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Abstract: The present theoretical paper is concerned with analysis of the curvature in a bi-layered bar of 

rectangular cross-section. The bar is subjected to uniform heating. The two layers of the bar have different 

thickness and material properties. Besides, the layers exhibit non-linear elastic mechanical behaviour that is 

treated by applying a power-law stress-strain constitutive relationship. The bi-layered bar curvature is studied 

analytically. For this purpose, the mechanical response of the bar to uniform heating is investigated. The strains 

in the two layers due to heating are analyzed. An equation is compiled by using the fact that the prolongations of 

the bar layers are equal. Two equations are worked out by considering the equilibrium of the layers. The 

analysis of the curvature presented in this paper is checked-up by comparing with a known solution for the 

curvature in a bi-layered linear-elastic bar under uniform heating. The uniform heating induced curvature in a 

bi-layered bar whose layers are continuously inhomogeneous in longitudinal direction is also studied.    
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Introduction 

 

Bi-layered materials are frequently applied in various areas of up-to-date engineering. They are used for 

manufacturing of components of different structures, facilities and devices in car industry, aeronautics, civil 

engineering, power plants, optics and electronics. In principle, layered materials are preferred to traditional 

homogeneous engineering materials because of their superior properties especially in applications in extreme 

conditions (high temperature, humidity, etc.) (Dolgov, 2005; Dolgov, 2016; Kim et al., 1999). These materials 

are known also with their high strength-to-weight and stiffness-to-weight ratios. This fact makes them right for 

engineering applications where low deadweight is one of the important goals of designers (Rzhanitsyn, 1986; 

Kaul, 2014; Lloyd & Molina-Aldareguia, 2003; Rizov, 2017; Rizov, 2018).      

 

Very often bi-layered components of various structures, machines and mechanisms are subjected to heating in 

their operation exploitation. However, the layers of a bi-layered material system usually have different 

coefficients of thermal expansion. This fact indicates the importance of studying various aspects of the 

behaviour of structural components made of bi-layered materials subjected to heating. Also, in some cases the 

mechanical behaviour of bi-layered material systems is non-linear elastic (this necessities application of non-

linear stress-strain relationships since the Hook’s law does not hold). However, the mechanical response of bi-

layered structural components under heating usually is analyzed assuming linear-elastic behaviour of the 

material (Varvak, 1997). Besides, very often the bi-layered structural components have rectangular section.  

 

Therefore, the basic purpose of the present paper is to analyze the curvature of a bi-layered bar of rectangular 

cross-section subjected to uniform heating with taking into account the material non-linearity. Two cases are 

studied. The first one is of a bi-layered bar with homogeneous layers. Equations for determining of axial forces 

and bending moment are compiled. Then axial forces are bending moment are used in the equations of 

equilibrium for obtaining the bar curvature induced by uniform heating. The case of a bi-layered bar with 

continuously inhomogeneous layers is also studied (this case is interestning mainly becouse of wide application 
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of functionally graed materials (Hirai & Chen,1999; Gasik, 2010; Radhika et al., 2020, Rizov, 2019). A check-

up is carried-out by comparing with a solution published in the literature.       

        

       

Curvature Analysis  

 

In this paper we deal with a bi-layered bar subjected to inform heating at temperature, t . The bar has a 

rectangular cross-section as shown in Fig. 1. 

 
Figure 1. Cross-section of the bi-layered bar. 

 

The width and thickness of the cross-section are denoted by h  and b , respectively. The thickness of the upper 

layer is denoted by 1h . The lower layer thickness is 2h . The two layers have different material properties. 

Besides, the layers exhibit non-linear elastic mechanical behaviour. First, the case of homogeneous layers is 

analyzed. The mechanical behaviour of the upper layer is treated by using the following non-linear stress-strain 

constitutive relationship: 

 

                                                                                 1

11

n
E   ,                                                                       (1) 

where 1  is the stress,   is the strain, 1E  and 1n  are material properties.  

The stress-strain constitutive relationship of the lower layer of the bar is written as 

 

                                                                                  2

22

n
E   ,                                                                   (2) 

where 1 ,  , 1E  and 1n  are the stress, strain and two material properties, respectively.  

 

Our purpose is to analyze the curvature,  , of the bi-layered bar induced by uniform heating with considering 

the non-linear elastic behaviour of the layers. The coefficients of thermal expansion of the upper and lower 

layers are denoted by 1t  and 2t , respectively. If we assume that the layers of the bar are not connected, the 

prolongations, 1tl  and 2tl , of the upper and lower layers can be written as   

 

                                                                             ltl tt  11  ,                                                                      (3) 

                                                                            ltl tt  22  ,                                                                      (4) 



International Conference on Basic Sciences and Technology (ICBAST), November 16-19, 2023, Antalya/Turkey 

152 

 

where l  is the bar length. From (3) and (4), the strains, 1  and 2 , in the upper and lower layers are found as 

 

                                                                                tt  11  ,                                                                      (5) 

                                                                                tt  22  .                                                                      (6) 

 

By using the constitutive laws (1) and (2) we derive the following expressions for the strains in the bar layers: 

 

                                                                                1

1

1

1
1

n

E 










 ,                                                                     (7) 

 

                                                                                2

1

2

2
2

n

E 



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





 .                                                                    (8) 

 

Due to the fact that the layers are connected axial forces of equal magnitude, uF , and opposite directions will 

appear in the layers. The magnitude of stresses in the upper and lower layers induced by uF  is found as 

 

                                                                                   

1

1
A

Fu ,                                                                          (9) 

 

                                                                                  

2

2
A

Fu ,                                                                         (10) 

 

where   1A  and   2A  are the areas of the cross-sections of the layers. Having in mind that 

 

                                                                                   11 bhA                                                                            (11) 

and 

                                                                                    21 bhA                                                                          (12) 

 

formulas (9) and (10) are re-written as    

                                                                                   

1

1
hb

Fu .                                                                       (13) 

 

                                                                                   

2

2
hb

Fu .                                                                       (14) 

 

By combining of (7), (8), (13) and (14) we obtain  

 

                                                                               1

1
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1

nu

Ebh

F








 ,                                                              (15) 

 

                                                                               2

1

22

2
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F
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




 .                                                             (16) 

 

The difference between strains in the two layers is found as 
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                                                      21  
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Besides,  can be expressed also through t  by using (5) and (6) , i.e. 

 

                                                                                21 ttt   .                                                        (18) 

 

By combining of (17) and (18), we obtain the following equation with unknown, uF : 

 

                                                 

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 21 ttt   .                                         (19) 

 

Equation (19) is solved with respect to uF  by the MatLab.  

 

A bending moment, M , that counters the moment induced by the axial forces acts in the bi-layered bar. This 

bending moment can be expressed as 

                                                                          
2

21 hh
FM u


 .                                                                   (20) 

 

The bending moment is used to analyze the curvature of the bar induced by the uniform heating. For this 

purpose, first, the distribution of strains along the bar thickness is written as  

 

                                                                              nzz   ,                                                                     (21) 

 

where 

                                                                              
22

h
z

h
 .                                                                      (22) 

 

In formula (21), z  is the vertical centric axis of the bar cross-section, nz  is the coordinate of the neutral axis.  

Two equilibrium equations of the elementary forces in the bar cross-section are worked out for determination of 

the curvature and the coordinate of the neutral axis, i.e.  

 

                                                                  dzbdzbN

h
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where N  is the axial force (apparently, 0N ), the bending moment M  is expressed by (20). The stresses, 

1  and 2 , which are involved in (23) and (24) are presented by (1) and (2), the strain is expressed by (21). 

Equations (23) and (24) are solved with respect to the curvature and the coordinate of the neutral axis by the 

MatLab.  

 

A check-up of equations (23) and (24) is performed by using the fact that at 121  nn  the non-linear stress-

strain relationships (1) and (2) transform in the Hook’s law (this means that at 121  nn  equations (23) and 
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(24) should yield the curvature of a bi-layered linear-elastic bar subjected to uniform heating). In order to verify 

this we substitute 121  nn  in equations (19), (23) and (24). After performing some mathematical 

transformations we derive from equations (23) and (24) the following formula for the curvature: 

 

                                                                                 
*

1 yJE

M
 ,                                                                       (25) 

 

where   

 

                                                                  
 

2
.

11
21

21

121 hh

mhh

Etb
M tt 







,                                              (26) 

 

                                                                                     

1

2

E

E
m  .                                                                      (27) 

 

In formula (25) 
*

yJ  is the moment of inertia of the bi-layered bar cross-section. It should be specified that 

formula (25) matches the expression for the curvature of a bi-layered bar with linear-elastic behaviour under 

uniform heating published in (Varvak, 1997). This fact is a check-up of the curvature analysis developed in the 

present paper. The case of a bar whose layers are continuously inhomogeneous in longitudinal direction is also 

analyzed here. In this case the material properties of the layers are distributed continuously along the bar length, 

i.e. 

                                                                              )(11 xEE  ,                                                                       (28) 

 

                                                               )(22 xEE  ,                                                                       (29) 

 

                                                                )(11 xnn  ,                                                                         (30) 

 

                                                               )(22 xnn  ,                                                                         (31) 

 

                                                              )(11 xtt   ,                                                                        (32) 

 

                                                              )(22 xtt   ,                                                                      (33) 

 

where 

                                                                 lx 0 .                                                                          (34) 

 

In formulas (28) – (34) x  is the longitudinal centroidal axis of the inhomogeneous bar under consideration. 

The prolongations, 1tl  and 2tl , of the upper and lower bar layers (if they are not connected) can be found as  

                                                                          dxtl t

l

t   1

0

1  ,                                                               (35) 

                                                                          dxtl t

l

t   2

0

2  .                                                              (36) 

Since the two layers are continuously inhomogeneous in longitudinal direction, the strains, 1  and 2 , are 

continuous functions of x , i.e.  

                                                                             tx t  11 )(  ,                                                                 (37) 

                                                                              tx t  22 )(  .                                                                (38) 
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For the bi-layered inhomogeneous bar under uniform heating equation (19) takes the form  

 

                                    
 

 

 

 

    xxt
xEbh

F

xEbh

F
tt

xn
u

xn
u

11

1

22

1
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




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






.                              (39) 

 

Equation (39) is used for deriving uF  at different values of x . Then equations (23) and (24) are applied for 

obtaining the uniform heating induced bar curvature at x  varying in the interval ];0[ l .   

 

 

Conclusion  
 

The paper describes a theoretical approach for analysis the curvature in a bi-layered bar subjected to uniform 

heating. The bar has non-linear elastic mechanical behaviour. The cross-section of the bar is a rectangle. A 

power law stress-strain relationship is applied for dealing with material non-linearity of the bar layers. First, the 

case of a bar with homogeneous layers is analyzed. Equations for deriving of the axial forces and the bending 

moment are constituted by considering the strains in the bar layers induced by uniform heating (in particular, we 

use here the circumstance that the strains along the contact line between the two layers are the same). The 

equations obtained are non-linear. After that the so derived axial forces and the bending moment are inserted in 

the equations for determining the curvature and the neutral axis coordinate of the bar (these equations are 

composed by analyzing the equilibrium of the elementary forces in the bar cross-section). It should be specified 

here that due to the fact that the bar is made by layers having different properties the neutral axis does not pass 

via the cross-section centre. As a result of this there are two unknowns (curvature and coordinate of the neutral 

axis) in the equations of equilibrium. The equations for determining the curvature and the coordinate of the 

neutral axis are checked-up by using the fact that at 121  nn  the non-linear stress-strain relationship 

applied here transform into the Hook’s law. Therefore, we prove that by substituting of 121  nn  in the 

equations for the curvature and the coordinate of the neutral axis composed in this paper the equations yield an 

expression for the curvature of a bi-layered bar of linear-elastic behaviour subjected to uniform heating that is a 

match of a known solution for the curvature published in the scientific literature. A consideration is given also 

to the problem of determination of the uniform heating induced curvature in a non-linear elastic bar made of two 

layers which are continuously inhomogeneous in longitudinal direction. The bar has a rectangular cross-section. 

Due to the fact that the layers are inhomogeneous the strains change continuously along the bar length. 

Equations for determination the axial forces and the bending moments in various sections of the bar are 

composed. These axial forces and bending moments are substituted in the equations of equilibrium to determine 

the bar curvature. From practical view-point, the curvature and the coordinate of neutral axis determined by the 

approach developed in the present paper can be applied for studying the stressed and strained state of bi-layered 

bars exhibiting material non-linearity under uniform heating. Besides, the approach can be refined with purpose 

of analyzing curvature of bars having an arbitrary number of non-linear elastic layers subjected to uniform 

heating.     

 

 

Recommendations 

 

Determination of the curvature of bi-layered bars under uniform heating by applying various non-linear stress-

strain constitutive laws can be recommended as a future task.     
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