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Abstract: The present paper describes a theoretical analysis of the effect of the end rotation of a statically 

indeterminate beam structure on the behaviour of a longitudinal crack. The beam is made of a material that is 

continuously inhomogeneous along the beam thickness. Besides, the material has non-linear elastic behaviour. 

The left end of the beam is supported with an axial double rod, while the right end is rigidly fixed. There is no 

external mechanical loading on the beam. Thus, the only influence on the beam is the rotation of the beam left 

end. Equations for determination the curvatures and the coordinates of the neutral axes are worked out and 

solved together with equations for resolving the static indeterminacy. The response of the longitudinal crack to 

the rotation of the beam left end is studied by deriving the strain energy release rate. For this purpose the 

balance of the energy in the beam is analyzed. The strain energy release rate is verified by applying the integral, 

J. A parametric analysis is performed to evaluate the influence of the beam end rotation and other factors on the 

longitudinal fracture.     

 

Keywords: Continuously inhomogeneous structure, Longitudinal fracture, Statically indeterminate beam, End 

rotation, Non-linear elastic behaviour  

 

 

Introduction 

 

The increased interest for continuously inhomogeneous structural materials shown by the research community 

around the globe in recent decades is due in a large measure to the intensive application of functionally graded 

materials in different areas of engineering (Gandra et al., 2011; Toudehdehghan et al., 2017). In fact, the 

functionally graded materials are continuously inhomogeneous composites with a controlled continuous 

distribution of material properties along one or more directions (Nikbakht et al., 2019; Nagaral et al., 2019; 

Radhika et al., 2020; Riov, 2018). Thus, the material properties are smooth functions of one or more coordinates 

(Gururaja Udupa et al., 2014; Fanani et al., 2021).  

 

In order to meet the constantly increasing requirements of up-to-date engineering towards the quality and 

properties of continuously inhomogeneous (functionally graded materials), different technologies for 

manufacturing of that sort of materials have been developed. One of the widely used technologies consists in 

building-up layer-by-layer (Mahamood & Akinlabi, 2017). However, the functionally graded materials 

manufactured by this technology have layered structure that makes them rather vulnerable to appearance of 

longitudinal cracks between the layers. As a result of this, one of the factors which have significant influence on 

the deformability, load-carrying capacity and safety of engineering structures made of such materials is the 

longitudinal fracture. Thus, various analyses of longitudinal fracture in continuously inhomogeneous 

(functionally graded) structural members have been performed recently (Carpinteri & Pugno, 2006; Rizov, 

2019; Rizov & Altenbach, 2020; Tilbrook et al., 2005). These analyses usually are concerned with structures 

subjected to external mechanical loading. However, displacements and/or rotations of supports in statically 

indeterminate structures influence the longitudinal fracture behaviour even if external mechanical loading 

(forces, moments, etc.) is not applied on structures. This influence is subject of a theoretical analysis in the 

present paper.    

http://www.isres.org/
https://www.sciencedirect.com/science/article/abs/pii/S0924013611001257#!
https://www.sciencedirect.com/science/article/abs/pii/S0263822318331477#!
https://www.sciencedirect.com/science/article/pii/S2211812814008074#!
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 In particular, the present paper deals with longitudinal fracture behaviour of a statically indeterminate beam 

structure under rotation of its left end (the beam is supported with an axial double rod in the left end, while the 

right end is rigidly fixed). No external mechanical loading is applied on the beam under consideration. Thus, the 

beam is only under the rotation of its left end. The beam is continuously inhomogeneous along the beam 

thickness. Besides, the beam has non-linear elastic behaviour. The strain energy release rate for the longitudinal 

crack under the beam left end rotation is derived. The integral, J , is used for verification. The influence of the 

beam end rotation on the longitudinal fracture is evaluated.     

 

            

Theoretical Model 
 

This paper addresses the problem of longitudinal fracture in the continuously inhomogeneous non-linear elastic 

beam structure, 
41SS , depicted in Fig. 1.  

 
Figure1. Scheme of the beam structure. 

 

The beam is supported with an axial double rod at its left end. The right end of the beam is rigidly fixed. Thus, 

the beam represents a statically indeterminate structure. The beam has three portions, 21SS , 32SS  and 43SS . 

The beam thickness in portion, 21SS , is 1h , while in portions, 32SS  and 43SS , the thickness is h  (Fig. 1). 

There is a longitudinal crack in portion, 32SS , of the beam (the thicknesses of the upper and lower crack arms 

are 1h  and 2h , respectively). The left end of the beam undergoes a rotation at angle, 1S , as shown in Fig. 1. 

We analyze the crack response to the rotation of the beam left end. For this purpose, we derive the strain energy 

release rate, G , for the crack by analyzing the energy balance. This analysis yields the following expression for 

the strain energy release rate: 
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In the above formulas, 1SM  is the bending moment in the axial double rod at the left end of the beam, b  is the 

beam width, a  is the crack length, U  is the strain energy in the beam, 31SSU  and 43SSU  are the strain 

energies in portions, 31SS  and 43SS , of the beam, respectively.  

 

31SSU  is determined by formula (3). 
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where 1l  is the length of portion, 
21SS , of the beam, A  is the area of the cross-section, 0u  is the strain energy 

density. The latter is defined by 

 

                                                                            
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0 ,                                                                         (4) 

 

where   is the stress,   is the strain. The stress is expressed as a function of   by the following non-linear 

stress-strain relation (Lukash, 1997): 
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where B , n  and   are material properties. The beam exhibits continuous material inhomogeneity along the 

thickness. The change of the material properties along the beam thickness is given by 
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where 
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In formulas (6) – (9), the subscripts, gr  and dm , refer to the upper and lower surface of the beam, z  is the 

vertical centric axis of the beam, 1 , 2  and 3  are parameters. The distribution of   along the beam 

thickness is given by 

 

                                                                              nnzz   ,                                                                  (10) 

 

where   is the beam curvature, 
nnz  is the neutral axis coordinate.  

 

First, we have to resolve the static indeterminacy in order to obtain the curvatures and the neutral axis 

coordinates in the beam portions. For this purpose, we work out the following equations:  
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where  
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In formulas (11) – (17), 
1  and 

nnz1
 are the curvature and the neutral axis coordinate in portion, 

43SS , of the 

beam, 
43SS  is the stress, 

43SS  is the strain, 
1S  is the horizontal displacement of the left end of the beam 

(
1S  is zero due to the fact that the left end of the beam is constrained with an axial double rod as shown in Fig. 

1), 
1z  and 

1A  are the vertical centric axis and the area of the cross-section of the beam in portion, 
43SS . The 

curvatures and the neutral axis coordinates are determined from equations (11) – (14) by using the MatLab.  , 

 

43SSU  is determined by formula (19). 
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The bending moment, 1SM , is found-out by formula (21), i.e. 

 

                                                                           zdAM
A

S 
)(

1 .                                                                 (21) 

 

Then the strain energy release rate is obtained by using formula (1).  

 

The strain energy release rate is verified by applying the integral, J , (Broek, 1986). The integration is 

performed along the contour, D , that has two sectors, 1D  and 2D , as shown in Fig. 1. We derive 
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The MatLab is used to perform the integration in (23) and (24). The values of the integral, J , match the strain 

energy release rates which is a verification of the current analysis. 

 

     

Numerical Results  
 

We apply the solution of the strain energy release rate to obtain numerical results which illustrate the influence 

of the beam end rotation and other factors on the longitudinal fracture behaviour of the beam under 

consideration.  

 

 

Figure 2. The strain energy release rate versus 1S  (curve 1 – at 5.0/ grdm BB , curve 2 – at 

0.1/ grdm BB  and curve 3 – at 0.2/ grdm BB  ). 

 

 

Figure 3. The strain energy release rate versus grdm  /  ratio (curve 1 – at 25.0/ la , curve 2 – at 

50.0/ la  and curve 3 – at 75.0/ la ). 
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These influences are visualized in the next four figures. The following data are used: 010.0b  m, 

015.0h  m, 012.01 h  m, 400.0l  m, 8.01  , 8.02  , 8.03   and 005.01 S  rad.   

Figure 2 illustrates the variation of the strain energy release rate with increasing of the magnitude of the angle of 

rotation, 
1S , at three grdm BB /  ratios. The curves in Fig. 2 indicate that the strain energy release rate grows at 

increase of 
1S  which is an expected behaviour.  

 

 

Figure 4. The strain energy release rate versus bl /  ratio (curve 1 – at 2.0/ grdm nn , curve 2 – at 

4.0/ grdm nn  and curve 3 – at 6.0/ grdm nn ). 

 

 

Figure 5. The strain energy release rate versus ll /1  ratio (curve 1 – at 2.1/ bh , curve 2 – at 2.1/ bh  and 

curve 3 – at 2.1/ bh ). 
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However, the strain energy release rate reduces when grdm BB /  ratio increases as one can observe in Fig. 2. 

The influence of grdm  /  and la /  ratios on the strain energy release rate is visualized by the curves 

presented in Fig. 3. It can be seen in Fig. 3 that increase of grdm  /  ratio causes a gradual reduction of the 

strain energy release rate. The strain energy release rate reduces also with increase of la /  ratio (this finding is 

attributed to the fact that the beam becomes more deformable). 

 

Figure 4 shows the effect of the variation of bl /  ratio on the strain energy release rate at three grdm nn /  

ratios. The reduction of the strain energy release rate when bl /  ratio grows is due again the fact that the beam 

deformability increases. The increase of grdm nn /  ratio generates a decrease of the strain energy release rate 

(Fig. 4). The dependence of the strain energy release rate on 1/ ll  and bh /  ratios is visualized by three curves 

in Fig. 5. The inspection of these curves reveals that increase of 1/ ll  ratio generates a continuous reduction of 

the strain energy release rate. Increase of bh /  ratios leads to growth of the strain energy release rate (Fig. 5).  

 

 

Conclusion  
 

Longitudinal fracture in a statically indeterminate beam structure under end rotation is studied theoretically. It is 

found that: 

 

 the strain energy release rate grows at increase of 1S ; 

 the strain energy release rate reduces when grdm BB /  ratio increases; 

 increase of grdm  /  ratio causes a gradual reduction of the strain energy release rate; 

 the strain energy release rate reduces also with increase of la / , bl /  and 1/ ll  ratio; 

 increase of bh /  ratio leads to growth of the strain energy release rate. 

 

 

Recommendations 

 

It is recommendable to refine the present fracture analysis by considering the viscoelastic behaviour of the 

statically indeterminate beam structure under end rotation.    
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