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Abstract: Topology being somehow very recent in nature but has got tremendous applications over almost all
other fields. Theoretical or fundamental topology is a bit dry but the application part is what drives crazy once
we get used. Topology has applications in various fields of Science and Technology, like applications to
Biology, Robotics, GIS, Engineering, Computer Sciences. Topology though being a part of mathematics but it
has influenced the whole world with so strong effects and incredible applications. The concept of continuity is
fundamental in large parts of contemporary mathematics. In the nineteenth century, precise definitions of
continuity were formulated for functions of a real or complex variable, enabling mathematicians to produce
rigorous proofs of fundamental theorems of real and complex analysis, such as the Intermediate Value Theorem,
Taylor’s Theorem, the Fundamental Theorem of Calculus, and Cauchy’s Theorem. In the early years of the
Twentieth Century, the concept of continuity was generalized so as to be applicable to functions between metric
spaces, and subsequently to functions between topological spaces. Topology is an area of mathematics
concerned with the properties of space that are preserved under continuous deformations including stretching
and bending but not tearing. In 2023, Dr. T. Delcia and M. S, Thillai introduced a new type of closed sets called
g**B-closed sets and investigated their basic properties including their relationship with already existing
concepts in Topological Spaces. In this paper, we introduce g**B-continuous function, g**p-irresolute function,
g**B-open function, g**B-closed function, pre-g**p-open function, and pre-g**p-closed function, and
investigate properties and characterizations of these new types of mappings in topological spaces.

Keywords: Topological space, g**B-closed set, g**B-continuous function, g**B-irresolute function, g**p-open
function

1. Introduction

Introducing new versions of open sets in a topological space which may acquire either weaker or stronger
properties is often studied. The first attempt was done by Levine [13], where he introduced the concepts of
semi-open set, semi-closed set, and semi-continuity of a function. In 2023, Dr. T. Delcia and M. S, Thillai
introduced a new type of closed sets called g**p-closed sets and investigated their basic properties including
their relationship with already existing concepts in Topological Spaces.

In this paper, we introduce g**B-continuous function, g**B-irresolute function, g**B-open function, g**p-

closed function, pre-g**B-open function, and pre-g**p-closed function, and investigate properties and
characterizations of these new types of mappings in topological spaces.

2. BASIC PROPERTIES AND APPLICATIONS OF g#**B-OPEN SETS

In this section, we shall define the concept of g=*=*[3-open set and determine its connection to the classical
open set and characterize the concepts of g*=*3-open sets.
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Definition 2.1. A subset A of a topological space (X,T) is named generalized closed (g-closed) closed if

CI(A)gU whenever AcU and U is openin X.The complement of g-closed set is called g-openin X.

Definition 2.2.A subset A of a topological space (X,T) is called a generalized star closed set

(briefly g*losed) closed set if ClI(A)cU whenever ACU and U is g-open in X. The
complement of g* -€losed set is called g* -Open set.

Definition 2.3. A subset A ofa topological space (X ,T) is called a generalized star (g*B—cIosed) closed

if BCI(A)c U whenever AcU and U is g#-open in X. The complement of g*B-closed set is called
g*[3 -open set.

Definition 2.4. A subset A of a topological space (X ,T) is called a generalized star star B (g**p-closed)
closed if gCI(A)c U whenever AcU and U is g* S-open in X. The complement of o**B-closed
set is called g**B-open set. The collection of all g**B-open (g**B-closed) subsets of (X ,T) is
denoted by g** #-O( X ,7) (g**B-C(X ,r)).

Theorem 2.5. Every closed (resp. open) set is g**f3 - closed (resp .g**B- open) set.

Theorem 26. If A and B are g**B—closed (resp.g**B—Open) sets in X, then AUB
(resp. Al B) is g**B-closed (resp.g**B-open) in X.

Theorem 2.7.  Arbitrary intersection (union) of g**B —closed (resp.g**B —open) sets s
g**B —closed (resp.g**B-open) setin X.

Proof. Let T ={A, :iel}cg**B-C(X,1). Let U bea g*B-open setin Xsuch that A, — U foreach i<l.
Hence, oC(A;)< Ufor each iel. Therefore, oc1(I I)=oc1] ,,AT)<| ,,oCl(A), < U. This implies
«cI(IT)=ci] AT)cU, U is g**B-openinX. Hence I '=] _Ais g**B—closedin X
Thus arbitrary intersection of g**B —closed setsis g**B -closed setin X. Now by using this result
and complements we conclude that arbitrary union of g**f -open sets is g**[B -open setin X.

Definition 2.8. Let (X ,T) be a topological space and B = X. We define the g**B - closure of B
(briefly g**B-CI(B)) to be the intersection of all g**B-closed sets containing B which is denoted by
g**pB-Cl(B)=I {A: BcAand Aeg**3-C(X ,r).}. We note that g**B-CI(B) is the smallest
g**f-closed set containing B.

Definition 2.9. Let (X,T) be any topological space and B be a subset of X. A point P of X is called a
g**B-interior point of B, if there exists a g**B-open set G such that peGc<B. The set of all
g**B-interior points of B s said to be g**B-interior of B (briefly g**B-Int(B)) and it is defined by

g**f-Int(B)=U{A: AcBand Ae g**f-0(X,7)}.
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Definition 2.10. Let ¥ be a subset of a topological space (X ,T) and let Xe X. We saythat ¥ is
g**B - neighborhood of X, if there isa g**B-open set U suchthat xeU c¥.

Proposition2.11. If U and V are sets in a topological space (X ,T), then
(1) g*p-Int(g)=¢. (2) g**B-Int(X)=X. (3) g**B-Int(U)cU.

(4)U cV = g**4-Int(U) < g** - Int(V).

Proposition2.12. Let G be any subset of a topological space (X ,T)- Then xe g**g3-ClI (A) if and only if
for every g**B-open set U containing X, Ul G = ¢.

Proposition2.13. For any subset U of topological space (X ,T), g**p-Int(U)cU cg**p-CI(U).

Definition 2.14. Let A be a subset of a topological space (X ,T)- A point X € A is said to be a g**B - limit
point of A if for each g**[B-open set U containing x, U | (A—{X}) # ¢. The set of all g**p - limit

points of A is called the g**p- derived setof A and is denoted by g**4-D(A).
Theorem 2.15. For any subset A of a topological space X, g**B-CI(A)= AU[g**B-D(A)].

Proof. Since g**B-D(A)< g**B-CI(A). AU[g**B- D(A)] < g**B-CI(A). On the other hand, let
x e g**B-CI(A).If X€ A, then the proof is complete. If X & A, each g**B-0pen set U containing X
intersects A at a point distinct from x, so x e g**B-D(A). Thus, g**B-Cl(A) [ AU(g**B-D(A))].

Corollary 2.16. A subset A of a space X is g**B-closed if and only if it contains the set of all of its
g**B - limit points.

Theorem 2.17. For subsets A, B ofaspace X, the following statements are true:

(1) g**B- Int(A) is the largest g**B-open set contained in A;

(2) Ais g**B-open ifand only if A=g**B-Int(A).

(3) g**B- Int[ g**B- Int(A)] = **B - Int(A);

(4) g=*B-nt(A)=[ A=(g**B-D(X - A))];

(5) [ X —(g**B-CI(A))] = g**B- Int(X — A);

(6) [X —(g**B- Int(A))]=g**B-CI(X - A);

(7) [o**B- Int(A)JU[ g**B- Int(B) | < g**B- Int(AUB);

(8) g**B-Int(Al B)=[g**B-Int(A)]I [g**B-Int(B)];

i (4) Ifxe[ A—(g**B-D(X —A))], then Xx&g**B-D(X —A) and so there exists a g**B-open set U
containing X such that Ul (X—-A)=¢. Then, xeUcA and hence xeg**B-Int(A), that is,
[A—(g**B-D(X —A))]< g**B-Int(A). On the other hand, if x < g**B- Int(A), then x & g**B-D(X - A)
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since g**B-Int(A) is g**B-open and [(g**B-Int(A)1 (X —A)]=0¢. Hence,
g**B-Int(A)=[ A-(g**B-D(X - A))].

(6) X ~[g=*B-Int(A)]= X ~[ A=(g**B-D(X ~ A))]=(X ~ A)U[ g**B-D(X - A)] =

G*B-CI(X - A).

Theorem 2.18. Let (X ,T) be a topological space and A, B < X. Then the following statements are true:
(1) xe g**-CI(A) if and only if for every g**/-0pen subset U containing x, Ul A= ¢.

(2) Ac Bimpliesthat g**4-CI(A) = g**3-Cl(B).

(3) Ais g**B-closed if and only if g**S-CI(A)=A

(4) g**p-Cl[g**p-CI(A)]= g**B-CI(A).

(5) [g**B-CI(A)JU[g**B-CI(B)]=g**B-CI(AUB).

(6) g**B-Int(X —A)=X-[g**B-CI(A)].
(7) o**B-Cl(X —=A)=X [ g**p-Int(A)].
Definition 2.19. g**B-Bd (A) = A= o**B- Int(A) | is said to be the g**p-border of A.

Theorem 2.20. For a subset A of aspace X, the following statements hold:

(1) Bd(A)<g**B-Bd(A) where Bd(A) denotes the border of A;
(2) A:g**[_’)—Int(A)Ug**B—Bd(A);

(3) [g**B-Int(A)J1 [o**B-Bd(A)]=¢;

(4) Aisa g**f-open set if and only if g**B-Bd(A)=¢;

(5) g**B-Bd[g**B-Int(A)]=o;

(6) g**p-Int[g**B-Bd(A)]=0;

(7) o**B-Bd[ g**B-Bd (A)]=g**B-Bd (A);

(8) g**p-Bd(A)=Al [g**B-CI(X —A)];

(9) g**B-Bd(A)=g**B-D(X -A).

Proof. (6) If xecog**B-Int[g**B-Bd(A)], then xeg**B-Bd(A). On the other hand, since
g**B-Bd(A)c A, x e g**B-Int[ g**B-Bd (A) | < g**B- Int(A). Therefore, we get
xe[g**B-Int(A)]I [g**B-Bd(A)], which contradicts (3). Thus, g**B- Int[ g**B-Bd (A)]=¢.

(8) g**B-Bd(A)= A-[g**B-Int(A)]= A—[X —(g**B-CI(X —A))]= Al [g**B-CI(X - A)].

(9) g**B-Bd(A)= A—[g**B-Int(A)]= A-[ A—(g**B-D(X - A))]= g**B-D(X - A).

Definition 2.21. g**B-Fr(A)=[ g**B-CI(A)]-[ g**B-Int(A)] is said to be the g**B-frontier of A.

Theorem 2.22. For a subset A of aspace X, the following statements hold:
(1) Fr(A)c g**B-Fr(A) where Fr(A)denotes the frontier of A;

(2) g**B-Cl(A)=[g**B-Int(A)]U[**B-Fr(A)];
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(3) [g=*B-Int(A)]1 [o**B-Fr(A)]=4;

(4) g**p-Bd (A) cg**B- Fr(A);

(5) g**B-Fr(A)=[g**B-Bd(A) JU[5**B-D(A);
(6) Aisa g**B-open setifand only if g**p- Fr(A)=g**B-D(A);
(7) g~ Fr(A) =[ 5*B-CI(A)]1 [5**B-CI(X ~A)];
(8) g**B-Fr(A)=g**B-Fr(X - A);

(9) g**B-Fr(A) is g**B-closed;

(10) g**p-Fr[g**p-Fr(A)] < g**B-Fr(A);

(12) g**B-Fr[g**B-Int(A) ] = o**B-Fr(A);

(12) g**p-Fr[g**B-Cl(A)] < g**B- Fr(A);

(13) g**p-Int(A) = A~[g**B-Fr(A)].

Proof. (2) [g**B- Int(A)JU[ g**B-Fr(A)]=

g**B- Int(A)U[ g**B-CI(A)—g**B-Int(A) | = g**B-CI(A)

(3)[a**B-Int(A)]1 [g**B-Fr(A)]=[g**B-Int(A)]1 [(g**B-CI(A))~(g**B-Int(A))]=.
(5) since [ g**B-Int(A)|JU[ g**B-Fr(A)]=[ g**B-Int(A)]U[ g**B-Bd (A) JU[ a**B-D(A)],
g**B-Fr(A)=[g**p-Bd (A)]U[g**B-D(A)].

(7) g**B-Fr(A)=[ g**B-CI(A) |-[ a**B-Int(A)]=[ g**B-CI(A) ]I [g**B-CI(X —A)].
(9) g**B-Cl[ 5B~ Fr(A)] = **B-CI[ (*B-CI (A))1 (3**B-CI(X -A)) |

g**B-CI[ g**B-CI(A) ]l g**B-CI[ g**B-CI(X —A)]

=[o**B-CI(A) ]I [g**B-CI(X —A)] = g**B-Fr(A). Hence g**B-Fr(A) is g**pB-closed.
(10) g**B-Fr[ g**B-Fr(A)]=g**B-CI[ g**B-Fr(A)]l g**ﬁ-Cl[x -(g**B-Fr(A))]g
g**B-CI[ g**B-Fr(A)]=g**B-Fr(A).

(12) g**B-Fr[ g**B-Cl(A)]=g**B-CI[ g**B-ClI(A) |- g**B- Int[ g**B-Cl(A)] =
[g**B-Cl(A)]-[ 5**B-Int(g**B-CI(A)) |

[(g**B-CI(A))—(g**B-Int(A)) | = g**B-Fr(A).

(13) A=[g**B-Fr(A)]= A=[(g**B-CI(A))~(g**B- Int(A)) = **B- Int(A).

3-8: CHARACTERIZATIONS OF MAPPINGS

The purpose of this part is to introduce  g**B-continuous, g**p-irresolute,
g**B-open, g**B-closed, pre-g**pB-open, and pre-g**p-closed functions and explore
properties and characterizations of these functions.

3. g**B-CONTINUOUS FUNCTIONS
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The purpose of this section is to investigate the properties and characterizations of g**f3 - continuous
functions.

Definition 3.1. A function  f :(X,7)—>(Y,c) is said to be g**B-continuous if
f*(V)eg**B-0(X,1) forevery V ec.

Theorem 3.2. Let f : (X , r) - (Y , G) be a function. Then the following statements are equivalent:
(1 f IS g** 3 - continuous.

(2) The inverse image of each closed set in Y isa g**3-closed setin X;

(3) g**B'C|[f71(V)J§ f2[CI(V)], forevery V CY;

(4) f [g**B-CI(U )] gCI[f (U )] for every U C X;

(5) For any point x e X and any open set V of Y containing f(x), there exists U e g**B-0 (X,1)
suchthat xeU and f(U)cV;

(6) g**B-Bd[f‘l(V)]g [ g**B-d(V)], forevery V CV;
(7) fg**B-D(U)]<CI[f(U)], forevery U € X;
(8) f’l[lnt(V)]gg**B—Int[f’l(V)], forevery V CVY;

Proof. (1)=(2): Let FcY be closed. Since f IS g**A-continuous, fHY-F)=X-f7*(F)is
g**B-open. Therefore, f=*(F)is g**f-closed in X.

(2)=(3): Since CI(Vv) is closed for every V cY,then f'l[CI(V)J is g**f-closed. Therefore
FH[CI(V)]=g**B-CI[ £ *(CI(V)) ]2 g**B-CI[ f(V)].

(3)=(4): Let UcX and f(U)=V. Then g**B- Cl[fl(V] [ ()] Thus

g**B-Cl(U)c g**B-CI[ £7(f (U))]< F*[CI(f(U))] and f[g**B-CI(U)]cC [ )].

(4)=(2): Let WCY be a closed set, and U =f*(w). Then f[g** }cCI[f( )]
=CI[ f(f*(w))]cci(w)=w. Thus g**B-Cl(U)c f~ [ 1(g*p-Cl(U))]< f =U. So U s
g** [ -closed.

(2)=(1):Let V cY be an open set. Then Y -V is closed. Then f* (Y-V)=X-f?*(V) is g**f-closed
in X and hence f*(V)is g**B-openin X.

(1)=(5): Let f :(X,t)—(Y, o) be g**B-continuous.For any x e X and any open set V of ¥
containing f (x), U=f*(V)eg**p-0O(X,r), and f(U)= f[ffl(V)]gV-

(5)=(1): Let V ec. We prove f*(V)eg**B-O(X,1). Let xe f*(V).Then f(x)eV and there
exists U eg**B-0(X,1) such that xeU and f(x)ef(U)cV. Hence

xeUc f2[f(U)]c (V). It shows that f*(V) is a g**B-neighborhood of each of its points.
Therefore f(V)eg**B-0O(X,1).

(6)=(8): Let V €Y. Then by hypothesis, g**B- Bd[f'l (v )J c f*[Bd(V)]

= (V) =[g*p-Int(f7(V)) [ £ [V=Int(v)] = £ (V)= £ [Int(V)]

= f[Int(V)]< g**p-Int[ f(V)],

(8)=(6): Let V €Y. Then by hypothesis, f’l[lnt(V )] c g**B- Int[f‘1 (v )J
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— (V)= g**B-Int(f (V)] (V)= [Int(V)]=F [V -Int(V)]

— g**B-Bd[ (V)] F[Bd(V)].

(1)=(7): It is obvious, since f is g**B-continuousand by (4) f[g**B-CI(U)]<CI[ f(U)] for each
UcX.so flg**p-D(U)]cCI[ f(U)].

(7)=():Let UcCY be an open set, v=vy-uand f*(V)=w.Then by hypothesis
flo**B-D(W)]cCI[f(W)].  Thus  f[g**p-D(f*(v))]cCI[f(f*(V))]cCI(V)=V. Then
g**p- D[ffl(V )Jg f7(V) and (V) is g**B-closed. Therefore, f is g**B-continuous.
(1)=(8): Let VY. Then  f*[Int(V)] is  og**B-openin X. Thus f[Int(V)]=
g*B-Int[ £ (Int(V )] g**B-Int[ (V)] Therefore f[Int(V)]c g**B-Int[ £7(V)].

(8)=(1): Let VY be an open set. Then f7*(V)=f7[Int(V)]cg**p- Int[ i\ )J Therefore,
f (V) is g**B-open. Hence f is g**f-continuous.

In the next Theorem, #g**B-C. denotes the set of points X of X for which a function f (X, 1)—>(Y,0)is

not g**p - continuous.

Theorem 3.3. #g**B-C. is identical with the union of the g**p - frontiers of the inverse images of

g**B-open sets containing f (x).

Proof. Suppose that f is not g**p-continuous at a point X of X. Then there exists an open set V cY
containing f (x) such that f(U) is not a subset of V for every U e g**B-O(X,t). containing X. Hence,

we have Ul f‘l(X—f'l(V))id) for every Ueg**B-O(X,t) containing X. It follows that

e[g**ﬁ_d(x_f-l(v))], We also have Xe f’l(V)gg**B—Cl[f’l(V)] This means that
XEg**B‘Fr[ffl(V)]. Now, let f be g**p-continuousat xe X and V CY any open set containing
f(x). Then, xe f*(V) is a g**B-open set of X. Thus. Xeg**B-Int[f‘l(V)J and therefore
X g g**pB- Fr[f‘1 \% )] for every open set V containing f (x).

Remarks 3.4. (1) Every g**B - continuous function is continuous, but the converse may not be true.

(2) If a function f:(X,t)—>(Y,o)is g**B-continuous and a function g:(Y,c)—>(Z,9) Iis
g**B-continuous, then gof : (X, t) —>(Z, 9) IS g**B- continuous.

(3)If a function f :(X,t)—>(Y, o) is g**p-continuous and a function g:(Y,s)—(Z,9) is continuous,
then gof :(X,t)—>(Z,9) is g**B-continuous.

(4)Let (X, 1) and (Y, ) be topological spaces. If f : (X, t)—(Y, o) isa function, and one of the following
(a) f° [Int( )J(;g**ﬁ-lnt[f_l(B)] for each BCY.

(b) g**B-CI[ (B)Jg f[CI(B)] for each BY.

(c) f[g**B-CI(A)]<CI[ f(A)] foreach Ac X holds, then f is continuous.

Lemma35. Let AcYc X, Y is g**B-open in Xand A is g**g-open in Y. Then A is
g**B-open in X.

174



International Conference on Basic Sciences and Technology (ICBAST), November 16-19, 2023, Antalya/Turkey

Proof. Since A is g**B-open in Y, there exists a g**p-open set U< X such that A=Y | U. Thus A
being the intersection of two g**B-open setsin X, is g**B-open in X.

Theorem 3.6.Let f:(X,t)—>(Y,c) be a mapping and {U,

:iel} be a cover of X such that

U; e g**B-O(X 1) foreach i el. Thenprovethat f is g**@-continuous.

Proof. Let V.CY be an open set, then (f|U,)" (V) is g**B-open in U, for each iel. Since U, is
g**B-open in X foreach i € |. So by Lemma 35, (f|U,)" (V) is g**B-open in X for each iel. But,
f*l(v):u{(f|ui)’1(v):ie |}, then f*(V)eg**B-O(X,t) because g**B-O(X,T) is closed under

union. This implies that f is g**p - continuous.

4. g**B- IRRESOLUTE FUNCTIONS

In this section, the functions to be considered are those for which inverses of g**f-open sets are
g**[3 - open. We investigate some properties and characterizations of such functions.

Definition 4.1. Let (X,t)and (Y,c) be topological spaces. A function f:(X,t)—(Y,o) is called

g**B-irresolute if the inverse image f(U) of each g**B-openset U of Y isa g**p-open setin X.

Theorem 4.2. Let f:(X,t)—>(Y,o) be a function between topological spaces. Then the following
statements are equivalent:

(1) fis g**B-irresolute;

(2) The inverse image of each g**B-closed setin (Y,o) isa g**B-closed setin (X, 1),
(3) g**B-CI[ f7(B)]< f*[g**B-CI(B)]< f*[CI(B)], for each BLY,

(4) f[a**B-CI(A)]c g**B-CI[ f(A)]<CI[f(A)], foreach Ac X,

(5) f*[g**p-Int(B )]Cg**B-Int[f’l(B)],foreach BcY,

(6) g**B-Bd[ 1(BJ [g**B-Bd(B)], foreach BCY,

(7) g**B- b[ (B)]gf [g**B-b(B)], foreach BCY,

(8) f[o**B-b(A)]< g**B-b[ f(A)], for each Ac X,

(9) f[g**B-CI(A)]< g**B-CI[ f(A)], foreach Ac X.

Proof. (1)=(2): Obvious.

(2)=(3): Let BcY and Bc g**p-Cl(B)cCI(B
2g**B-Cl[f’l(B)]gg**B-CI[f’l(g**B-CI(B))]=f’l[g**B-CI )lc
(3)=(4): Immediately by replacing B by f (A) in (3).

(49)=(1): Let Weg™p-O(Y) and F=Y-Weg**B-C(Y). Then by (4),
£ g**B-CI(f(F))]c g**B-CI[ f(*(F))]= g**B-CI(F)=F. So g**p-CI[ f *(F)]< f*(F) and
hence, f*(F)=X=—f"(F)eg**B-C(X), thus f™*(W)eg**B-O(X).Therefore fis g**B-irresolute.

) Then by
f-

[ei®)]
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(1):)(5): Let BCY. Then g**B-Int(B) is g**B-openin Y. By (1), £*[g**B-Int(B)]

is g**B-openin X. Hence f [ g**B- Int(B)]=g**B-Int[ f*(g**B-Int(B))]|< g**B- Int[ f*(B)].
(5):>(6): Let BcY. Then by (5), f_l[g**B-Int(B)]gg**B-lnt[f_l(B)J we have
f*(B)=g**B- Int[ ]cf‘l —f‘l[g**B-lnt(B)]. Therefore  we  obtain
g**B-Bd[ f*(B)]c f*[g**B-Bd(B)].

(6)=(5):Let B<Y. Then by (6), g**B-Bd| f (B )] *(B)=g**p-Int| f*(B)]|c
f[g**B-Bd(B)]= f*[B—(g**B-Int(B))]=f*(B)—f*[Int(B)]. This implies
£ g**B- Int(B) ] < g**B-Int[ 7 (B)].

(5)=(1): Let BcY be g**B-open. Then B=g**B-Int(B). Hence by (5) we have
f(B)=f*[g**B-Int(B)]< g**B-Int[ f*(B)]. Thus f*(B) is g**B-openin X. So, f s
g**pB-irresolute.

(1)=(7): Let BCY, by (3), we have g**B-b[ f*(B)]=g**B-CI[ f*(B)]—g**B-Int[ f *(B)]<

[ g**B-CI(B)]=g**B-Int[ f*(B)]< f*[g**B-b(B)Uzs-Int(B)]—g**B-Int[ f*(B)]|<
f’l[g**B-b(B)Ug**B—Int(B)]—g**B-Int[f’l(g**[?)-Int(B))]. By (1) we have g**B-b[f*(B)]
<[ 7 (a**B-b(B))Uf*(g**B-Int(B))]=f *[g**B-Int(B)]| = f*[o**B-b(B)].

(M=(1): et Beg™p-C(Y) and  g**B-b[f*(B)]c f'[g**B-b(B)].  Then,
g**B-b[ f*(B)]c f*[g**B-Cl(B)=g**B-Int(B)]=f *(B)—g**B-Int(B)=

f*[g**B-Bd(B)]< f*(B), we have, f*(B)eg**B-C(X).Therefore, f is g**B-irresolute.

(7)=(8): Follows by replacing f (A) instead of B in (7).

(8)=(7): Let BCY,by (8), we have f[g**[}-b(f’l(B))Jgg**B-b[f(f’l(B))Jgg**B-b(B) and
therefore g**B-b| f*(B)]< f*[g**B-b(B)].

(1)=(9): Let Ac X. Thenby (4), £[g**B-d(A)]c f[g**B-CI(A)]c g**B-CI[ f(A)].

(9)=(1): Let F be a g**B-closed set in Y, by )
f[g**s-d(f-l(lz))]gg**B-u[f (f-l(F))]gg**B-u(F): F. theng**B-d[ f*(F)]c f*(F). We
have £7(F)eg**B-C(X).Therefore f is g**p-irresolute.

Theorem 4.3. Prove that a function f :(X,t)—(Y,o) is g**B-irresolute if and only if for each point P
in X and each g**B-open set B in Y with f(p)eB, thereisa g**B-open set A in X such that
peA, f(A)cB.

Proof. Necessity. Let p e X and Beg**B-O(Y,G) such that f(p)eB. Let A=f*(B). Since fis
g**B-irresolute, A is g**B-open in X. Also pef®(B)=A as f(p)eB. Thus we have

f(A)=f[f7(B)]cB.

Sufficiency. Let Beg**B-O(Y,5), and A=f*(B). We show that A is g**B-open in X. For this let
x e A. It implies that f(x)e B. Then by hypothesis, there exists A € g**B-O(X,t) such that X€ A and
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f(A)=B. Then Acf?[f(A)]cf?(B)=A Thus A=U{A :xeA}. It follows that A is
g**B-open in X. Hence f is g**P-irresolute.

Definition 4.4. Let (X, t) be a topological space. Let X€& X and Nc X. We say that N is a
g**B - neighborhood of X if there exists a g**B-open set M of X suchthat Xe M c N.

Theorem 4.5. Prove that a function f : (X, t)—>(Y,c)is g**B-irresolute if and only if for each X in X,

the inverse image of every g**B-neighborhood of f (x), isa g**B-neighborhood of X.

Proof. Necessity. Let XxeX and let B be a g**B-neighborhood of f(x). Then there exists
Ueg**B-O(Y,G) such that f(x)eUc<B. This implies that xef™(U)c f™(B). Since f s
g**B-irresolute, so f*(U)eg**B-O(X,t). Hence f*(B) isa g**B-neighborhood of X.

Sufficiency. Let Beg**B-O(Y,G). Put A=f"(B). Let xeA Then f(x)eB. But then, B being
g**B-open set, is a g**B-neighborhood of f(x). So by hypothesis, A=f(B) isa g**B-neighborhood
of X. Hence by definition, there exists A, € g**ﬁ-O(X ,r) such that Xe A A Thus A= U{AA IXe A}. It
follows that A isa g**B-open setin X. Therefore f is g**p-irresolute.

Theorem 4.6. Prove that a function f 1(X,1)—>(Y,0) is g**p-irresolute if and only if for each X in X
and each g**B-neighborhood U of f(x), there isa g**B-neighborhood V of X suchthat f(V)cU.

Proof. Necessity. Let xe X and let U be a g**B-neighborhood 0f f(x). Then there exists

O,y €**p-O(Y,c) such that f(x)eO,, cU. It follows that xef*[o,, |<f?(U). By

f(x)
hypothesis, f*l[of(x)]eg**ﬁ-o(x,r). Let v=f"*(U). Then it follows that V is a

g**B-neighborhood of x and f (V)= f[f’l (U )JgU.

Sufficiency. Let Beg**B-O(Y,0). Put o=f*(B). Let xeO. Then f(x)eB. Thus B is a
g**B-neighborhood of f(x). So by hypothesis, there exists a g**-neighborhood V, of x such
that f(v,)cB. Thus it follows that xeV,cf*[f(V,)]cf"(B)=0. Since Vv, is a
g**B-neighborhood of x, so there exists an O, e g**B-O(X,t) such that xeO, cV,. Hence
xe0, cO, O, eg**B-0O(X,t). Thus 0=U{0, : xe0}. It follows that O is g**p-open in x.
Therefore, f IS g**B-irresolute.

Theorem 47. Prove that a function f:(X,t)—>(Y,o) is g**B-irresolute if and only if
f[o**B-D(A)]< f (A)U[**B-D(f (A))], forall AcX.

Proof. Necessity. Let f:(X,t)—>(Y,c) be g**B-irresolute. Let Ac X, and a, € g**B-D(A).
Assume that f(a,)e f(A) and let V denote a  g**B-neighborhood of f(a)). Since f s

g**B-irresolute, so by Theorem 4.6, there exists a g**B-neighbornood U of a, such that
f (U ) c V. From a; e g**B-D(A), it follows that U I A= ¢; there exists, therefore, at least one element
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aeUl A such that f(a)e f(A) and f(a)e f(V). Since f(a,)e f(A), we have f(a)= f(a,). Thus
every g**B-neighborhood of f(a,) contains an element of f(A) different from f(a,), consequently,

f (ao) eg**p- D[ f (A)] This proves necessity of the condition.

Sufficiency. Assume that f is not g**B-irresolute. Then by Theorem 4.6, there exists a, € X and a

g**B - neighborhood V of f(ao) such that every g**B-neighborhood U of @, contains at least one
element a<U for which f(a)ev. Put A={aeX:f(a)eV|. Then a,&A since f(a)eV, and
therefore  f(a,)eA; also  f(a)eg**B-D[f(A)] since VI (V={f(a)})=9. Therefore,
f(a)e f[g**p- D(A)]—[f (A)U(g**B- D(f (A)))]id), which is a contradiction to the given condition.

The condition of the Theorem is therefore sufficient, and the theorem is proved.

Theorem 4.8. Let f :(X,t)—(Y, o) be a one-to-one function. Then f is g**B-irresolute if and only if
f[g**B-D(A)]< g**B-D[ f(A)], forall ACX.

Proof. Necessity. Let f be g**B-irresolute. Let ACX, a eg**B-D(A) and V be a
g**B-neighborhood of f(a,). Since f is g**B-irresolute, so by Theorem 4.6, there exists a
g**B-neighborhood U of &, suchthat f(U)cV. But a, e g**B-D(A); hence there exists an element
aeUl A such that a#a,; then f(a)ef(A) and since f is one to one, f(a)= f(a,). Thus every
g**B-neighborhood V of f(a,) contains an element of f(A) different from f(a,); consequently

f(a,)eg**p- D[f (A)] We have therefore f [g**B- D(A)] C g**B- D[f (A)]

Sufficiency. Follows from Theorem 4.7.

5. g**B-OPEN FUNCTIONS

The purpose of this section is to investigate some characterizations of g**B-open mappings.

Definition 5.1. Let (X,t)and (Y,c) be topological spaces. A function f:(X,t)—(Y,o) is called
g**B-open if for every openset G in X, f(G) isa g**B-opensetin Y.

Theorem 5.2. Prove that a mapping f : (X, t) —>(Y,o) is g**B-open if and only if for each X € X, and
U exsuchthat XeU, there existsa g**B-open set W CY containing f (x) such that w < f (U).

Proof. Follows immediately from Definition 5.1.

Theorem 53. Let f:(X,t)—(Y,c)be g**B-open. If WY and FcX is a closed set containing
f(W), then there exists a g**f-closed HcY containing W such that f(H)<F.

Proof. Let H=Y - f(Y—F). Since f*(W)cF, wehave f*(Y-F)c(Y-W). Since f is g**B-open,
then H is g**B-closed and f'l(H)=X—f'l[f(X—F)JEX—(X—F):F-
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Theorem 5.4.  Let f:(X,71)>(Y,c) be a og**p-open function and let BcY. Then
£ g**B-Cl(g**B- Int(g**B-CI(B))) | < CI[ 7 (B)].

Proof. cI[f*(B)] isclosed in X containing f(B). By Theorem 5.3, there exists a g**B-closed set
BcHCcY such that f*l(H)c;Cl[ffl(B)]. Thus,

f’l[g**B-Cl(g**B- Int(g**B-CI(B)))Jg f_l[g**B—Cl(g**B- Int(g**B-Cl(H)))} c f’l[H]g

ci f(B)].

Theorem 5.5. Prove that a function f:(X,7)—>(Y,0) is g**B-open if and only if
fInt(A)]< g**B-Int[ f(A)], for all Ac X.

Proof. Necessity. Let Ac X and xelnt(A).Then there exists U, €t such that xeU,cA So
f(x)e f(U,)c f(A). and by hypothesis, f(U,)eg**B-O(Y,0). Hence f(x)eg**B-Int[ f(A)].
Thus f[Int(A)]< g**B-Int[ f(A)].

Sufficiency. Let U et. Then by hypothesis, f[Int(U)]c g**p-Int[ f(U)]. Since Int(U)=U as U s
open. Also, g**B-Int[ f(U)]< f(U).Hence f(U)=g**B-Int[ f(U)]. Thus f(U) is g**B-open open
in Y. So f is g**B-open.

Remark 5.6. The equality may not hold in the preceding Theorem.

Theorem5.7.  Prove that a function f:(X,t)—>(Y,c)is g**B-open if and only if
Int[ f(B)]< f*[g**B-Int(B)], foran BCY.

Proof. Necessity. Let BCY. Since Int[f‘l(B)J isopenin X and f is g**B-open, f[lnt(f’l(B))} is
g**B-open in Y. Also  we  have f [Int( i ’1(B))J cf[f*(B)]cB. Hence,
f[int(f7(B))]< g**B-Int(B). Therefore Int(f7(B))< f*[g**B-Int(B)].

Sufficiency. Let AcX. Then f(A)cY. Hence by hypothesis, we obtain

Int(A)< Int| £(f(A))]< F*[g**B-Int(f(A))]. Thus f[int(A)]c g**B-Int[ f(A)], for all AcX.
Hence, by Theorem 5.5, f is g**B-open.

Theorem 5.8. Let f :(X,t)—(Y, o) be amapping. Then a necessary and sufficient condition for f to be
g**B-open isthat f[g**B-CI(B)]<CI[ f(B)] for every subset B of Y.

Proof. Necessity. Assume f is g**B-open. Let BcY. Let xe f’l[g**ﬁ-Cl(B)]. Then
f (x) e g**B-CI(B). Let U et suchthat xeu. Since f is g**B-open, then f(U) isa g**B-open set in
Y.  Therefore, BI f(U)=¢. Then U1l f*(B)=¢. Hence XeCl[f‘l(B)]. We conclude that
f=[g**B-ClI(B)]<CI[ f*(B)].
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Sufficiency. Let BCY. Then (Y -B)cY. By hypothesis, f’l[g**B-CI(Y—B)JgCI[f’l(Y—B)]. This
implies that ~ X —CI[ f (Y =B)]< X~ f*[g**B-CI(Y-B)].  Therefore X -CI[X-f*(B)]c
£2[Y ~(g**p-CI(Y-B))]. This implies that Int[ f*(B)]c f*[gg**B-Int(B)]. Now form
Theorem 5.7, it follows that f is g**B-open.

6. g**B-CLOSED FUNCTIONS

In this section, we introduce g**B-closed functions and study certain properties and characterizations of these
types of functions.

Definition 6.1. A mapping f : (X, t)—(Y,o) is called g**B-closed if the image of each closed set in X
isa g**B-closed setin Y.

Theorem 6.2.  Prove that a mapping f:(X,t)—>(Y,o) is g**B-closed if and only
if **B-CI[ f (A)]< f[CI(A)] foreach Ac X.

Proof. Necessity. Let f be g**B-closed and let Ac X. Then f(A)c f[CI(A)] and f[CI(A)] isa
g**B-closed setin Y. Thus g**B-CI[f (A)} c f[CI(A)]

Sufficiency. Suppose that g**B-Cl[f (A)Jg f[Cl(A)], for each AC X. Let AC X be a closed set. Then
g**B-CI[f (A)]c; f[CI(A)]z f(A). This shows that f(A) is a g**B-closed set. Hence f s

g**B-closed.

Theorem 6.3. Let f:(X,t)—(Y,c) be g**B-closed. If VY and EC X is an open set containing
f1(V), then there exists a g**B-open set G cY containing V such that f*(G)cE.

Proof. Let G=Y—f(X-E).Since f*(V)cE, we have f(X-E)cY-V. Since f is g**B-closed,
then G isa g**B-open setandalso f*(G)=X-f*'[f(X-E)]c X-(X-E)=E.

Theorem 6.4. Suppose  that f:(X,1)—>(Y,0) is a g**B-closed mapping.  Then
gr*p - Int[g**B-CI(f (A))]g f[CI(A)]for every subset A of x.

Proof. Suppose f isa g**p-closed mapping and A is an arbitrary subset of X . Then f[Cl(A)] is
g**B-closed in Y. Then  g**B- Int[g**B—Cl(f (CI(A)))} c f[CI(A)]. But also
g**B - Int[g**B-CI (f (A))] c g**B- Int[g**B-CI (f (cl (A)))} Hence g**B- Int[g**B-CI (f (A))] c
f[CI(A)].

Theorem 6.5. Let f :(X,1)—>(Y,o) bea g**B-closed function, and B,C Y.

Proof. (1) If u is an open neighborhood of f~*(B), then there exists a g**[3-0pen neighborhood V of B
suchthat f*(B)c f*(V)<U.
(2) If f isalsoonto, thenif f(B) and f~*(C) have disjoint open neighborhoods, so have B and C.
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Proof. (1) Let V =Y —f (X —U).Then Ve=Y-V = f(Uc). Since f is g**B-closed, so V is a
g**B-open set. Since f*(B)<U, We have V° = f(U“)g f[f*l(B“)]g B°. Hence, BcV, and thus V
is a g**B-open neighborhood of B. Further U°® f*l[f (U°)J: f*l(vc)z[f*l(v)}c. This proves that
F1(V)cU.

(2) If £7(B) and f*(C) have disjoint open neighborhoods M and N, then by (1) we have g**f-open
neighborhoods U and V' of B and C respectively such that f *(B)< f*(U)< g**B- Int(M ) and
f1(C)c F*(V)cg**B-Int(N). Since M and N are disjoint, so are g**B-Int(M) and
g**B-Int(N), hence so f*(U) and f*(v) are disjoint as well. It follows that U and V are disjoint too as
f is onto.

Theorem 6.6. Prove that a surjective mapping f :(X, 1) —(Y, o) is g**B-closed, if and only if for each
subset B of Y and each open set U in X containing f‘l(B), there exists a g**B-open set V in Y
containing B such that f*(v)cU.

Proof. Necessity. This follows from (1) of Theorem 6.5.

Sufficiency. Suppose F is an arbitrary closed set in X. Let Y be an arbitrary point in v — f (F). Then
f_l(y)gx—f_l[f(F)]g(X—F) and (X —F) is open in X. Hence by hypothesis, there exists a
g**B-open set V, containing Y such that f (Vy)g(x —F). This implies that y €V, c[Y - f (F)]. Thus
Y- f(F)=U{v,:yeY—f(F)}. Hence Y—f(F), being a union of g**B-open sets, is og**pB-open.
Thus its complement f (F ) is g**B-closed. This shows that f is g**B-closed.

Theorem 6.7. Let £ : (X, t)—>(Y, o) be abijection. Then the following are equivalent:

(a) f is g**B-closed.
(b) f is g**B-open.

f= i
(C) IS g**f3 - continuous.

Proof. (a) = (b): Let U et. Then X —uU isclosed in X. By (a), f(X-U)is g**p-closed in Y.
But f(X-U)=f(X)-f(U)=Y—f(U). Thus f(U) is go**B-open in Y. This shows that f is
g**p - open.

(b)=>(c): Let UCX. be an open set. Since f is g**B-open. So f(U)=(f)"(U) is g**B-openin
Y. Hence f~'is g**p-continuous.

(c)=(a): Let A be an arbitrary closed set in X. Then X —A is open in X. Since f s
o *B - continuous, (f’l)fl(x ~A) g**B-open in Y. But(f’l)fl(x ~A)=f(X-A)= Y —f(A). Thus
f (A) is g**B-closed in Y . This shows that f is g**B-closed.

Remark 6.8. A bijection f :(X,t)—(Y,oc)may be open and closed but neither g**p-open nor
g**pB - closed.
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7. PRE-g**B-OPEN FUNCTIONS

The purpose of this section is to introduce and discuss certain properties and characterizations of
pre-g**p-open functions.

Definition 7.1. Let (X, t) and (Y, o) be topological spaces. Then a function f : (X, t)—>(Y, o) is
said to be pre-g**B-open ifand only if for each Ae g**B-O(X,1), f (A)e g**B-O(Y,o).

Theorem 7.2. Let f:(X,7)—>(Y,o) and g:(Y,oc)—>(Z,pn) be any two pre-g**p-open
functions. Then the composition function gof : (X, t) —(Z, n) isa pre-g**p-open function.

Proof. Let Ueg**B-O(X,t). Then f(U)eg**p-O(Y,o). Since f is pre-g**B-open. But then
g(f(U))eg**B-O(Z.pn) as § is pre-g**B-open. Hence, gof is pre-g**p-open.

Theorem 7.3. Prove that a mapping f : (X, t)— (Y, o) is pre-g**B-open if and only if for each
xe X andany U e g**B-O(X,t) such that x e U, there exists V e g**B-O(Y,c) such that f (x)eV
and vV ¢ f (U).

Proof. Routine.

Theorem 7.4. Prove that a mapping f : (X, 1) —(Y, o) is pre-g**B-open if and only if for each
x e X and for any g**p-neighborhood U of X in X, there exists a g**B-neighborhood V of f (X) in

Y suchthat vV < f(U).

Proof. Necessity. Let xe X and let U be a g**B-neighborhood of X. Then there exists
W eg**B-O(X,1) suchthat xeW —U. Then f(x)e f(W)c f(U). But f(W)eg**B-O(Y,c) as

f is pre-g**p-open. Hence V = f (W) isa g**B-neighborhood of f (X) andV < f (U).

Sufficiency. Let Ueg**B-O(X,‘c) and let xeU. Then U is a g**B-neighborhood of X. So by
(0o Of T (x) such that f(X)EVf(X) - f(U)- It
follows at once that f (U ) isa g**B-neighborhood of each of its points. Therefore f (U ) is g**[-o0pen.
Hence f is pre-g**B-open.

hypothesis, there exists a g**[ - neighborhood V

Theorem 7.5. Prove that a function f :(X,t)—>(Y,c) is pre-g**B-open if and only if
f{g**B-Int(A)] < g**B-Int[ f (A)], forall AcX.

Proof. Necessity. Let AC X and x e g**B-Int(A). Then there exists U, € **B-O(X,t) such that
xeU,cA so f(x)ef(U,)cf(A) and by hypothesis, f(U,)eg**B-O(Y,c). Hence
f(x)eg**B-Int[ f(A)]. Thus f[g**B-Int(A)]c g**p-Int[ f(A)].

Sufficiency. Let U e g**B-O(X,t). Then by hypothesis, f[g**B-lnt(U )]g g**B-Int[ f(U)]. Since

g**B-Int(U)=U as U is g**B-open.
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Also g**B-W[f (U)]g f(U). Hence f(U)zg**B-Int[f(U)]. Thus f(U) is g**B-open in Y. So
f is pre-g**B-open.

We remark that the equality does not hold in Theorem 7.5 as the following example shows.

Example 7.6. Let X =Y ={1,2}. suppose X is anti-discrete and Y is discrete. Let f =1d., A={1}.
Then ¢ = f[g**B-Int(A)]= g**B-Int[ f(A)]={1}.

Theorem 7.7. Prove that a function f :(X,t)—>(Y,c) is pre-g**B-open if and only if
g**B-Int[ f7(B)]c f*[g**B-Int(B)],forall BSY.

Proof. Necessity. Let B Y. Since g**B-lnt[f’l(B)] is g**B-open in X and f is pre-g**B-open,
f[g**B-lnt(f‘l(B))] g**B-open in Y. Also we have f[g**B-lnt(f‘l(B))]g f[f7(B)]<B. Hence,

f [g**B- Int(f’l(B))J < g**B-Int(B). Therefore g**B- Int[f‘l(B)] c [ g**B-Int(B)].

Sufficiency. Let AcX.  Then f(A)cY. Hence by hypothesis, we  obtain
g**B- Int(A) = g**B- Int[ £ (f (A))]< [ **B-Int(f (A))]. This implies that
f[g**p-Int(A)] < f[f’l(g**ﬁ- Int ( f (A)))]g g**p-Int[ f (A)]. Thus
f[g**B-Int(A)] < g**B-Int[ f (A)], forall Ac X. Hence, by Theorem 7.5, f is pre-g**B-open.

Theorem 7.8.  Prove that a mapping f:(X,t)—(Y,o) is Ppre-g**B-open if and only if
fﬁl[g**B'U(B)JEg**B'C|[f71(B)], for every subset B of Y.

Proof. Necessity. Let BCY and let Xef’l[g**B—Cl(B)]. Then f(x)eg**p-CI(B). Let
U eg**B-O(X,t) such that xeU. By hypothesis, f(U)eg**B-O(Y,s) and f(x)e f(U). Thus
f(U)I B=¢. Hence UI f*(B)=¢. Therefore, Xeg**B-CI[f‘l(B)J, So we obtain
t*[g**-CI(B)] < g**B-CI[ f*(B)].

Sufficiency.  Let BCY. Then (Y-B)cY. By hypothesis, f’l[g**B—CI(Y —B)]g
g**B-CI[ 1 (Y ~B)]. This implies that X —[g**B-CI(f*(Y-B))|c X -f*[g=*p-CI(¥-B)].
Hence X -g**B-Cl [X - f'l(B)] cf™ [Y —(g**B-CI(Y - B))] Then  this  implies  that
g**B-Int[f'l(B)]g f*[g**B-Int(B)]. Now by Theorem 7.7, it follows that f is pre-g**p-open.

Theorem 7.9. Let f :(X,t)—>(Y,oc) and g:(Y,o)—>(Z,n) be two mappings such that
gof :(X,1t)—>(Z,n) is g**B-irrsolute. Then

(1) 1f § isa pre-g**B-open injection, then f is g**B-irrsolute.

(2) If f isa pre-g**B-open surjection, then § is g**B-irrsolute.

Proof. (1) Let U eg**B-O(Y,5). Then g(U)eg**B-O(Z,u) since § is pre-g**B-open Also

of is g**B-irrsolute. Therefore, we have (gof -+ g(U)|eg**B-0O(X,t). Since § is an injection, so
g
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we have - (gof ) *[9(0)] (1o [a(U)]= 1[7(alU))]= (V). Comseqwenty 1(u)
g**B-open in X . This proves that f is gsg-irrsolute.

(2) Let Veg**B-O(Z,u). Then (gof )" (V)eg**B-O(X,1) since gof is g**B-irrsolute. Also f is
pre - g**B - open, f[(gof )_1(V)} is g**B-open in Y. Since f is surjective, we note that

f[(gof)*(v)|= [Fo(gof )" (V) =] fo(F0g™)](V)=[(Fof *)og™(V)]=g? (V). Hence § is

g**B-irrsolute.

8. PRE-g**B-CLOSED FUNCTIONS

In this last section, we introduce and explore several properties and characterizations of pre-g**p-closed
functions.

Definition 8.1. A function f :(X,t)—(Y, o) is said to be pre-g**B-closed if and only if the image set
f (A) is g**B-closed for each g**B-closed subset A of X.

Theorem 8.2. The composition of two pre - g**B-closed mappings isa pre-g**p-closed mapping.

Proof. The straightforward proof is omitted.

Theorem 8.3. Prove that a mapping f:(X,t)—>(Y,c) is pre-g“*B-closed if and only if
g**B-CI[ f(A)]< [ g**B-CI(A)] for every subset A of X.

Proof. Necessity. Suppose f isa pre-g**B-closed mapping and A is an arbitrary subset of X. Then
f [g**B'CI (A):I is g**B-closed in Y. Since f (A) cf [g**B-C| (A):|, we obtain

g**B-CI[ f (A)]< f[g**B-CI(A)].

Sufficiency. Suppose F is an arbitrary g**[B-closed set in X. By hypothesis, we obtain
f(F)cg**B-CI[ f(F)]c f[g**B-CI(F)]=f(F). Hence f(F)=g**B-CI[f(F)]- Thus f(F) is

g**B-closed in Y. It follows that f is pre-g**B-closed.

Theorem 8.4. Let f:(X,t)—(Y,os) bea pre-g**B-closed function, and B,C Y.

1) If U isa g**B-open neighborhood of f~(B), then there exists a g**B-open neighborhood v of B
fui ighborhood of f* hen th i ighborhood f

suchthat f*(B)c f*(V)cU.

(2) If f isalsoonto, then if f(B) and f*(C) have disjoint g**B-0pen neighborhoods, so have B and

C.

Proof. (1) Let V=Y —f(X-U).Then Ve=Y-V=f (UC). Since f is pre-g**B-closed, so V is
cf

g**B-open. Since f*(B)<U, we have V°—f [f 1 Jc B®. Hence, BCV, and thus V isa

g**B-open neighborhood of B. Further U°cf‘1[f UC)J B\ ):[f‘l(v)}c.This proves that

f*(V)cu.
(2) 1f £7(B) and f™*(C) have disjoint gsg-open neighborhoods M and N, then by (1), we have
gsg-open  neighborhoods U and V. of B and C respectively such that
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f*(B)c f*(U)cg**B-g**B-(M) and f*(C)cf*(V)cg**B-Int(N). Since M and N are
disjoint, so are gg**B-Int(M) and g**B-Int(N), and hence so f*(U) and f*(V) are disjoint as
well. It follows that U and V are disjoint too as f is onto.

Theorem 8.5. Prove that a surjective mapping f :(X,1)—>(Y,0) is pre-g**B-closed if and only if for

each subset B of Y and each g**@-open set U in X containing f*(B), there exists a g**B-open set V in
Y containing B such that f(V)cU.

Proof. Necessity. This follows from (1) of Theorem 8.4.

Sufficiency. Suppose F is an arbitrary g**B-closed set in X. Let Y be an arbitrary point in Y — f (F).
Then f(y)c X - f?*[f(F)]c(X-F) and (X-F) is g**B-open in X. Hence by hypothesis, there exists
a g**B-open set V, containing Y such that f’l(Vy) = (X —F). This implies that y eV, <[Y - f (F)].
Thus Y - f(F)= U{Vy |y eY-f (F)} Hence Y — f (F), being a union of g**B-open sets is g**p-open.
Thus its complement f (F) is g**B-closed. This shows that f is g**p-closed.

Theorem 8.6. Let f :(X,1)—(Y, o) be abijection. Then the following are equivalent:
(1) f is pre-g**B-closed.

(2) f is pre-g**B-open.

(3) f™is g**B-irresolute.

Proof. (1)=(2): Let Ueg**B-O(X,T). Then X-Uis g**B-closed in X. By (1), f(X-U) is
g**B-closed in Y. But f(X-U)=f(X)-f(U)=Y-f(U). Thus f(U) is g**B-open in Y .This
shows that f is pre-g**p-open.

(2)=(3): Let AcX.  Since f is pre-g**B-open, so by  Theorem 7.8,
£ g**B-CI(f(A))]< g**B-CI[ £(f(A))]. Itimplies that g**p-CI[ f (A)]< f[g**B-CI(A)].
Thus g**B—CI[(f'l)il(A)]g(f_l)il[g**B-Cl(A)], for all Ac X. Then by Theorem 4.8, it follows that
f is g**B-irresolute.

(3)=(1): Let A be an arbitrary g**B-closed setin X. Then XA is g**B-open in X. Since f™ s
ge*p-irresolute, ()" (X —A) is g**p-open in Y. But (f) (X -A)=f(X~A)= Y- (A). Thus
f(A)is g**B-closed in Y. This showsthat f is pre-g**B-closed.
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