X s n+p_1)+d CHR'S)

° 0%, W.xn) O(Xoip 1 Xaip2 %0 ) (Ao oy Xop2) + 0y (X0 20 %,))

+6( ) dy (g X pe) ©)
(Ko Xorp 1% )0 (Xep 1 X0 %0 )0 (Xop Xouns X0 )07 -0y (X0, %)

+...+9(xn+p,xn+pil,xn) mp-l g o (%, %)

X X

n+p’ n+p—1' n

° fx

Taking the norm for both sides of the final inequality, it follows that:

||d (x

n+p? n) < K|:0(Xn+p'Xn+p—1'xn)'6(xn+p—1'Xn+p—2'Xn)+'"+6(xn+2'Xn+1’Xn)'qmp_l:“ldé)(xl’xo)” (10)

Remember that K is the normality constant of the cone P.

Consequently,

||d (Xn+p' n) K.(Sn+p _Sn)"dB(Xl’XO)" (11)
where S are the partial sums of the convergent series Zq Ha(xn“, g Xo)-
i=1 i=2
Then,
lim d, (x,.,.x,)| =0

n, p—o
which implies that the sequence {x,} is Cauchy.

Theorem 2.5. Let T, S be two self-mappings on a complete extended cone metric space (X,d,) such that the
pair (T, S) is («, ) -orbital-cyclic admissible. Suppose that there is a constant & > 0 and a continuous

=0 and

(i) for each x, € X, lim

n,m—o

1-k
(X, Xyr Xpy1) < T where X,, = SX,, ,and X,,., =TX,, foreach nel],

(i) there exists x, € X such that a(x,,Tx,) =1,
(iii) S and T are continuous and satisfies the following inequality

a(xTX)B(y, Sy)d, (Tx,Sy) ° ¢ (max {d,(x,Tx), d,(y,Sy)})

12
+omin{d, (x,Tx),d, (y, Sy),d, (Tx, y),d, (x, Sy)}. o
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Then the pair of mappings (T,S) has a common fixed point u, thatis Tu=u = Su.

Proof. By assumption (ii) there exists x, € X such that a(x,,TX,) 21. Let be x, =Tx,and x, = Sx,. Continuing
in this way inductively, we construct the sequence {x,}where

Xoy =Koy a@Nd Xy, =TX,, Vnel (13)
We have a(x,,TX,) = a(X,,% ) =1and since (S, T) is an (e, S) -orbital-cyclic admissible pair, it follows that

a(X,%) 21 = f(%,STx) = (%, %) 21

and

B, %) 21 = a(Sx,TSx) =a(X,, %) =1
Applying again (5),

a(XZ!Xa) 2l = ﬁ(rxzvSsz) Zﬂ(X3,X4) 21
and

B %)=L = a(SX, TSX,) = a(x,, %) = 1.
Recursively, we obtain
(Xpn1 %pn01) 21 forallnell (14)

and
BXonias Xonip) =1 forallnell (15)

for all nel]. This assumption doesn’t loss the generality of
the common fixed point of mappings S, T

We can continue the proof assuming that x, = x,,,
the proof. Indeed, if there exists any n, €[] such that x, =X

no+1?

isu=x, .Toseethat u=Xx, is the requested point, we study the following two cases.

(i) If n, =2k, we have X, = X,,,, =TX,,. Thus, x,, is a fixed point of T. To show that x,, ., is also a fixed point
of S we must prove that x,,,, = Sx,, ., or, equivalently Tx,, =Sx,, ,.

Suppose on the contrary, that d, (X,,,,, SX,,,,) > 0. Replacing x=X,, and y = X,,,, in (12) and using (14), (15)
we obtain:

0= da(x2k+l' X2k+2) = da (TXZk ) SX2k+l)
(Ko T ) B (X1 SX2k+1)d9 (X s SXgpe,1)
° (P(max{de(XZk Ty ), by (Ko szk+1)!})+5min {dg(xzk +Xopean)r 0y (X ’TXZk)vdH(X2k+1’TX2k+1)}

By replacing d, (X, , TX, ) =0, d, (X, , X, ;) = @ and using the fact that ¢(t) <t we obtain

0 <y (Xo1s Xo2) © @Ay (Xopas Xoi2)) < g (Kopeq s Xox12) (16)

which is a contradiction. Thus, d,(X,.;,SXy,1) =6 0r d,(TXy, SXy,1) =0and X, = Xy, .y = TX, = SX,,,, Which
implies that u = x,, =X,,,, isacommon fixed point of T and S.

(ii) If n, =2k +1we can proceed analogously obtaining the same result.

From now on, we suppose that X, = X, forall ne[l.

Now, we shall prove that {x,} is a Cauchy sequence. For this, it is enough to prove that our sequence fulfills the

requirements of Lemma 2.4.

0 < dy(Xyn,11 Xon,) < a(xzn, s T%o0) B(Xgn10 SXo0,1)dy (TXy05 SX511)
° ¢(max{dH(X2n,TX2n)idB(XZm-l'SXZm-l)}) (17)
+0 min {d9 (XZn,TXZn )’ dB (X2n+1' SX2n+1)’ d& (TXZn ! X2n+1)’ dH(XZH ! SX2n+1)}
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Since d, (TX,,, Xpn.q) = 0y Xz Xonee) = 6, it fOllows that
min {do (X2n,TX2n)’ dU (X2n+1' SX2n+1)! d() (TXZN X2n+1)! dﬂ(XZn’ SX2n+1)} = 0
Therefore, the inequality (17) will be write more simply

0=, (X2n+1’ X2n+2) ° a(XZn,TXZn )ﬂ(x2n+1’ Sx2n+1)d5 (szm SX2n+1)

(18)
° (p(max {de (X2n,TX2n)' de (X2n+1’ SX2n+1)})
Further, using the property of maximal element of a set and the monotony of ¢, we have
dH (X2n+1’ X2n+2) ° (D(max {dg (X2n,TX2n)' de (X2n+1’ SX2n+1)}) (19)

= ¢(max{d9 (X2n,X2n+1)v dy (Xopas X2n+2)})
If max {d, (X Xn1)s Gy (Xane1r Xoni2)} = Ay (Ko 10 %ss.,) then from the inequality o(t) <t it follows that

d() (X2n+1' X2n+2) = d0 (X2n+l’ X2n+2)

which is contradiction. As a consequence, we have

ma'x{d6 (XZn,X2n+1)’ de(x2n+1’ X2n+2)} = dH (XZn ' X2n+l)'

Therefore, from (19)
dE’ (X2n+l' X2n+2) < Q(dH(XZH, X2n+1)) (20)

From Lemma 2.4 and the first condition of our theorem, it follows that {x }is a Cauchy sequence in X. Since
(X,d,) is complete, there exists u e X such that

limx, =u. (21)

n—o

From (21) it is clear that as subsequences of {x,}, we have that {x,,} and {x,,,,} converges at the point u e X

limx,, =limx,,,, =u. (22)
X—>00

n—o0

By using the continuity of S and T we obtain

u=Ilimx,, =limTx, =T limx, =Tu

n—oo n—oo n—oo
and
u=Ilimx,, =limSx, =Slimx, = Su.
n—oo

n—o n—o

Thus, the point u is a common fixed point for the pair of mappings (S,T).
Now, before we prove the uniqueness of u, we accept that for all x, y common fixed point of mappings Sand T
(denoted x,y e CT (S, T)) we have

a(x,Tx)>1and S(y,Sy)>1. (23)

Suppose on the contrary that v is another fixed point of the mapping T where u = v. Therefore, u=Tu=Su and
v =Tv = Sv. From (23) we derive that
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a(u,Tu)>1and SB(v,Sv) >1. (24)
Using the inequality (12), for T we have

a(u,Tu)B(v,Sv)d, (Tu,Sv) ° @(max{d,(u,Tu), d,(v,Sv)})
+omin{d,(u,Tu),d, (v, Sv),d,(Tu,v),d, (v, Su)}.

Since u,v e CT(S, T)), from the last inequality, we get that

d,(Tu,Sv) ° o(max {6, 6})+5min{6,6,d,(Tu,v),d,(v,Su)}
—p(0)+5-0
=4.

Finally, the inequality d,(Tu, Sv) =d,(u,v) < &is possible only when d,(u,v) =6 or u=v whichis a
contradiction. Thus, u is unique fixed point of T.

2.1 (a, p) -Orbital-Cyclic Admissible Mappings

Definition 2.1.1 Algahtani et al. (2018). Let X be a nonempty set, T: X — X «, B: X x X —[0, o). We say
that T is an («, p) -orbital-cyclic admissible mapping if

a(x,Tx) >1implies #(Tx,T°x)>1  and

25
L(x,Tx) =1 implies a(Tx,T?x) >1 (@)

Corollary 2.1.2 Let T be a self-mapping on a complete extended cone metric space (X,d,)such that the
mapping T forms an («, S) -orbital-cyclic admissible mapping. Suppose that there is a constant & >0 and a

continuous comparison function ¢: X — E such that lim|¢" (t)] =0 and
n—owo

(i) for each x, € X, lim

n,m—o

1-k
(X, Xy s Xpyp) < o where X,, = SX,,,and X, ., =Tx,, foreach ne,

(i) there exists x, € X such that a(x,,Tx,) =1,
(iii) T is continuous and satisfies this inequality

a(xTX) Ay, Ty)d, (Tx, Ty) < p(max{d, (x,Tx), d, (Y, Ty)})

26
+omin{d,(x,Tx),d,(y, Ty),d, (T, y),d, (x, Ty)} o

then T has a fixed point u=Tu.
Proof. If we replace S =T inthe Theorem 2.5 the result is evident.

Corollary 2.1.3 Let T be a self-mapping on a complete extended cone metric space (X,d,)such that the
mapping T forms an («, B) -orbital-cyclic admissible mapping. Suppose that there is a constant 6> 0 and a

¢"(®)|=0 and

continuous comparison function ¢: X — E such that lim
n—owo

i) for each x, € X, lim =Tx, foreach nel,
0 2n

n,m-—oo

1-k
O(Xy, Xys Xi1) <T, where X,, = SX,, ; and X,,.,

(i) there exists x, € X such that a(x,,Tx,) =21,
(iii) T is continuous and satisfies this inequality
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a(xT)a(y,Ty)d, (T, Ty) < p(max{d,(x,Tx), d,(y,Ty)})

(27)
+omin{d,(x,Tx),d,(y, Ty),d, (Tx, y),d, (x, Ty)}

then T has a fixed point u=Tu.
Proof: By taking S(x,y) = a(x,y) in Corollary 2.1.2, the proof is done.
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