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Abstract: In this paper, as a continuation of our work on the determinant of cubic matrices, we have studied
some properties of calculation of the determinant of cubic matrices for the cubic matrix of the order 2 x 2, as
well as the order 3 x 3. Like properties of square determinants, these properties are analogous to some
properties for determinants of the square matrix we have proved and noted that these properties also are
applicable (or not in some details) to this concept for the determinant of the cubic matrix of orders 2 x 2 and
order 3 x 3. All properties that have been proved in this paper, are proved for each case for orders 2 x 2 and
order 3 x 3, by including all elements of the matrix, as well as all horizontal plans, horizontal layers, and
vertical layers. All results in this paper, are presented in detail during the theorem proofs.
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Introduction and Preliminaries

In this paper we prove some properties for determinant of cubic-matrix of order 2 and order 3. In the paper
Salihu et.al. (2023a), we have defined the concept of determinant for cubic-matrix of order 2 and order 3, and
we have prove some basic properties for calculating this determinants. This idea for developing this concept, it
came simply from the determinant of 2D square matrices (Salihu et.al., 2021; Salihu et al., 2019b; Salihu, 2018;
Artin, 1991; Bretscher 2005, Schneide et.al. 1973), as well as determinant of rectangular matrices (Salihu et al.,
2022a, Salihu et al., 2023b, Salihu et al., 2022b, Salihu et al., 2022c; Salihu et al., 2019a; Amiri et al., 2010;
Radic, 1966; Radic, 2005; Makarewicz et al., 2014).

In paper Zaka et al. (2023) we have prove that the Laplace expansion method is valid for calculating the
determinant of cubic-matrix for orders 2 and 3. Encouraged by geometric intuition, in this paper we are trying to
give an idea and visualize the meaning of the determinants for the cubic-matrix. Our early research mainly lies
between geometry, algebra, matrix theory, etc., (see Peters et al., 2023; Zaka 2019a; Zaka et al., 2016, Filipi et
al., 2019; Zaka, 2018a, 2018b, Zaka 2016b, Zaka et al., 2019b, 2019c, Zaka et al., 2020a, 2020b).

This paper is continuation of the ideas that arise based on previous researches of 3D matrix ring with element
from any whatever field F see Zaka (2019d), but here we study the case when the field F is the field of real
numbers R also is continuation of our research Salihu et al. (2023a) and Zaka et.al (2023) related to the study of
the properties of determinants for cubic-matrix of order 2 and 3. In this paper we follow a different method from
method which is studied in Zaka (2017).

Results for More Properties of Determinants of Cubic-Matrix of Order 2 and Order 3
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In this section, all proofs of our theorems are based on the definition of determinant for cubic-matrix of orders 2
and 3, presented in the papers Salihu et al. (2023a) and Zaka et al. (2023), and results obtained in these papers.
The proofs of the following Theorems are too loaded with indices to calculate, and we are trying to make them a
little simpler by separating them case by case, to avoid the difficulty of calculations!

Theorem 1:

Let's be 4 and B 3D-cubic matrix with same order (second and third order matrices), then we have that:
det(A + B) = det(A4) + det(B).

Proof:

Case 1: The cubic-matrix A of order 2, (and B has order 2), we will proof the case 1 for each "horizontal layer",
"vertical page" and "vertical layer", as following:

1. For plan i = 1: Let A and B be cubic-matrix of order 2, where all elements on the plan i = 1 are identical in
both matrices, then based on definition of determinant of cubic-matrix presented in Salihu et.al (2023a) and
Zaka et.al (2023) we have:

ai11 a121|a112 a122)+ t(a111 A121]|q112 a122)

det(A[ZXZXZ]) + det(B[ZXZXZ]) = det (a211 Az2110212  Az22 by11 baa1lbaiz  baps

= Qyqq " G2 — Aq12 *Gg21 — Q121 " G212 + Q22 " Ap11 + Qq11 " Doy — Aq12 " bagq — Gqa1  ba1p + Qa22 * boqy,

while,
a1 A121 ai12 Q122
det(A B = det( | )
( [2x2x2] + [ZXZXZ]) Az11 + ba11 Gaz1 + bozqlazip + byrp G + bagy

= aq11 " (@222 + bazz) — @112 (Az21 + b2z1) — @iz1 " (Az12 + ba12) + @12z * (G211 + b21y)
= Qyq1 " Qg2 + Q111 " Dagp — Gq12 " Q21 — Qq1p * Doz — Qu21 ° Az12 — Gyz1  bo1z + Aoz " Apqq + Qq22 * Doy

If we compare results of above equations, we can see that we have the same result in both cases. Similarly, we
will proof for all other cases.

2. For plani = 2: Let A and B be cubic-matries of order 2, where all elements on the plan i = 2 are identical in
both matrices, then we have:

aiq1 a121|a112 a122)+det<b111 bi21
Az11 Q22110212 QA3

b112 b122>

det(A[ZxZXz]) + det(B[Zxez]) = det( A1z Ayrs

az11 221

= Qyqq " Qg2 — Ap12 * Gg21 — Qi1 " Gp12 + Aqzz " Ap11 + bygq * Ao — Di1z Qa1 — D121 " Az1p + bigp * Go14,
while,

Q11+ bi11 Qip1 + bigg|@riz + b1z g + b122)

az12 Az22

det(A +B =det (
( [2x2x2] [2><2><2]) ay1q Ayp1

= (111 + b111) * Q22 — (@112 + b112) * Az21 — (Q121 + b121) * Qz12 + (@122 + bi22) * Az14

= Qq11 " Qg2 + D111 " G222 — Qq12 " Aa21 — D112 " G221 — Qu21 " G212 — D121 " G212 + Q22 " G211 + b1z " Qo5
If we compare results of above equations, we can see that we have the same result in both cases.

3. For plan j = 1: Let A and B be cubic-matries of order 2, where all elements on the plan j = 1 are identical in
both matrices, then we have:

A111 A121|Q112 Q122 ai11 b1z
det(A + det(B = det( | ) + det(
(Azxzx) (Brzxaxz1) G211 22110212 Qz22 az11 baaq

ai12 b122)
Az12  baao

= Q11" Q22 — A1z " G221 — G121 " Go12 + Guzp * Qo171 + Qi11 " Doy — Gy1z * bagy — big1 " Qp1p + bigp * Aoyy,
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while,

a a1 + biyqla a;,, +b
det(A +B _ det< 111 121 121|@112 122 122)
( [2x2x2] [ZXZXZ]) A11  Gg21 + ba211dz12  Ggpp + baay
= ay11 " (@z22 + baz2) — @112 * (Az21 + b221) — (@rz1 + b121) * A1z + (A1 + bizz) * Q211

= Q11 Q22 + Q111 " bazp — Q112 " Aap1 — Q12 bop1 — Qi1 t Ap1z — bia1 t Gp1p + Qi t Ap11 + bigp t Aoy
If we compare results of above equations, we can see that we have the same result in both cases.

4. For plan j = 2: Let A and B be cubic-matries of order 2, where all elements on the plan j = 2 are identical in
both matrices, then we have:

A111 Q121|A112 Q122 bi11 Q121
det(A + det(B =det( | )+det<
( [ZXZXZ]) ( [ZXZXZ]) Q11 Q2110212 Q222 byi1 Qo

b1, a122>

by Qg2

= Qyqq " Qg2 — Qq12 * G217 — Qi1 " G212 + Aq22 " Ap11 + bygq * Ao — Di12 Qa1 — Gq21 * ba1p + Q122 boqy,
while,

Ay11 + b1 Az

Ay12 + D112 a122)
Az11 + ba11 Az

det(A +B = det(
( [2x2x2] [ZXZXZ]) a212 + b212 a222

= (@111 + b111) * Q22 — (@112 + b112) * Qa1 — Qy21 * (@212 + b212) + Q122 " (@211 + ba11)

= Qyq1 " Qg2 + b111 " Aa22 — Gu12 Q21 — D112 " Goz1 — Qq21 ° Ap12 — Gi21  bo1z + Qo2 " Apqq + Qq22 * Doy

If we compare results of above equations, we can see that we have the same result in both cases.

5. For plan k = 1: Let A and B be cubic-matries of order 2, where all elements on the plan k = 1 are identical in
both matrices, then we have:

ai11 a121|a112 a122)+ t(alll a121
Az11 Q22110212 QA3 az11 221

b112 b122>

det(A[Zxez]) + det(B[ZXsz]) = det(
b212 b222

= Qyqq " G2 — Ap12 * Gg21 — Qi1 " Q12 + Q22 " Qp11 + Qq11 * Dogp — D11z Qa1 — Qqz1 * ba1z + biag * Goq4,
while,

a111 Q121

A1z + b1z Qi + b122)
az11 Q221

Az12 + ba12 Q22 + by

det(A[2><2><2] + B[2><2><2]) = det(

= ay11 " (Az22 + bag2) — (A112 + b112) * Az21 — Quz1 " (Az12 + ba1z) + (Q122 + bizz) * Ap1q

= Qq11 " Qg2 + Ay11 " D22z — Qq12 " Aaz1 — D112 " G221 — Qu21 " G212 — Qu21 " Da1z + Q22 " Aa11 + b1z " Aoy
If we compare results of above equations, we can see that we have the same result in both cases.

6. For plan k = 2: Let A and B be cubic-matries of order 2, where all elements on the plan k = 2 are identical in
both matrices, then we have:

_ Q111 Q121|Q112 Q122 bi11 b1z
det(A[zxzxz]) + det(B[zxzxz]) = det (a211 (1221|a212 a222) + det (b211 byos

Qg1 a122>
Az12 Q222

= Qyqq " G2 — Ap12 * Gg1 — Qi1 " Q12 + Aq2p " Ap11 + by1q * Gopp — Qg2 " bagq — b1 " Apqp + Qa22 * D21y,
while,

aj;;+b a1+ b
det(A +B _ det< 111 T 0111 Qua1 t+ Dipg
(e + Boxaal) @z11 + bz11 G221 + bans

= (@111 + b111) * G2 — (@112 + b112) " Az21 — (Q121 + b121) * Qz12 + (@122 + bi22) * Az14

= Q11 A2 + D111 " Qo220 — Q112 " Aap1 — Di1z " Gpp1 — Qi1 " Ap12 — bia1 * Gp1p + Qi " Ap11 + bigp * Aoyy-

a1z a122>
Az12  QAz22
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If we compare results of above equations, we can see that we have the same result in both cases.

Case 2: The cubic-matrix A of order 3, (and B has order 3), we will proof the case 1 for each "horizontal layer",
"vertical page" and "vertical layer", as following:

1. For plani = 1: Let A and B be cubic-matries of order 3, where all elements on the plan i =1 and i = 2 are
identical in both matrices, then we have:

Q111 G121 Q131|%112 G122 Gq32|Q113 Q123 Qg33
det(A[3x3x3]) + det(B[3X3x3]) =det| Q211 G221 QA231|A212 G222  Q232|Q213 G223 Q233
Qa311 Q321 433110312 Q322 (33210313 Q323 (333

A111 Q121 A131|%112 Q122 Q1324113 G123 Qu33

+det | G211 Q221 Q231|Q212 Q222 Qz32|0213 Q223 Q33

bs11 bsz1 bszilbziz  bszz  bsszalbziz bszz bsss

= {111 " Q222 * G333 — Q11 " Qa3 " A323 — Q111 * G223 * Aazz + Gq11 " Qa3 * A3z — A1z * Ggz1 * A3s3
t0ay12 " Az23 " Q331 + Q12 " G371 " G323 — A112 " G233 " A321 T Q113 * A221 " A332 — Q113 " Q222 " d331
—Qq13 " Qp31 " Q322 T G113 " Az32 * G321 — Q121 " Gp12 " A333 T Q121 " Ap13 " G332 T Q121 " G232 " U313
—0Qy21 " Qp33 " Q312 t Qg2 " Ap11 ° G333 — 122 " G213 " A331 — Q122 " A231 " A313 T Ay22 " Q233 " d311
—Qi23 " Q11 " Q332 T Q23 " Q212 " G331 + Q123 * Gp31 " Q312 — Q123 " Q232 " G311 T Ag31 " G212 * U323
—0Qy31 " Az13 " Q322 — G131 " G222 " G313 T Q131 " G223 " A312 — Q132 " Q211 " A323 + Ay32 " Q213 " d321
tQ133 " Az21 " A313 — Qg3 Q223 " G311 + Q133 * G11 " Q322 — Q133 " Ap12 * G321 — (133 * G221 " U312
+a33 Qg2 " A311} + {111 " 222 * D333 — Q111 " Aa32 " D323 — Qa1 * Aaa3 " b33z + Q11 ~ Aas3 b3
—Qq12 " Qg21 * b33z + Q112 " Ag23 * b33y + Q112 * Ag31 * b3a3 — Q112 * Ag33 * b3gq + Q113 * Agz1 “ b33
—Qy13 " Qg2 * D331 — Q13 " g31  b3gz + Q113 " Az * D3gy — Qyz1 " Ag12  bazs + Ayzq Q13 " b33y
@121 g3z * b313 — Q121 Ag33 * D312 + Q122 g11 * b33z — Q122 * Agq3 * b3zq — Q122 " Ag31 * b3g3
+a122 " z33 * 311 — Q123 * Ag11 * b33z + Q123 g1 * b33y + Q123 Ag31 * D31z — Q123 * Ag3z * b3gy
0131 " Az12 * b3z3 — Q31 ° Q13 b3z — Qy31 " Az * D313 + Qy31 " Agz3 D31y — A3z Q11 " b3g3
+ai132 " Qz13 * b3z + Q132 gz1 * b313 — Qy32 * Agz3 * b31q + Ay33 * Ag11 * b3zp — Ay33° Ag12 * b3gy

—Q433 " Azp1 * b31z + Q433 Azap  b311),

while,
a111 A121 ai131
det(A[3><3x3]) + det(B[3><3><3]) = det az11 Q321 az31
A311 +b311 Qa1 +bszy Azzg + baag
ai112 122 Q132 a113 Q123 Q133
az12 Qaz22 az32 az13 az23 Qz33

A312 + b31z Q322 + b3y Aszp + bagal G393+ b3z Aspz + bsaz Azzs + bass

= Q111 " Gp22 * (@333 + b333) — Ay11 * Az32 * (G323 + b323) — Aq11 ° Agp3  (A332 + b332)
+a111 " Ap33 " (A322 + b322) — Q112 " Apaq * (A333 + b333) + Q112 * App3* (@331 + b331)
+ay112 " Ap31 " (A323 + b3z3) — Q112 * Aa33 * (A321 + b321) + Q113 * Ag1 * (@332 + b332)
—Qq13 " A2z * (A331 + b331) — Q113 " Apz1 * (A3 + b3p2) + Q113 * Ap3z * (@321 + b3p1)
—Qq21 " Q12 * (A333 + b33z) + Q121 * Ap13 * (A332 + b332) + Q121 * Ap32 * (@313 + b313)
—Qq21 " Q33 " (A312 + b312) + Q122 * Ap11 * (A333 + b333) — Q122 * Ap13 * (@331 + b331)
—Qq2p * Q31 * (A313 + b313) + A12p " Aps3 * (A311 + b311) — Q123 " Ap11 * (@332 + b332)
+a123 " Az12 " (A331 + b331) + Q123 * Ap31 * (A312 + b312) — Q123 " Ap32 * (@311 + b311)
+a31 " Az12 * (A323 + b323) — Q131 * Az13 * (A322 + b322) — Ay31 * Agaz * (@313 + b313)
+ay31 " Az23 " (A312 + b312) — Q132 * Ap11 * (A323 + b323) + Ay32 * Ap13* (@321 + b321)
a3z " Az21 " (@313 + b313) — Q132 " Azo3 * (A311 + b311) + Ay33* Ap11 * (@322 + b3p3)
—Qq33 " Q12 * (@321 + b321) — Q133 " Az21 * (A312 + b312) + A3z~ Az2z * (A311 + b311)-
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Hence,

dEt(A[sxsxs]) + det(B[3x3x3]) = Qyqq " Gp27 Q333 T+ Gq11 * Q22 * D333
—Qy11 " G232 * G323 — Qy11 " 32 * D3gg — Qy11 " Q23 * G332 — Q11 " Go23 “ D33z + Q111 * Aa33 * A3z
0111 " Az33 " b3az — Q12 " Q21 " Q333 — g1z " Gg21 " b33z + Q112 " Az " Q331 + Q112 " Qa3 b33y
+a112 " Ag31 " A3z3 + Ay12 " Az31 " b3gs — Qy12 " Q33 * 321 — A1z * Ga33 “ D3y + Q113 * Agz1 * Ass
0113 " Az21 " b33z — Q113" Q22 Q331 — Qq13 " Ag2z * D331 — Q113 " Qa1 " Azzp — Q113 ° 31 " D322
+a113 g3z " A3z1 + Ay13 " A3z * b3g1 — Qyz1 " Az12 * G333 — Q21 * G212 “ D333z + Q121 * Az13 " Ass
0121 " Az13 " b3zz + Q21 " g3z " Q313 + Ayz1 " Ag3z " D313 — Qi1 " Qa3 7 Az1z — Q121 " o33 " b3pp
@122 " Ag11 " Q333 + A1z " Az11 " b33z — Qyzz " Az13 ° 331 — Q122 * Az13 “ D33g — A2z Ag31 * A3y
—Qy33 " Ap31 " D313 + Q23 " 33" Q311 + Ayzz * Ag33 " D311 — Qi3 " Ap11 " Azzp — Q123 " Q11 " b33
+ai123 * g12 " Q331 + 123 " Az12 * b33y + Ayz3 " Az3q ° A312 + Q123 " Aa31 * D31z — Q123 " Ag3z * A31q
—Qy33 " Ap33 D311 + Q31 " Q12 " Q323 + Ay31 " Ag12 * b33 — Q131 " Az13 " Azzp — Q31" Q13 " b3z
—Qy31 " Gg22 * G313 — Qq31 " 22 * D313 + Gy31 " Qa3 G312 + Q31 " Agz3 ~ D312 — Q132 Aa11 * sz
—Qy33 " Ap11 " b3a3 + Q33 Q13 " Q321 + Ay3z " Ag13 " b3z1 + Qi3 " Az " Az13 + A3z Qa1 " b3g3
—Qq32 " Gg23 " A311 — Qy32 * 23 * D311 + Qy33 " Az1q * 322 + Q33 * Aa11 “ D3z — A3z~ Ag1p ~ Asgq

—Q433 " Q212 " D31 — G433 A1 " G312 — Aq33 " App1 D31z + Qq33° Az * G311 + Qg3 " A222 * b3qy.

If we compare results of above equations, we can see that we have the same result in both cases.

2. Forplani = 2: Let A and B be cubic-matries of order 3, where all elements on the plani =1 and i = 3 are
identical in both matrices, then we have:

111 Q121 A131|Q112 Q122 OG132|Q113 Qi3 (i3s3
det(A[3x3x3]) + det(B[3X3x3]) =det| @211 G221 Q231|Q212 G222  Q232|Q213 G223 Q233
Q311 Q321 Q433110312 Q322 A3321d313 Q323 (333

A111 Q121 Q131|112 Q122 Q1324113 Q123 Q433

+det | bz11 baa1 bazi|baiz byaz  basz|ba1z baaz sz

311 Q321 A331ld312 Q322 (33210313 (323 d333

= {111 " Q22 " G333 — Q111 " Qa3 " Q323 — Ay11 * Go23 " A33z + Qq11 " Qa33* G322 — Q112 * Goz1 * 333
tQ117 " Qg3 " A331 T G112~ Az31 " (323 — Q112 * G233 A321 T Q113 " Az21 " G332 — G113 " A2z " U331
—0Qy13 * Qp31 " Q322 t G113 " G232 " G321 — Q121 " Az12 " A333 T Q121 " Q213 * A332 + Ag21 " A232 " A313
—Qi21 " Q233 " A312 T Q22 " Az11 " (333 = Q122 " (13 A331 — Q122 " Q231 " G313 T Q122 " A33 " A311
—0Qy23 " Qp11 " Q332 + Qg3 " Q12 " G331 T Q123 " Az31 " A312 — Q123 " Q232 Q311 T Ay31 " Q212 " A323
—Qq31 " Q13 " Q322 — Qg31 " Q222 " G313 T Q131 " A3 " Q312 — Q132 " Ap11 " G323 T Qg3 " G213 " A321
+0ay32 " Ap21 " A313 — Qg3 " G223 " G311 T Q133 " Az11 " A32 — Q133 " Q212 * Q321 — Q433 " Q221 " A312
+ay33 * Ag22 * A311} + {111 " D222 * G333 — Q11 * bazz G323 — Q11 * bag3 - A33z + Aqq1 * b3z - Az
—Qy12 " bagq Q333 + Q112 " baas t G331 + Ay1z * b3yt Q33 — Ay1p * Dagzt Azpq + Ayq3t bopy v dss
—Qq13 " baaz * Q331 — Q113 " bagy Q322 + Q113 basa Q321 — Qa1 ba1z t G333 + Agzq  ba3t Az

+a121 " b3z Q313 — Qi21 b33 A312 + Qazz * D11 A333 — Gizp * bo13 * Q331 — Ay~ bp3q ~ G313

+a132; " ba33 Q311 — Q23 bay1 * Az3p + Qi3 barz Q331+ Qiz3 t bazi s Q31 — Qg3 bo3p t Azgg

+a431 * by12 Q33 — Qq31° D13 A3zp — Gqzq * bopp * Azq3 + Aq3q ° bop3 * A31p — Ay3z  bagq ~ A3a3
+a132 " by13* A3p1 F Qq3z  bopq  Azq3 — Ay3z  bopz t Azq1 + Qy33 * bagq A3z — Aqzz t bagp v A3pq

—Qy33 " byyq " Q312 + Q33 bypp t A311},

while,
ai11 ai21 a131
det(Afsxaxs)) + det(Blaxaxs)) = det | Q211 + D211 @za1 +Db2a1  Ggsy + basy
Qasz11 a321 Q331
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ai12
Az12 + b1

azq12

=a111

+aiqq;

+aig2
—a113
—a121
—Q121

—Qa122

ta;zs-
“(az12 + by12)
(@223 + by23) -
(21 + bya1)
“(az12 + ba12) -

+ay31

+ai31

+ag3;

—d133

Hence,

—0a111 " A232

+ay11 * ba33

+ay12 " Az31

+a113 " byaq

+aq13 " Az32

+a121 " by

+ai22 " Q11

—Qy32 " by3q

taq23 " Q12

—Qy23 " bysy
—Qj131 " Az22
—Qy32 " by1q
—Qj32 " Az23

—Qy33 " b1

Q22 +

(az1z + ba12)

det(A[3><3x3]) + det(B[zxzxs]) =ai’

by3z * G323 — 11

*Q3z3z —Aq11°
*Q322 — Q112
"0zz3 T a112°
T Q332 — Q113
A3z T a113°
"Q33z + A1
0333t 122
"Q313 + Q1pp ¢
033y T A123°
"Q311 + Q31
"33 — A131
" Q33 + Q13
*Az11 — Q132

Q321 — 133

QA122

Qaz22
(@222 + by22) ~ As33 — @111 * (@232 + b232) -
(az33 + bas3) -
“(az31 + ba31)
“(az22 + bazz)
“(az12 + bz12)
*(az33 + ba33)
“(az31 + ba31)

T 0221

T Az22

T A3z

*byy
" adz13
“byy3

T Az21

a132
bs2,
Q332

Q322 — Q112"
"Q323 — Q112
Q331 — A113
Q333+ A1
"dz1z t A1
Q313 T A1z
"d3zq t A3 "
"Q3z3 — Q131
Qaz12 — Q132
Q313 — Q132

Q321 — Q133

b231

b232

by14
Qaz33
b1,

az12

Az32 + ba3y

" (az33 + by33)
" (az31 + ba31)
" (az13 + by13)
(azi1 + bz11) -
" (az33 + ba33) -
(azs1 + bz31) -
“(az13 + b13)
“(az11 + b211)
“(az23 + by23)
" (azz1 + ba21)

T 0333 — Q112
*Q3z23 — Q112
*Q3z1 — Q113
"Qzz1 — Q121
"Az13 + 11
* 0333 — Q122
"az11 T A1z
A3zt A1p3°
Q33 + Q131
"Az13 t 131
Q31 t+ Q13
"azqp t g3z

*Az12 — Q133

a113

Q313

(azz1 + ba21)

Qaz23
by
" Ay33
" b2z
*Az12
“ b3,
*Az13
“ b33
Q31
ba12
Q223
“byi3
az11

'b221

az13 + ba13

TQzz2 — Q131

"azip t 33

"0332 — Q111
Q333+ Q117
"0321 — Q112
T d3zz31
*0333 — Q121
T dzi3
"0331 — Q122
T dz1n
"az12
T d3z3
"dz1z t g3
Q31+ Q13
O3z t Ay33°

"Azip t Q133

Q123

a323

Q33 —0a111 "

*Qzzz t+aiqp ¢
A3z ta193°
*Qzzy + 113

Q33 T A121

Q333 — Q122
Qaz11 — Q123

Q312 — Q123

*Qzp3 t+ A3y

"3z + Q133"

Q22 " Q333 + Q111

" bya3
Q223
“ b33
— Q113 " U231

— Aq21 " Q233

— QAq23 " Q211

+ Q1p3 "
— Q131 " 213

T Az21

A222

Az23 + baz3

"byize

"byy3°

b231'

"byoz e

byyq -

133

Q333

(azzs + by23) -
(azz23 + byz3) -

(az21 + byz1)

bya; - 333

*Qz3zp +ai11
"d3z; tAy12°

*Qzp1 +a113°

*0322 — Q113
a333
T0z12 — Q21
Q331 — Q122
*0332 — Q123
Q312 — Q123
*03z22 — Aq31
Q312 — Q132
Q313 + A3z
Q332 — Ay33

"azqp t A3z

* by3q
+ azpq
“ b33
T Az31
“by11
" Az32
“by13
T az11
“bya1

*Az12

Az33 + by33

ass3z

Q331

" a332
(@z32 + bas2) -
(az32 + bazz) -
“(az13 + ba13)
“(az11 + bz11)
“(az3z + ba3z)
“(az22 + by22)
(az13 + ba13) -
“(az11 + by11)
(az22 + bz22) -

sz
asi3
ass3i
az3z

Q311

T Azis

Q321
Asz2

aszq1-

Qaz33
b;23

Az21

az13

b222

BTy
" Qz3q
" az3z
YY)
" az3z
V)
" az13
kY
"az11
YY)
Q323
T az13
*az21

*a31q-

If we compare results of above equations, we can see that we have the same result in both cases.

3. For plan i = 3: Let A and B be cubic-matries of order 3, where all elements on the plan i = 2 and i = 3 are
identical in both matrices, then we have:

ai11 A121 a131]A112 Qa122 A132]4113 Q123 a133
det(A[3x3x3]) + det(B[3X3X3]) =det| 211 Q221 Q231|212 Q222 Q232|Q213 Q223 Q233
Q311 Q321 QA33110312 A3z A3321A313 G323 Q333
bi11 biz1 bizi|biiz biz biz2|b113 biz3  biss
tdet| az11 Q21 Q231|212 Q222 Q2321|4213 QAz23 U233
Q311 Q31 A331ld312 A3pz (33210313 Q323 4333
={Q111 " 222 * Q333 — Aq11 " Gp32 G323 — Gq11 " Gg23 " A33p + Aq11 " Gp33 * Q322 — Qp12 * A1 * A333

+0ay12 " Ap23 " Q331 + Qg1 " G371 " G323 — A112 " A233 " A321 T Q113 " Q221 " A332 — Ay13 " Q222 " A331

—Qq13 " Qp31 " Q322 T Q113 " Ap32 " G321 — Q121 " Ap12 " G333 T Q121 " Q13 " G332 + Q121 " Q232 " 313

559



—0Qjy21 " Qp33 " Q312 t Qg2 " G211 " G333 — Q123 " G213 " 331 — Q122 " A231 " A313 T Q122 " Q233
—Qi23 " Q11 " Q332 T Q123 " Q212 " (331 + Q123 * Gp31 ° Q312 — 123 " Q232 * G311 T Q131 " 12
—0Qy31 " Qp13 " Q322 — G131 " G222 " G313 T Q131 " Gp23 " 312 — Q132 " Q211 " A323 T Ay32 " Q213
+0Q133 " Az21 " A313 — Ag32 * Q223 * G311 + Q133 * G117 ° Q322 — Q133 * Q212 " G321 — (133 * Ap21
@33 * Qg2 " A311} + {b111 " Q222 * G333 — D111 * Qo32 * G323 — D111 * Gg23 " A33z + bi1q " Gg33
—by13 " Qz21 Q333 + D113 " Qg3 ° Q331 + by1p * Aasq " 33 — by1p " A3zt Azpq + byi3 Qoo
—b113 " Q25 Q331 — D113 " Az31 " A3zz + i1zt Gg3z " Q321 — D121 " Qp12 " Azzz + bipy t a3
+b121 " Qa3 Q313 — D121 " Qa3 ° Q312 + b1ap " Az11 " 333 — b1gp " Az13° G331 — bigp " o3
+D122 " Qz33* Q311 = D123 " Az11 " Q332 + D1g3 " Ap12 331 + D1a3 " Q31 " G312 — b1az " Aoz
+b131 " Q212 " Q323 = b131 " Ap13 " A3z — Dy31 " Gpa2 " @313 + D3y " Ggp3 " A312 — D13z " G214
+by33 " Az13 * Q321 F D13z " Qa1 Q313 — D13y " Qa3 ° 311 + D13z " Ap11 * G322 — D13z " a1z
—by33 " G321 " Q312 + D133 " A2z " A311,
while,
ay11 +b111 Qiz1 + b1z Ayzq t+ by
det(A[3x3X3]) + det(B[3x3x3]) = det az11 Q321 az31
as11 Qsz1 ass3i
Q112 + b11z Qizz + b1z Qyzp +bi3p| @iz + D11z Qi3+ biaz g3zt biss
az12 QAz22 az3z az13 Qz23 Qz33
az12 Qs22 a332 as13 Q323 a333
= (@q11 + b111) " Ap22 " 333 — (A111 + b111) * Aa32 * G323 — (Q111 + b111) * Q23 " G332
+(aq11 + b111) " @33 * A322 — (q12 + b112) “ gz1 Q333 + (G112 + b112) * Gpp3 " A334
+(a112 + b112) " @31 " A323 — (@112 + b112) * Qo33 A3p1 + (@113 + b113) * Gpp1 * G332
—(@y13 + b113) " Qg2 * Az31 — (Aq13 + b113) “ Gg31  A3zz + (G113 + b113) * Gp3 " A3y
—(@121 + b121) " @1 " Ag33 + (@121 + b121) * Go13° A33z + (@121 + b121) * Gp3z * G313
—(@121 + b121) " @33~ Az12 + (@122 + b122) “ Qo141 Q333 — (G122 + b122)  Gp13 " G334
—(@122 + b122) " @31 " Az13 + (@122 + b122) * Qo33 Q311 — (G123 + b123)  Gp11 * G332
(@123 + b123) " @12 * Az31 + (Q123 + b123) “ Gz31 " Q312 — (G123 + b123) * Gz32 " G314
+(a131 + b131) " @12 " A323 — (131 + b131) * Go13° A3pp — (Ag31 + b131) * Aoz " G313
+(ay31 + b131) " @23 " Az12 — (q32 + b132) " Go11 " Q323 + (Ay32 + bi3z) * Gp13 " A3y
+(a132 + b132) " Q21 " A313 — (132 + b132) * Gop3° Q311 + (Ay33 + b133) * Gp1q * A3z
—(ay33 + b133) " Q212 " Az21 — (Ay33 + b133) * Ggp1 * G312 + (Ay33 + bi33)  Agp2 " G311
Hence,
det(A[3x3><3]) + det(B[3x3x3]) = Q11 ° Q22 " A333 + D111 " Agpp * A333
—Qq11 " Q32 " Q323 — b111* Gp3p " G323 — G111 * Gg23 " A3z — D111 " Qo3 " G332 + Q111 " Aoz
+b111* Gz33 " Q322 — Q112 * Gg21 " Q333 — D112 " Qg1 " Gazz + Q112 * Qg3 " G331 + b1z " o3
@112 " Q31 " Q323 + D112 Gg31 " A3 — Gy1p ° Gg33 " A321 — D11z " Ap33 " A3p1 + Q113" Aoy
+b113* Gg21° 33z — G113 * Gg22 * Q331 — D113 " Q22 " G331 — Q113 " A31 * Aazz — b11z " Agag
@113 " Q32 " Q391 F D113 " Gz3p " 321 — Qi1 * G212 " A333 — D121 " Qp12 " G333 + Q121 " Q13
+b121* Gz13° 33z + Q121 * Gz3z * A313 + D121 * Azsz " G313 — Q121 * Aass " G312 — bia1 " Az3s
Q122 Az11 " Q333 + D1gp " G211 " A333 — Q12 Q13 " A331 — Diga * Gp13 " A331 — G122 " Ao3s
b33 Gz31° G313 + Q122 " Gp33° Q311 + D12z * Q33" A311 — Q23 * A1 * Aazz — b1az " Gg1q
Q123 " Az12 " Q331 + D1z3 " G212 " Q331 + G123 " Q31 " Az12 + Dig3 * Gp31 " A312 — G123 " Aoz
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YY)
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YY)
Q332
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"az13
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—byz3 * Az3

—Qy31 " Az22
—by3; " Az11
—Qy32 " Az23

—bi33 " Az12 "

"azqq t+ Ag31
" Q313 — by3q
"Q3z3 + Aq33

" Q311 — b3y

az12°
T Q222
az13
T 0z23

Q321 — Aq33 " Q21

A323 + by3q -
"Q313 + Q31
" Q31+ bigy
"Q311 + Q33

" Q312 — by33

Q212 " Q323 — Aq31 " 213

Az23 " A312 + b13q°

Az13 " A321 T Qq32 " Az21

Az11 " Q322 + by33

Qg1 " Q312 T Qq33 " Ap2

Qaz23 "

*Az11

" Q322 — by3q

312 — Q132

Q313 + by3z

Q322 — Q133

Q311 + biss

" a3

T az11

T Az12

az21

Az22

If we compare results of above equations, we can see that we have the same result in both cases.

4. For plan j = 1: Let A and B be cubic-matries of order 3, where all elements on the plan j =1 and j = 2 are

identical in both matrices, then we have:

Q111 Q121 Q131]|%112 Qa2 Qq32|d113 Q123
det(A[3x3x3]) + det(B[3><3X3]) =det| Q211 G221 Q231|A212 G222 Q232|213 G223
Qa311 Q321 433110312 A3z (33210313 (323
Ay11 Q21 bizi|@iiz @izz bisz|@iiz @iz Diss
+det| az11  @a21 bazifG212 a2z b23a|@aiz Gzaz bass
A311 Q321 bazildsi;  Qszn basplaszys sz bsss
= {111 " Q22 " G333 — Q111 " Qa3 " A323 — Gy11 ° Gg23 " G332 + Aqq1 " Aa33 " G322 — Q112 * Aoz
tQ117 " Gz23 " A331 T G112 "~ Q231 " G323 — Q112 * Gp33 " A321 T Q113 " Q221 " 332 — G113 " A2z
—0Qy13 * Qp31 " Q322 t Ag13 " Q232 " G321 — Q121 " G212 " A333 T Q121 " A213 " A332 + Ag21 " A232
—Qi21 " Gz33 " A312 T Q22 " Q211 " (333 — Q122 * Gp13 ° Q331 — Q122 " Q231 " G313 T Q122 " G233
—Qy23 * Qp11 " Q332 t Qg3 " Q12 " G331 T Q123 " G371 " A312 — Q123 " A232 * A311 T Ag31 " Q212
—Qq31 " (13 " Q322 — G131 " Q222 " G313 + Q131 " O3 " Q312 — Q132 " Q211 " 323 T Q132 " 13
t0ay32 * Az21 " Q313 — Q132 " G223 " G311 T Q133 " Az11 " A322 — Q133 " Q212 * Q321 — Q433 " d221
+a133 g2z * A311} + {@111 " Q222 * D333 — Aq11 * D23z * A3z3 — Qq11 " Qg3 basy + Aq11 b33
—Qq12 " Qg21 * b33z + Q112 * g23 * b33y + Q112 * bag Q323 — Q112 Dozt Qspq + Ayq3 ° Aoy
—Qy13 " Qg2 D331 — Q113 " ba31 " A3pp + Q113 " b3z " Q321 — Qyz1 " Az12 * Dazz + Q121 " 13
+a121 " basz Q313 — Q121 " bagz t Q312 + Ai2z g1yt b33z — Qy22  Ag13 " b33y — Ayp * basy
+a13; * ba33 Q311 — Q23 Q11 b33z + Qi3 " Az1 * b33y + Ayz3  Dazy t Azip — Qg3 bo3p
+b131 " Az12 * Q323 — D31~ Az13 Q322 — Dy3y ~ Qg2 Q313 + Dy3y ~ Qg3 Q312 — i3z " Ap1q
+bi33 * Qz13* Q321 + by3p * Qpp1 " G313 — D13zt Gg23 Q311 + D133t Ap11 t Azzp — by3zt daga
—by33 " Q321 " Q312 + D133~ Qg2 " A311),
while,
det(Azxaxs)) + det(Biaxaxa)
A111 G121 @431 + D131|Gi1z Az Qqzz + D13|Gi13 Qi3 Q33+ byss
=det| az11 G221 Qz31 + ba31|Az12 Q222 a3z + ba3z|dais Qzaz  Gazz + bass
A311 Q321 G33r + b3zqlasy  Aszn  G33p + b3splazys  dsps asss + bsss
= Q111 " Gp22 * (@333 + b333) — Ay11 * (Aa32 + b232) * G323 — Aq11 * Azp3  (A332 + b332)
+aq11 - (@233 + bass) * A3z2 — Q112 * Ap21 * (A333 + b333) + A112 * Agp3* (@331 + b331)
+aq12 (@231 + ba31) * G3z3 — Q12 (Aa33 + bas3) * Gzpr + Ay Ggz1 * (A332 + b33z)
—Qq13 " Q22 * (A331 + b331) — Q113 * (Az31 + ba31) “ Azzp + A1z~ (Azs2 + b23z) * Azpn
—Q421 " Az12 * (A333 + b333) + Q121 Ap13 * (A33z + D33z) + Aqz1 * (Aa32 + ba3z) * G313
—Qq21 " (@233 + ba33) * G312 + A12p * Ap11 * (A333 + b333) — Q122 * Ap13 * (@331 + b331)
—Q122 * (Az31 + ba31) " G313 + Quzz  (Aa33 + bas3) * G311 — Qrz3 * Go11 * (A332 + b33p)
+a123 " Ap12 " (A331 + b331) + Q123 * (Az31 + ba31) “ Az12 — Q123 * (Az32 + b232) G311
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B TY)
" az23
T az13
"Qs2q

*azqg-
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" Qz3q
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)

YY)
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+(a131 + b131) " @12 " A323 — (@131 + b131) * Go13 ° A3z — (Ay31 + b131) * Gppp " G313
+(@131 + b131) * g3 " 312 — (A132 + b132) * Ap11 * Azo3 + (A132 + br3z)  Azq3 ~ Aspg
(@132 + b132) " @21 " A313 — (132 + b132) * Gop3 ° @311 + (Ay33 + b133) * Gp11 ° A3z
—(@133 + b133) " Qp12 " @321 — (A133 + b133) * Ap1 * A3z + (A133 + br3s) ~ Az2z * A31g
= Q11 " Q22 " A333 + Q111 " A2z " D333 — Ay11 " Aa3z * G323 — Qq11 " Dasa Q323 — Qq11 " Ag23 " G332
—Qq11 " G223 * b33z + Q111 " Ag33 " Azzz + Ay11 " a3z " Azzp — Gy12 " Aozq " G333 — Aq12 * Aaa1 " b3as
0112 " Az23 " G331 + Q112 " D23 G331 + Aq12 " Ag31 " G323 + G112 " Doz Azz3 — A1z * Qo33 " 321
—Qy12 " ba3z 321 + Q113 * Agz1 " Azzz + Ay13 Qa1 bagy — Gy13 7 Aozp " G331 — Aq13 " Aagz * b3ag
—Qy13 " Qp31 " G322 — Q113 " D231 " Q322 + Ay13 " Ag3z G321 + G113 " Do A3p1 — Aq2q " Q12 " A333
—Qi21 " Ag12 * b33z + Q121 Az13 " Azzz + Ayz1 " Qg3 " bagy + Ayp1 " A3z " G313 + Aqz1 * D3y~ A3g3
—Qy21 " Qp33 " A312 — Q121 " D233 " G312 + Q122 " Ag11 " G333 + Q132 * Az11 " D3gz — Q27 " Q13 ° A331
—Qq22 " Ag13 * b331 — Q122 Ag31 " A313 — Qyzp " ba31 " Az13 + Gyzz " Qo33 A311 + Aqzp * bazz - d3gy
—Qy33 " Ap11 " G332 — Q123 " Ap11 * D33z + Qyz3 " Gg12 G331 + Giz3 " Az12 * D3gy + Q237 Ag31 " G312
+a123 " by31 Q312 — Q123 " Gg3z " Q311 — Qi3 * ba3p " Az11 + Gy31 " Q12 " A3z3 + by3p A1z~ A3a3
—Qy31 " Qp13 " G322 — D131 " 13 " Q322 — Qy31 " Agz7 G313 — D131 " Q25 " A313 + Q31 " Q23" Q313
+by31 " Qg3 Q312 — Q132 * Aa11 " A3zz — D13z Ag11 " Azz3 + Gy3p " Q13 * A3p1 + bygp " gq3 * A3y
0135 " Ap21 " G313 + D13z " Ag21 " 313 — Qq3z " Ggz3 " 311 — D132 " Q3" A311 + Q337 Q11 " Q32
+b133 " Q11 * Q322 — Aq33 * Q12 * Q321 — D133 " Az12 " A3z1 — Q33" Az " Az1z — Di3z * daz1 “ A312

+ay33 " Qg * 311 + D133 * Q27 " 311

If we compare results of above equations, we can see that we have the same result in both cases.

5. For plan j = 2: Let A and B be cubic-matries of order 3, where all elements on the plan j =1 and j = 3 are
identical in both matrices, then we have:

A111 Q121 QA131|0112 Qa122 a132]4113 A123 Q133
det(A[3x3x3]) + det(B[3><3x3]) =det| 211 Q221 Q231|012 Q222 Q232|Q213 Q223 Q233
Q311 Q321 433110312 Q332 A3321A313 Q323 Q333

ai11 bi21 A131|A112 by2, A132]|A113 bi23 ai33
+det| azi1 baa1 p31|Q212 bazp Qp32|G213 bz Aoz
az11 bsxr azzglasyg, b3y, assplagis  bszz asss

= {111 " Q222 G333 — Q11 " Qa3 " A323 — Aq11 * G223 * Aazz + Gq11 " Qa3 * A3z — A1z * Ggz1 * Aas3
+Q117 " Q223 " A331 T G112~ Az31 " G323 — Q112 * G233 A321 T Q113 * Ap21 " G332 — G113 " A2z " d331
—0y13 " Qp31 " Q322 + Ag13 " Q232 " G321 — Q121 " Q212 " A333 T Q121 " Q213 " A332 + Ay21 " Q232 " A313
—Qi21 " Q233 " A312 T Q22 " Q211 " G333 — Q122 " Gp13 " A331 — Q122 " Q231 " G313 T Q122 * G233 " A311
=023 " Qp11 " Q332 + Qg3 " Q12 " G331 T Q123 " Az31 " A312 — Q123 " Q232 " A311 T Ay31 " Q212 " A323
—Qq31 " Q13 " Q322 — Gg31 " Q222 " G313 T Q131 " O3 " Q312 — Q132 " Az11 " G323 T Qg3 " G213 " A321
+0ay32 " Ap21 " A313 — Qg3 " G223 " G311 T Q133 " Az11 " A322 — Q133 " Q212 * A321 — Q433 " Q221 " A312
+ay33 * A2z * A311} + {111 " D222 * G333 — Q11 " Aa32 * D323 — Q11 * bag3 ~ A33z + Qq11 * Aass b3
—Qy12 " bagq Q333 + Q12 baas t A3zq + Q112 " Qa1 t b3gz — Ay1p t Aa3z t Dagy + Qyq3° bypy t dss
—Qq13 " baaz * Q331 — Q113 * Ag31 * b3gp + Q113 * Ag3z * b3gg — bia1 * Ap12* Q333 + biay t Qg3 7 A3z
+b121 " Q37 * Q313 — b1a1 " Qp33 " Q312 + D12y Ggq1 " Q333 — D12z " Qp13 ° A331 — bigp * Ap3q * A3g3
+b122 " Az33 * Q311 — D123 Az11 * Q332 + D123~ Az12 * Q331 + Dia3 * Aaz1° Q312 — bia3 ~ Qa2 " G313
+a131 212 * D323 — Q131 Ag13 " b3zz — Ay31  baga Q313 + Ay3q byt Q312 — Ayzz  Ag1 “ bags
+ai32 * Q13 * b3z + Q132 * bagq t G313 — Q132 Dot 311 + Ayz3t Aa11 * b3gp — A3zt Aa1p t Azgq

—Qy33 " by " Q312 + Q133 bypy * A311),
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while,

det(A[3x3X3]) + det(B[3X3X3])

A111 @21+ D121 Qu31|Gi1z Q22 + b12z Q32|13 Qi3+ biaz agss
=det| dz11 Q21+ Daa1 G231|G212 G222 + b2z Q32(Q213 Qo3+ Doz Aaas
Q311 Q321+ b3z1  Q3311Q312  A3p + b3y Qgzplagys  Gsos + byoz Asss

= ayq1 * (Ag22 + b222) * Q333 — Q111 * A3z * (@323 + b3z3) — Ay1q * (@23 + b2z3) * Asso
+a111 " Q33 " (A322 + b322) — Q112 " (Az21 + bp21) * G333 + A1z * (Az23 + b23) * A3y
+a412 * z31 " (A323 + b323) — Au1z * Gp33* (Az21 + b3p1) + Q13 (Az21 + ba21)  Gz3;
—aq13 " (@222 + bp22) * G331 — Q113 * Ap31 * (A3 + b322) + Q113 * Ap32 * (@321 + b3p1)
—(@121 + b121) " Gz12 " @333 + (@121 + b1z1) * Gp13* Ag3p + (Q121 + br21) “ A3z~ 33
—(@121 + b121) " @33 " Az12 + (@122 + b122) * Go11 * Q333 — (A1 + b122) * Gp13° G334
—(@122 + b122) " @z31 * Az13 + (Q122 + b122) “ G233 " A311 — (Gy23 + b123) * Az11 " G332
+(@123 + b123) " @212 " A331 + (@123 + b123) * Go31 ° Q312 — (@123 + b123) * Aoz * G314
+ay31 " Az12 " (A323 + b3z3) — Q131 ~ Az13 * (A322 + b3z2) — Ay31 ~ (Az22 + b222) “ A313
+ay31 * (@223 + baa3) * 312 — Q13z * Ap11 * (A323 + b3p3) + Ay3z * Ap13° (@321 + b3p1)
a3z " (@221 + ba21) @313 — Q132 * (Az23 + baa3) ~ A311 + Ay33 ~ Ap11 * (@32 + b322)
—Qq33 " Ap12 " (A321 + b321) — Q133 * (Az21 + bp21) * G312 + Ay33* (Ap22 + b22) * G311
= Qq11 " Qg2 " 333 + Q111 Daga " Q333 — Q111 " Gg3z * A3zz — Qq11 " A3z * Dagg — Gy11 Qa3 * A3z
—Qy11 " bag3 Q335 + Q11 " o337 A3 + Aq11 " Gg33 D3z — Q112 " Azt A3z — Q112 " bapy t A333
+a112 " Ag23 " Q331 + Ay13 " bag3 - Azzq + Ay1p " Aasq 323 + Q112 Aa31 * D3gz — Ayqz * Aa33 * Azgq
—Qy13 " Qp33 " b3p1 + Q113" Q21 " Q335 + Aq13 " Dapy " A3z — Q113 " Azp " Azz1 — Q113 bagp * A33
—Qq13 " Gg31 " A3zz — Qq13 " Q31 bagy + Gy13 " Aas2 * G321 + Q113 * Aa3z ~ b3z — Q21 * Az12 * Asss
—bi31 1 Q312 " Q333 + Q21 Q13 " Q335 + big1 " Ap13 7 A33p + Qi1 " Aazp * Aziz + bigg t dazp t A3q3
—Qq21 " Gg33 " Q312 — D121 " Gg33 * Q312 + Q12 " Ap11 * 333 + b1ap " Az1q * 333 — A2z * Aa13 * 33y
—bi35 " Q313 Q331 — Qq23 " Az31 " Q313 — b1ap " Ap31 " Q313 + A1z " Apz3 " Azq1 + Digp * dazz * A3qy
—Qq23 * Gg11 " A33z — D123 Gg11 ~ Azzz + Ayz3 " Ap12 * G331 + b1a3 " Ap12 * G331 + Q123 " Aa31 " A3y
+b123 " Q31 Q312 — Qq23 " Az32 * Q311 — b1a3 " Ap3p " Q311 + Qi1 Ap1z " A3zz + Ay3q ° Ap1z " b3g3
—Qq31 * G213 " A3zz — Qy31 " Q13 * D3gp — Qy31 " A2z * G313 — Q31 * Dagg * G313 + Ay3q ~ Agp3 " A3y
+ay31 " bag3 Q312 — A3z " 11 " Q323 — Aq3z " Ga11 " b3zz + Qi3 " Ap13 " Azz1 + A3z A3 " b3gy
a3z " 21 " Q313 + Ay3z " bagy ~ Az13 — Qy3p " Qg3 ° Q311 — A3z Daas * G311 + A3z~ Aa11 ~ Asga
+ay33 " Az11 " b3zp — Q33 ° Q12 * Q321 — Qq33 " Ag12 * D31 — Q33 " Az " Az1p — Q33 bopy * G312

Q133 " Q222 * A311 + Q133 * D22z " Az11-
If we compare results of above equations, we can see that we have the same result in both cases.

6. For plan j = 3: Let A and B be cubic-matries of order 3, where all elements on the plan j = 2 and j = 3 are
identical in both matrices, then we have:

Q111 Q121 QAq31|Q112 QA122 1322|4113 Q123 Q133
det(A[3x3x3]) + det(B[3x3x3]) =det| @211 G221 Q231|Q212 G222  Q232|Q213 G223 Q233
311 Q321 A3311Q312 Q322 A33210313 Q323 333

bi11 a121 A131|b112 A122 A132|b113 Q123 Q133
+det| by11 G221 Az31|ba12 (22 Oz32|ba13 Qz23 U233
bs11 @31 Azzqlbsin azan assplbziz aszpz asss

={Q111 " 222 " A333 — Aq11 " G232 * G323 — Gq11 ° Ggp3 " G332 + Aq11 " Ap33 " Q322 — Qq12 * A1 * A333
+0ay12 " Ap23 " Q331 + Qg1 " G231 " G323 — A112 " A233 " A321 T Q113 " Q221 " A332 — Aq13 " Q222 " A331
—Qq13 " Qp31 " Q322 T 4113 " Ap32 " G321 — Q121 " Ap12 " G333 T Q121 " Q13 " G332 + Q121 " Q232 " 313
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—Q121 " Az33

—Qj123 " Az11

—a131 " Az13

t0ay32 " Ag21 "

taq33 " Q222

—b112
—by13
+0ay21 "
+agz;
+0a;31

+ay32

= det 11 + b211

az21

" Az22

az3z

Qz33

' b212

by

"Azqz + A7
Q33 T a123°
*Azpz — Q131

313 — A132

" Q333 + byp
" Q331 — byy3
“b313 — Qy1
b3y — Qg3
" 0323 — A131
"0zz; t 132

az11

az1z

* Q222
T 0z23
311} + {b111 " Qa2
T 0z23
* 0231
" 0233
"by11

' b213

az21

*A333 — Q122
Q33 t A1p3°
"Azq3 t+ Ag3q

"dzqp T Ag33

" Q331+ by

*Q3z2 + bi3
“b31 +agz;°

*Q3zzp + A3

T3z — Q131

"b313 — q32

"A13°
az3y°
az23 "

aziy°

" Q333 — D111 " A3z

"Q231 "
Qz32 "
bs1; -
by1z -
"Q22 "

"3 "

Q331 — Q122
Qaz12 — Q123
Qaz12 — Q132
Q322 — Qy33°
" Q323 — b111
A3z3 — b11z°
Q321 — Q121"
Q333 — Q22"
Q331 + Q123"
b3i3 + ay3q°

b3y + aq33°

"Ap31”
T Q32

"A11°

aziz°

Y]

Q333"
by1z -
bs13 -
az31
Q223

b211

—Qy33 " Qg1 * D31z + Q33 Az2p * D314},

Ai11 + b1 Az

azq1 + b31q

az21
Q321

= (@111 + b111) " Qg2 * A333 — (@11 + by11)
+(ag11 + b111) * Az33 * Q322 — (@112 + b112) * Azz1 * G333 + (A112 + b112) “ Azp3

+(ar12 + b112) * Az31 * Q323 — (A112 + b112) * Aas3* Azp1 + (@113 + brg3) “ gz

det(Afsxaxay) + det(Bizxsxa])

Ay31|Q112 + b1z
A331|A212 + b1z
a33qlaz1z + bsqy

*b312 — Qq23
“b31; — Qi3

*A3pp — Q133

Q313 + Q132"
azqy + A131°
Q33 + Q132"

Q31 — Q133

" Q335 + byqq

A3z1 + byg3
Q333 t+ Q131"

Q331 — Q122

Q122 Qq32|Q113 + D113 Qg2
(g7 Qz32|Az13 + b1z Aga

Q37 QAz3zlazqz + b3z asos

"Qp3p " A3z3 — (Aq11 + bi11) * Gnp3

'b211

“by12

Qaz33
aziz

az13

T Az21

Qaz33
az21

b213

T Az31

XY

ay33
az33
Q333

kY
A331

Q332

—(ag13 + b113) * Az22 " G331 — (A113 + b113) * Q31 * A3z2 + (A13 + b113) * Azzz * A3y

—Q121 " (G212 + b212) " Q333 + Q121 (@213 + b213) * Q332 + Agp1 * Azsp v (G313 + b3g3)

—Qy31° p33 " (A312 + b312) + A13
—Qq32 " Ap31 * (A313 + b313) + A1z

+ay123* (212 + b212) * Q331 + A4p3

(Az11 + bp11) " @333 — Q132 (Az13 + b213) * 331
" Qp33 " (A311 + b311) — Q123 (@211 + b211) * 33

*Qz31 " (A312 + b312) — Q133 * Az3z " (A311 + b31q)

+ai31* (@212 + b212) " Q323 — Ay31 ° (@213 + b213) * Azzp — Aq31 Aoz * (G313 + b3g3)

+ay131 * Q23 * (A312 + b312) — A3,
+a132 * Az1 * (A313 + b313) — Ai3;

—ay33* (G212 + b212) * Q321 — Q433

=aq1r”
—by11°
+ai17 -
—b112
—aj13
—Q121
—a121
—0Aq22
—Qq23
+a23°
—0a131
+ag31
+a;3;

+a;33 "

A222
Qz23

Qaz23

" 0333
0231
" b1z
" dz33
“by13

*Az11

Qaz31

T dz13
YX]

T 0221

b211

" Q333 + by1q°
"Q3zz + Q111
" Q331+ bygp
A3z ta193°
" Q322 — byy3
Q333 + Q121
*Az1z — Q121
T 0331 — Q122
033z — Q123
“b31z — Qa3
" Q322 — Q131
“b31p — Qy3;
"az13 t+ Qi3

" A3z — A133

QAz22 " Q333 — A111 " Ap32 "

Qz33
Qaz23

Q21

T A3

az13

" dz33
0231
“by1q
" Az32
“by13
T az11
T 0221

" Az12

" Q35 + bygq
Q331+ Q112
" Q332 + by13
Q32 + Q113
Q33p + A1z
“b31z + a2
T Q313 — Q122
"Q33z + Agp3
*Az11 — Q123
*Qz22 — Q131
T Q323 — Q132
“b313 — i3z

*A31 — A133

" Q33"
T az31
" 0221
" Adz32
“by13
" az11
T Az31
T Az12
" Adz32
T Q222
“by11
T 0223

'b212

564

*QA33p; — Q113

" d333 + Qg2

"d313 — Ay31

"dz11 — Q132

*Az1 — A133

A323 — b111 " G232 °

QA322 — Q112"

"Q333 + b1z

"Q3z1 + b1q3 -

"Qzzy T A121
b3z +agz ¢
O3zt Q23"

b3+ ag3q -

"33+ Aq3p

T A2

T2

T Q323

T Az21

Az21

az31 "

Qaz32 "

az32

'b211'

Qaz33
b1,

az12

az13

" Q333 — b1

" Q331 — byg3

"0zz1 t+ Ay3;

“b3y1 + 33

*A312 — Q133

Q323 —a111°

Q323 — A112

Q321 — A121

"Aziz t A1

Q333 — Q132

"az1p t Az
033y T 123"
Q33 t A31°

“b313 + ay3q°

(az11 + bp11) * @33 + Q137 (Az13 + b213) * A3zq
" Qpz3 " (A311 + b311) + Ay33° (@11 + b211) ~ A3z

*Qz21 " (A312 + b31z) + Q433 * Appp * (A311 + b31q)

az23

*Az21
" Ay33
T A2

" Az12

az32

*Az13

Qaz33
az31
b1,

Qaz23

'b213
T az11

" Az21

" as3qq
Q323
" A3zq

BT

" A3z

RV
" A3z
" b33
" b31q
" dz23

*As3nq

kY
Q333
T 0321
" az3q
" Q333
“ b33
" az3q
“b31q
" az1z
Q323
" az1z
" d321
YY)

' b312



International Conference on Technology, Engineering and Science (IConTES), November 16-19, 2023, Antalya/Turkey

+a433 * Az * Q311 + Qi35 " G222 * D311

If we compare results of above equations, we can see that we have the same result in both cases.

7. For plan k = 1: Let A and B be cubic-matries of order 3, where all elements on the plan k = 1 and k = 2 are
identical in both matrices, then we have:

a111 A121 A131|A112 a122 A132|A113 QA123 A133
det(A[3x3x3]) + det(B[3X3x3]) =det| Gz11 Q21 Q231(G212 Q222  Q232(A213 Q223 Q233
Q311 Q321 Q433110312 A3z A3321A313 Q323 Q333

Q11 Q121 Gq31|Q112 Q122 Qasz|bigz bipz biss
+det| G211 Q221 Q231|A212 Q222 Q232|byq3  Dyp3  byss
Q311 Q321 Q3311312 G322 A3321b3y3 b3y b3as

= {111 " Q222 * G333 — Q11 " Qa3 " A323 — Ay11 * G223 " Aazz + Gy11 " Qa3 * A3z — A1z * Ggz1 " Aas3
t0ay12 " Az23 " Q331 + Q12 " G371 " G323 — A112 " G233 " A321 T Q113 * A221 " A332 — Aq13 " A222 " d331
—Qq13 " Qp31 " Q322 T G113 " Az32 * G321 — Q121 " Gp12 " Q333 T Q121 ° Ap13 " G332 T Q121 " G232 “ U313
—0Qjy21 " Qp33 " Q312 t Qg2 " Ap11 " G333 — 122 " G213 " A331 — Q122 " A231 " A313 T Ay22 " Q233 " d311
—Qi23 " Q11 " 332 T Q23 " Az12 " G331 + Q123 * Gp31 " Q312 — Q123 " Q232 " G311 T Q131 " G212 * U323
—0Qy31 " Ap13 " Q322 — G131 " G222 " G313 T Q131 " G223 " A312 — Q132 " Q211 " A323 T Ay32 " Q213 " d321
+Q33 " Az21 " A313 — Ag32 Q223 " G311 + Q133 * G117 " Q322 — Q133 * Az12 " G321 — (133 * G21 " U312
@33 Q23 " A311} + {111 " Q222 * D333 — Q111 " Aa32 * D323 — Qa1 * bagz ~ A33z + Qqqq * b3z - A3
—Qq12 * Q221 * b33z + Q112 * baas Q331 + Q112 * Ag31 * b3g3 — Q112 Dass * Qszq + byyz - Qa1 " A33;
—bi13 " Q25 Q331 — by13 " Ap31 " A3zz + D13t Gg3z " 321 — Qyz1 " Ga12 * Dass + Q121 bpy3 - dss
+a121 * g3z * b313 — Q121 " ba3z Q312 + Q122 Ag11 * b33z — Q122 ba13 t Q331 — Aizp * Gg3p t b3gs
+a12; " ba33 Q311 — bia3 * Ap11 * A33z + Dig3 A1z " Q331+ Dia3 t Ap31 " Az1z — bia3 t da3p t d3py
+ai131 * Q212 * D323 — Q131 " ba13 Q322 — Qy31 ° Agzz * b313 + Ay31 Doz Q312 — Ayzz * Agqy * b3gs
0135 ba13* Q321 + A3z " Qa1 D313 — Qi3 " Dag3t Q311+ Di33 t Ap11t Azzp — bi3zt dagp t A3z

—by33 " Az21 " A312 + b133 " Ag22 " A311),
while,

det(A[3><3x3]) + det(B[3x3x3])

G111 Qi21 W31|G12 Qizz Aa32|A113 T D11z Gipz + bipz g3z + byss
=det| G211 Q221 Q231|Q212 Q222 Q232|Az13 + by13 Qo3 + bong  Anzz + Dy33
Q311 Q321 Q433114312 Q322 Asz32lazq3 + b3q3  Azp3 + b3p3 Q333 + bazg

= Q111 " Qg2 * (@333 + b333) — Gq11 * Aoz * (G323 + b323) — Aq11 * (Ag23 + b2p3) * Az3;
+ay11 - (@233 + bass) * A3z2 — Q112 * Apz1 * (A333 + b333) + Ar1z * (Az23 + b2z3) * Azag
+a112 * Q31 " (@323 + b323) — A1z " (@233 + bass) * Azpq + (A13 + b1a3) * Azz1 * A3z
—(@113 + b113) " @2 * Az31 — (@q13 + b113) * Go31  A32p + (G113 + b113) * Gp3 " A3ps
—Q421 " Az12 " (A333 + b333) + Q21 (@213 + ba13) * Q33z + Az1 * o3z * (A313 + b3g3)
—Qq21 " (@233 + ba33) * G312 + Q122 * Ap11 * (A333 + b333) — Q122 * (Az13 + b213) * A3y
—Qq2 " Q231 " (@313 + b313) + A2z " (@233 + ba33) - Az1q — (@23 + b123) " @11 - A332
+(@123 + b123) " Q12 * A331 + (@123 + b123) * Qo31 ° Q312 — (G123 + b123) * Aoz * 314
+ay31 " Ap12 " (A323 + b3z3) — Q131 * (Az13 + ba13) * G322 — Ay31 " Apa2 * (@313 + b313)
+ay31* (@223 + ba23) " G312 — Auzz * Gp11 * (A23 + b3p3) + A3z (@213 + ba13) * Az
+a432 " @221 " (@313 + b313) — A3z " (@223 + baz3) - Az1q + (@33 + b133) “ azq1 - A3z
—(@y33 + b133) " Gp12 " @321 — (@133 + b133)  Gp21 " Ag1z + (Q133 + br3s) * Az2z * 31y
= Qq11 " Qg2 " G333 + Q111 * g2 * b33z — Q111 Gg3z * A3p3 — Gq11° Aas2 * bagg — Gq11 ° Qa3 * A3z
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—Qy11 " bag3 " Q335 + Q11 " o33 " A3 + Aq11 " Da3s t Azzp — Ay1z " A1t Azzz — A1z " 21 " b33z
+a112 " Ag23 " Q331 + Ay12 " bz3 - Azzy + Ay1p " Aasq ° A3z + Q112 " Ag31 * D3gz — A1qz * Aa33 * Aszgq
—Qy13 " by Q321 + Q113" Q21 " Q332 + D113t Azt A3z — Qi3 Az " Azzy — byyz t Agzp t A3z
—Qq13 " Gg31 " Q322 — D113 " Gg31 " Azzp + Qy13 " A3z * Q321 + by13 " A3z " 31 — Ay2p * Aa12 * A3ss
—Qy21 " Az12 “ b33z + Q21 " Q13" Q335 + Ayz1 " Da13 * Azzp + Qi1 " Az " Q313 + Agzq " A3z " b3g3
—Qq21 " G233 " Q312 — Q121 " D233~ Az12 + Ay " Az11 * 333 + Q122 * G211~ D333 — Q122 * Az13 * A3sy
—Qy7 " ba13 Q331 — A2z " Ag31 " Q313 — Aqzz " Gg31 " D313 + Q122 " Ap33 " Q311 + A1zz " ba3z - Azgy
—Qq23 " Gg11 " A33z — D123 " Gg11 * Azzz + Qyz3 " Az12 Q331 + b1a3 " Az12 * G331 + Q123 " Aa31 " A3y
+b123 " Q31" Q312 — Aq23 " Ag32 * Q311 — D123 " Ap3p " Q311 + Qi3 Az12 " Azzz + A3y Q12 " b3g3
—Qy31 " G213 " Q322 — Qy31 " D213~ A3zp — Qy31 " Aoz * G313 — Q31 " Gozz “ D313 + Ay3q * Agz3 " A3
0131 " bag3 Q312 — A3z " Q11 " Q323 — Aq3z “ Ga11 " D3zz + Qi3 " Ap13 " Azz1 + Ayzz " bay3 ~ Azpy
a3z " g21 " Q313 + Ay3z " Qg1 " D313 — Qy3p " Qa3 Q311 — A3z Daas * G311 + Q33 - Ag11 ~ Asga
+b133 " Q11 " Q322 — Aq33 * Q12 * A321 — D133 " Ap12 " Q31 — Q33 " A1 " Az1z — Di3z * daz1 * A312

+ay33 " Qg * A311 + D133 * Q27 " 311

If we compare results of above equations, we can see that we have the same result in both cases.

8. For plan k = 2: Let A and B be cubic-matries of order 3, where all elements on the plan k = 1 and k = 3 are
identical in both matrices, then we have:

ai11 QA121 A131]|A112 Q122 A132|0113 QA123 A133
det(A[3x3x3]) + det(B[3X3x3]) =det| @211 G221 Q231|Q212 G222 Q232|213 G223 Q233
Q311 Q321 QA331ld312 A3z (33214313 Q323 Q333

Q111 Q121 Gaz1|byiz bizz bizz|@i13 Qizz Gass
+det| G211 Q221 A231|by15  byyy  by3p|0213 G223 Q33
Q311 Q321 Q3z31lbgy, b3y, Db33,10313 Q323 Qszs

= {111 " Q222 * G333 — Q11 " Qa3 " A323 — Aq11 * G223 * Aazz + Gq11 " Qa3 * A3z — A1z “ Ggz1 " Aas3
t0ay12 " Az23 " Q331 + Q12 " G231 " G323 — A112 " G233 " A321 T Q113 * Q221 " A332 — Q113 " Q222 " d331
—Qq13 " Qp31 " 322 T G113 " Az32 " G321 — Q121 " Gp12 " A333 T Q121 " Q213 " G332 T Q121 " A3z “ d313
—0Qy21 " Qp33 " A312 t Qg2 " Ap11 " G333 — 122 " G213 " A331 — Q122 " A231 " A313 T Ay22 " A233 " d311
—Qi23 " Q11 " Q332 T Q23 " Az12 " G331 T Q123 " Gp31 " Q312 — Q123 " Q232 " G311 T Qg31 " Az12 * A323
—0Qy31 " Q213 " Q322 — Q131 " G222 " G313 T Q131 " G223 " A312 — Q132 " Q211 " A323 T Ay32 " A213 " A321
+Q133 " Q21 " A313 — Qg3 * Q223 " G311 + Q133 " G11 " Q322 — Q133 " Q212 " G321 — G133 " A21 " A312
Q33 A2z " A311} + {111 D222 " G333 — Q11 " Dazz  A3p3 — Qa1 " Aap3 * b33z + Qa1 * Qas3 b3y
—b113 " Az21 Q333 + D11z " Qg3 * Q331 + bi1z * Qa1 ° Q323 — by1p * Qa3 * Q31 + Q113 * Agz1 ~ b33
—Qq13 " baaz * Q331 — Q113 Ag31 * b3 + Q113 basga Q321 — Qa1 ba1z t Q333 + Ayzq t Agp3 " b33
+a121 " ba3z Q313 — Qqz1 " o33 D31z + Digp  Ggq1 " Q333 — D12z " Qp13 " A3z1 — bigp * Ap3p * A3g3
+b122 " Az33 * Q311 — Q123 * Ag11 * b33p + Q123 * ba1z * Q331 + Q123 Ag31 * D31z — Ai23  basga G313
0431 " ba1z Q323 — Q31 ° 13 b3z — Qy31 " bagp 313 + Qy31 " Agz3 * D31z — bi3p * daqq * A3as
+b133 " Az13 * Q321 F D13z Qg1 Q313 — D13z * Qa3 Q311 + Qy33 * Ag11 * b3zp — Ay33° bayp * G3py

—Q433 " Azp1 * b31z + Q433 bypy * G311},
while,

det(Azxaxa)) + det(Biaxaxa)

Q111 Q21 @131|Qq12 + b1z Quop + b1z Gyzp + bigo|Gi1s Q123 Gass
=det| Q211 Q221 Q231|a3, + b212 Ay, + b222 Qy3; + b232 Q13 Q223 Q233
311 Q321 Q331lagy, + b3y Q390 + b3y Azzp + b33,10313 G323 Q333
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= 111 " (Ag22 + b222) * Q333 — G111 * (Aa32 + b232) * Q323 — Gq11 * Azz3 (@332 + b332)
+a411* Az33 " (A322 + b3z2) — (@12 + b112) * Qzp1 * G333 + (@112 + b112) " Gop3* G331
+(a112 + b112) " @31~ A323 — (@112 + b112) * Q233 Q321 + Au13° Azz1 (@332 + b332)
—ay13* (@222 + ba2z) " G331 — Au13 * Gp31 * (Az2z + b3zz) + Aq13 ° (Aa32 + basz) * Az
—Qq21 " (@212 + bp12) * G333 + Q121 * Ap13 * (Ag32 + b332) + Aiz1 * (Az32 + b23z) * G313
—Qy21 " Ap33 " (A312 + b312) + (@122 + b122) " Qo171 * G333 — (A122 + b122) * Gp13° G331
—(@122 + b122) " @31~ A313 + (@122 + b122) * Q233 Q311 — Qa3 ° Qo171 (@332 + ba32)
@123 * (@212 + ba12) * G331 + Auzs * a3 ° (A312 + D312) — Arz3 * (Aa32 + basz) * G31q
+a131 * (@212 + ba12) * G323 — Q131 * Qa3 * (A322 + b322) — Ayz1 * (Az22 + b2z2) * G313
@431 * Az23 " (Az12 + b312) — (@y32 + b132) " Qo171 * A3z + (Ag32 + b132) * Gp13° A3q
+(aq32 + b13z) " @zz1 * A313 — (@r32 + b132) * Qzz3 * Az11 + Qi3s3 Goq1 (322 + ba22)
—Qy33 " (@212 + ba12) @321 — Q133 ~ Az21 * (A312 + b312) + Ay33 ~ (Az22 + b222)  A31q
= Q11 " Q22 " A333 + Q111 bagp G333 — Gy11 " Aa3z * G323 — Gy11 " Dasz Q323 — Qqq1 " Gg23 " G332
—Qq11 " Gg23 * b33z + Q111 Gg33 " Azzp + Ay11 " Q33 b3gy — Ay12 ° Agzq " G333 — by1z * Ag2p * A3as
011 " Qg3 " A331 + D11z " g23 " A331 + Aq12 " Ag31 " G323 + D11z Q31" A3p3 — Aqq2 * o33 ° A32q
—by13 " Qz33 * Q321 + Q113 " Agz1 * Azzz + Ay13 Q21 b3gy — Ay13° Agzp " G331 — Aqy3 * bagp ~ A3z
—Qy13 " Qp31 " A3z — Q113 " Q31 * D3zp + Qy13 " Gg3z G321 + G113 " Dagy  Azp1 — Qy2q " Q12 " A333
=021 " ba13 " Q333 + Q21 " Q13" Q335 + Ayz1 " Gg13 " b33z + Qi1 " Qa3 " Az13 + A1zq  ba3p t A3g3
—Qq21 " Gg33 " Q312 — Q121 " Q33 " D312 + Q125 " Ap11 * 333 + b1ap " Ap1q * G333 — A2z * Ag13 " A33y
—b123 " @313 Q331 — Qq23 " Az31 " Q313 — b1ap " Ap31 " Q313 + Ayap " Apz3 " Azp1 + bigp * da3z * A3qy
—Qq23 * Gg11 " A33z — Q123 " Az11 " b3zy + Qya3 " Ap12 * G331 + Q123 Da1z * G331 + Qo3 * Ag31 " A3y
023 " Ap31 D312 — Q23 " 33 Q311 — Quz3 " bazp " Q311 + Ay31° Az1z " Azzz + Ayzq t bagp t A3z
—Qq31* G213 " A3zz — Qy31 " Q13 * D3gp — Qy31 " A2z 313 — Q31 * Dagg * G313 + Ay3q ~ Agp3 " 312
+ay31 " Qg3 D312 — Q33 Q11 " Q323 — D13z " Ap11 " A3z3 + Ay3z " Ap13 " Azzq + by3p * day3 * A3py
a3z " Q21 " Q313 + D13z " Ggz1 " Q313 — Qy3p " Aoz * Q311 — bi3p " Qa3 ° G311 + Q33 - Aa11 " Asga
+ay33 " Az11 " b3zp — Q33 ° Q12 " Q321 — Ay33 " Da1p " Q31 — Q33" Az " A31z — Q33 ° 21 " b31p

+ay33 * g22 * A311 + Ay33 " baza ~ A1
If we compare results of above equations, we can see that we have the same result in both cases.

9. For plan k = 3: Let A and B be cubic-matries of order 3, where all elements on the plan k = 2 and k = 3 are
identical in both matrices, then we have:

Q111 Q121 QAq31|Q112 QA122 1322|4113 Q123 Q133
det(A[3x3x3]) + det(B[3x3x3]) =det| @211 G221 Q231|Q212 G222  Q232|Q213 G223 Q233
311 Q321 A3311Q312 Q322 A33210313 Q323 d333

bi11 biz1 bi31|@112 Q122 Qy32|G113 G123 (433
+det| by11  bayq  ba31|0212 G222 Q2320|0213 O3 33
b311 b3z b33q1@312 Q322 (33200313 Q323 Q333

={Q111 " 222 " Q333 — Aq11 " Gg32 G323 — Qq11 " Ggp3 * G332 + Ay11 " Ap33 * A3zz — Aq12 A1 " 333
+0ay12 " Ap23 * Q331 + A1 " G371 " G323 — A112 " A233 " A321 T Q113 * Q221 " A332 — Q113 " Q222 " d331
—Qq13 " Qz31 " Q322 T G113 " Az32 " G321 — Q121 " A1z " A333 T Q121 " Q213 " G332 T Q121 " G232 " A313
=021 " Qp33 " A312 + Qg2 " Ap11 " G333 — 122 " Q213 " A331 — Q122 " Q231 " A313 T Ay22 " Q233 " d311
—Qy33 " Qp11 " Q332 t G123 " Ap12 " G331 T Q123 " G371 " A312 — Q123 * Q232 Q311 + Ay31 " A212 " d323
—Qi31 " Q13 " G322 — Gq31 " 222 " (313 t Q131 " A3 " Q312 — Q132 " Q211 " G323 T Ay32 " Ap13 " d321
+0ay32 " Ap21 " Q313 — Ag32 " G223 " G311 T A133 " G211 " G322 — Q133 * Q212 * Q321 — G433 * d221 " U312

0433 " Qg2 * A311} + {b111 " Qa2 " Q333 — D111 " G232 323 — D111 A3 " Azzp + bygg * Ap33 * A3
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=112 " D21 " Q333 + Q112 Qa3 * D3zq + Gq1z D231 Q33 — Aq1 * Qo33 " b3aq + Aqq3 Doy
—Qy13 " Qg2 * D331 — Q113 " ba31 " A3zp + Q113 " Qa3 " b3zq — b1z " Qp12  Azzz + biay ~ a3

+bia1 * Gg32 * Q313 — D121 * Gg33 * A312 + Gizz * D211 Q333 — Ay Q13 * D3z — Gy “ Doz

+aq,

+by31 * G172 Q33 — D131 " G213 * A3z — D131 " G222 A313 + D131 " G223 Q312 — Q432 bagy

+aq3

while,

2 " Qz33 " D311 — Q123 " a1y * A33p + Qi3 " Ap1 * D331 + Qiz3  bazy " A31p — Qa3 " Apso

2213 " b3p1 + Qy3z " bpp1 * G313 — Ay3p " App3 D311 + Ay33 - bayg * A3zp — Q337 Aaqz

—Qy33 " byyq " Az12 + Q33 ° Agzp * b311),

det(A[3X3x3]) + det(B[3X3X3])

111t bi11 Qu21 b1z Qi3+ bi3|Qi1z Qizz Gq32|G113 Q123 Qi3s3

= det 11 + b211 Ayr1q + b221 az3q + b231 Q212 Q22 QAz32|Az13 G223 Q233

Q311 + b311  Qzpq + b3yq  Gg31 + b33113312 G322 Q33210313 G323 (333
= (@y11 + b111) " Ap22 " 333 — (A111 + b111) * Aa32 * G323 — (A111 + b111) * A2z~ G332
+(a111 + b111) " @33 * Q322 — Ay12 " (221 + ba21) ~ A3 + Aq1z A2z - (Az3q + bazy)
a1z " (@231 + ba31) G323 — Q11 * Aazz * (Ag21 + b3p1) + A113 * (Az21 + bp21) * A3,
—Qq13 " Q22 " (A331 + b331) — Q113 * (Az31 + ba31) ~ Azzz + Q113 ~ Aa3z * (@321 + b3py)
—(@121 + b121) " @12 " A333 + (@121 + b121) * G213 Az3z + (@121 + b121) * Gp3z * G313
—(@121 + b121) " @33 " Q312 + Q122 " (@211 + ba11) ~ Q333 — Ayz " Q13 - (Az3q + b3zy)
—Qq27 " (@231 + bp31) * G313 + A12p * Apsz * (A31q + b311) — Q123 * (Az11 + b211) * A3,
+a123 " Az12 " (A331 + b331) + Q123 * (Az31 + ba31) * Az12 — Ai23 ~ Ap32 * (@311 + b311)
+(a131 + b131) " @12 " A323 — (@131 + b131) * Go13 ° A3pp — (Ag31 + b131) * Aoz " G313
+(ay31 + b131) " @23 " A312 — Ay3z " (@211 + baq1) ~ A3 + Ay3z " A1z~ (Az21 + b3ze)
+a13; * (21 + b2z1) " A313 — Ay32 * App3 * (@311 + b311) + Ay33° (@211 + ba11) * A3z

—Qy33* Q12 * (@321 + b3z1) — Ay33 ° (@21 + b221) * Q312 + Aq33  Azap * (G311 + b31q)

" A3z
RV
T az13
“b311
Q323

’ b321

= Qyqq " Gg22 " G333 + D111 " Q22 " Q333 — Gq11 * A3z * G323 — D111 * Q32 " G323 — Q11 Ag23 * G332

—b111 Q23 " Q332 + Q11 " Q33 * A3 + bi11 " Ap33 " A3z — Qg2 " Qa1 * Q333 — Q112 " bopy

+a412 " Azp3 " G331 + Q112 " G223 D331 + Qg1 " Ga31 * Qg3 + Qqqp * Da3q G333 — Qg1 " Ao33°

—Qy12 " Qp33 " b3p1 + Q113" Ap1 " Q332 + Aq13 " bapy " Q332 — Q113 A " A3z — Qg3 g2z

—Qq13 " Ap31 " G327 — Q113 " G231 * A3zz + Gq13 * A3z * G321 + Qg3 " Aa32 * D321 — Q21 " Appz

—b121 " @312 " Q333 + Q121 " Q13 " Q332 + bia1 " Ap13 * A33p + Ay " Aazp " Azqz + bipg o3y

—ap;

Y

10233 " Q312 — bia1 " Gp33° Az1p + Gqpp 11 " G333 + Aoz " ba1q " G333 — Aq2p " Qg3

2" z13 "~ b3z1 — Q123 " Q31 Q313 — A2z “ ba3y * G313 + Qyap " Qa3 t Azqq + Agop  Agzz e

—Qq23 " Ap11 " G332 — Q23 " Da11 " G332 + Qa3 " Ap12 Q331 + Qqp3 " A1z " b33q + Qg3 * Ag3q

+ay123 " ba31 t Q312 — Q23 * A3z Q311 — Aq23 " Go32 * 311 + Qy31 " Ap1 " A3p3 + by3q " Aogp

—a3
+by5

+aq3

10213 Q322 — by31 " Gpq3* A3pp — Gq3q * Agpz * G313 — Dy3q ~ Gpap " A3q3 + Aq31 " Qg3
17 Q23 " Q312 — Q32 " Ap11 " A3z3 — Q32 " bo11 * Gzp3 + Ay3p " Ap13 " A3p1 + Ay " Qa3

2 Qg1 " Q313 + g3z " bagq " A3q3 — Qq3z * A3 * G311 — g3z " G223 * D311 + Q33" Apqq

+a433 " ba11 " Q322 — Q33 * Q12 * Q321 — Aq33 * o1z * b3p1 — Qy33 " App1 " Q312 — A3z " bopy

+aq33 * Az " 311 + Q133 " Aoz * D311

If we compare results of above equations, we can see that we have the same result in both cases.

The proof is

Theorem 2:

complete.

568

a333
azz1
bs3q
a333
azi3
a331
b311
azi2
az23
azi2
bs3q
a3z22

asz12



International Conference on Technology, Engineering and Science (IConTES), November 16-19, 2023, Antalya/Turkey

Let it be the cubic matrix B, which is formed by multiplying a plane (in the indices j and k, it does not work in
the index i) of the matrix A by a scalar «, and addition another plane, then we have:

det(A) = det(B)

Proof:

Case 1: The cubic-matrix A of order 2, (and B has order 2), we will proof the case 1 for each "vertical page" and
"vertical layer", as following:

ai11 a121|a112 QA122

= Qqq1 " Qg — Q13 " Gpp1 — Qg1 " Q13 + Ag3p " Apqg-
Q11 QppqlQz10 azzz) 111~ A222 112 " 221 121~ Q212 122 " 211

det(A[zxzxz]) = (

1. For plan j = 1: Let us add first vertical page to second vertical page while multiplying by a scalar a.

det(B ) _ (a111 i1 ta- a111|a112 QAiz2 T X" Qg1
[2x2x2] Qz11 Q21 T & 0z1110312 Az + O A3z

—(Q122 + @*aq12) " Az21 — (A121 + @ A111) “ A1 + Aoz (A2 + @ - Agq9)-

) = ay11 " (@22 + @~ Az17)

After expanding further, we get the following result:

det(B[zxzxz]) = Q411" A2 — Q12 " Q21 — Qq21 " Q12 T Q122 " 211

If we compare results of above equations, we can see that we have the same result in both cases.

2. For planj = 2: Let us add first vertical page to first vertical page while multiplying by a scalar a.
Qy11 + @ Qg1 Q1|012 T A Q12 Qi
det(B = =(a;;1+a-a -a

( [ZXZXZ]) (azu ta-az1 Apilaz;y +a-ayy; azzz) (@113 121) " G222

—(a112 + @ A122) " Azp1 = Q121 (12 + @ Azpp) + Ayzp - (Ap11 + @ Appq)

After expanding further, we get the following result:

det(B[2><2><2]) = Q11 " Q22 — Q112 " Q21 — Qq21 " Q212 + Q122 " Ap1q
If we compare results of above equations, we can see that we have the same result in both cases.
3. For plan k = 1: Let us add first vertical page to second vertical layer while multiplying by a scalar a.
det(Blaxaxa)) = (Z;E ZZHZMZ i Z lel (611122 i Z lel) = Q111 " (Az22 + @ " Az1)

212 211 222 221
—(a112 + @ ay11) " gp1 — Q121 " (Ap12 + @~ Ap11) + (A122 + @ Qg21) * G214

After expanding further, we get the following result:

det(B[zxzxz]) = Q11 " Q22 — Q112 " G221 — Qq21 " Az12 + Q122 " Ap11
If we compare results of above equations, we can see that we have the same result in both cases.
4. For plan k = 2: Let us add first vertical page to first vertical layer while multiplying by a scalar a.

det(B ) — (alll ta-ay;; A tar a1zz|a112 Qg2
[2x2x2] Az11 T Q- Az12  App1 + @Ay

—a112 " (A1 + @ Az22) — (Ag21 + @ A122) " Ap1p + A2z " (Ap11 + @ A1)

az12 azzz) = (a111 + @ A1) * Azzz
After expanding further, we get the following result:

dEt(B[zxzxz]) = Qy11 " Q22 — Q112 " Q21 — Qq21 " Az12 + Q122 " Az11
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If we compare results of above equations, we can see that we have the same result in both cases.

Case 2: The cubic-matrix A of order 3, (and B has order 3), we will proof the case 1 for each "vertical page" and
"vertical layer", as following:

A111 Q121 Q131|112 G122 Ag32|Q113 Q123 QAi33
det(A[3X3X3]) =det| 211 G221 G231(0212 G222 Q232|213 Q223 Q233
Q311 Q31 A3311A312  A322 (33210313 A33  A333

= Q111" Qp22 " G333 — (q11 " 232 " G323 — Q111 " G223 Q332 T G111 " Q233 * G322 — Q112 * Gp21 * A333
+0ay12 " Az23 " Q331 + Ag12 " G371 G323 — Q112 * G233 " A321 T Q113 * A221 " A332 — Aq13 " d222 " U331
—Qq13 " Qp31 " 322 T G113 * Q232 " G321 — Q121 " Gp12 " Q333 + Q121 * Ap13 * G332 T Q121 " A3z * U313
—0Qjy21 " Qp33 " Q312 t Ag22 " Ap11 " G333 — 123 " G213 " A331 — Q122 " A231 " A313 + Ay22 " A233 " d311
—Qi23 " Q11 " Q332 T Q23 " Q212 * G331 + Q123 * Gp31 " Q312 — Q123 " Q232 " G311 T Q131 " G212 * U323
—0Qy31 " Ap13 " Q322 — G131 " G222 " G313 T Q131 " G223 " A312 — Q132 " Q211 " A323 + Ay32 " Q213 " d321
tQ133 " Az21 " A313 — Gg32 Q223 " G311 + Q133 " G11 ° Q322 — Q133 " Q212 * G321 — (133 " G21 " d312

+0ay33 " Q222 " A311

1. For plan j = 1: Let us add first vertical page to second vertical page while multiplying by a scalar a.

det(B[3><3><3])
11 Q121 T A Q111 Qq31|A112  Qi22 T Q112 Qy32|A113 Qi3 T Q" A113 433
=det| az11 Qu21 T @ Az11  A31|0212 Q22 T X" A1 Q232|213 Q223 T A" Az13  Az33
Q311 Q3p1 T A" Q311 33110312 Azzp + @ Az1p  A33210313  A3p3 + " A313  Az33

= ay11 " (Ag22 + @ " Ap12) * G333 — Q111 " Aa32 * (A3p3 + @~ A313) — Agq1 ~ (A3 + @ Aq3) ~ A332
+a111 " Az33 " (@322 + @ A312) — Q112 * (Ap1 + @ Ap11) * Q333 + Q112 * (A3 + @ Ap13) * A33q
+a412 " @31 " (Az23 + @~ A313) — Qg1 " g3z " (321 + @ A311) + Ay13° (Az21 + @~ Ap11) ~ A3
—aq13 " (@222 + @ " Az12) " Q331 — Aq13° Ap31 " (@322 + @ A312) + Aq13° Ap3p* (G321 + @ * A314)
—(a121 + @ - ay11) " Az12 " azzz + (Ag21 + @~ A111) " Ap13 " A33z + (A121 + @ Ag11) " Q232 " A3q3
—(ay21 + @ aq11) " Ap33° A312 + (A122 + @ * A112) * Ap1q * G333 — (A2 + @ " A112) * Qg3 Q334
—(a122 + @ " ay12) " Az31 " Azq3 + (Ag22 + @~ A112) “ Ap33~ 311 — (A123 + @ Aq13) " Q211 " A332
+(a123 + @ Qy13) " Az12 Q331 + (A123 + @ A113) * Ap31° 312 — (A3 + @ Aq13) * A3z " A31p
+a431 " @212 (@323 + @~ A313) — Ay31 " Ag13 " (322 + @ A312) — Ay31 ° (Az22 + @~ Ap12) ~ A313
+a31 (@223 + @ z13) " Q312 — Au3z * Ao11 " (@323 + @ A313) + Qg3 ° Ap13° (@321 + @ ° A314)
a3z " (@221 + @ az11) " A313 — Ay3z " (23 + @ * Az13) “ G311 + Ay33 ° Az11 ° (A3p2 + @ " A313)

—Qy33° g1z * (A3z1 + @ " A311) — Ay33° (21 + @~ Az11) * A312 + Ay33° (A + @ * Az13) - Q311
After expanding further, we get the following result:

det(B[3x3x3]) = Q111 " Q22 " Q333 — Q111 " Q232 " G323 — G111 " Q223 " G332 + Q111 " Q233 " A322
—Qq12 " Qp21 " Q333 T Q112 * Ap23 " G331 T Q112 " Ap31 " G323 — Q112 * Q233 " A321 T Q113 * Qo1 " A332
—0Qy13 " Qg2 " Q331 — G113 " Gp31 " G322 T Q113 " A3z * A321 — Q121 " Q212 "~ A333 T Aq21 " Q213 " A332

+a121 " Ap32 " Q313 — Q121 " Q233 " Az12 T Q122 * Q11 " 333 — Q122 " Q13 " A331 — Q122 * Q231 " A313

t0ay27 " Q33 " A311 — Aq23 " G11 " G332 T Q123 " Az12 * A331 T Q123 * Q231 " A312 — Aq23 " Q232 " A311
+0a131 " Q12 " G323 — Q131 " Q213 " G322 — Q131 " Q222 " 313 T Q131 " Q223 " A312 — Q132 " Q11 " 323
tay33 " Az13 " G321 T Q33 " Ap21 " G313 — Q133 " Ap23 " G311 + Q133 " Q11 " 32 — Q133 * Ap12 * A321

—0y33 " Qz21 " A312 T Qy33 " Az22 * A311.

If we compare results of above equations, we can see that we have the same result in both cases.
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2. For plan j = 2: Let us add first vertical page to third vertical page while multiplying by a scalar a.

det(B[sxsxs])

Q111 Q21 G131 F Q" A111|Q112 Q22 Q132 T @ Aq12|Q113 Q23 Q133 T X" Ag13

=det| Qz11 Q21 G231 + A" 011(A212 Q222 Q232 T @ Q212|213 Q23 G233 + A" Ap13
G311 O3p1 Q331 T Q" 031110312 Q32 G332 + @ A3z121G313  G3p3 Q333 + " d313

= Q111 " Qg2 " (@333 + @ A313) — Aq11° (A3 + @ " Ap12) * Az — G111 " Aopz (G332 + @ az12)
a1 (@33 + @ Az13) * Q322 — Q112 * Agz1 " (A333 + @ A313) + Q112 ° gp3* (A331 + @ A311)
+ay12 - (Az31 + @ Az11) * A3z — Q112 " (Qg33 + @ - Az13) * A3p1 + Qg1 ° Ggpq * (Az3z + @ * A312)
—Qqq3 " Qg2 " (A331 + @ A311) — Q113 * (G231 + @ Ap11) * A3z + Q113 ° (Az32 + @ - Az12) “ A3
—Q131 " Ap12 " (@333 + @ A313) + Q121 " Q13 (A332 + @ A312) + Agp1* (A3 + @ Ap12) ~ A33
—Qqz1 " (G233 + @ Az13) " Q312 + A1zz " Ap11 * (A333 + @ A313) — A1p * Apq3° (A331 + @ A311)
—Qy32 " (231 + @~ Az11) " Q313 + Ayz2 " (Ag33 + @ Az13) " 311 — Qg3 ° Az11 " (G332 + @ " A313)
+a23 " Az12 " (@331 + @ a311) + Q13 ° (G231 + @ Az11) * Q312 — Q123 ° (A3 + @ Az12) “ A311
+(ag31 + @ ay11) " Az12 " A33 — (Ay31 + @~ Ay11) * Ap13 " A3z2 — (A131 + @ - Aq11) " Azzp " A3q3
+(aiz1 + @ agq1) Az Az12 — (Ag32 + @ * Ay12) " Qa1 * 323 + (A132 + @ A113) * Qg3 A3
+(a13z + @ ay12) * Azp1 " A313 — (Ay32 + @~ A112) ~ Ap3 " A311 + (A133 + @ - Ag13) " Q11 A3z
—(ag33 + @ ay13) " Az12 * G321 — (Ag33 + @ * Ay13) * Apq " G312 + (A33 + @ - Aq13) * Az * Q311

After expanding further, we get the following result:

det(B[sxsxs]) = Q111 " Q22 " Q333 — Q111 " Q232 " G323 — G111 " Q223 " G332 + Q111 " Q233 " A3z

—ai12°
—aj13
+ai21°
+agz;
+ai31°

+aq3z "

3. For

= det

+aqq1 -

—0y33 " Q21 " A312 T Qq33 " Q222 " A311-

Q21" Q333 T Q112 " Az23 "~ Az31 T Aq12 " Q31 " G323 — Q112 " G33 * G321 T Q113 ~ Q221 " A332
" Q22 " G331 — Aq13 " Q31 " G322 T Q113 " Ap32 " G321 — Aq21 " Q12 " G333 T Q121 " Q13 " A332
Q32 " A313 — Q121 " 233~ A312 T Q122 " Q11 " G333 — Q122 " G213 * G331 — Q122 * Q231 " A313
Q333 " A311 — Qq23 " Q211 " G332 T Q23 " Ap12 " G331 T Q23 " Ap31 " 312 — Q123 * Q232 " 311
Q12 " Q323 — Q131 " Q213 " Q322 — G131 " Q222 " G313 T Q131 " A23 " G312 — Q132 * Q211 " 4323
Q213 " A321 T Qq32 " Az21 " G313 — Qq32 " Q223 " G311 T Q133 " Ap11 " A32 — Q133 " Ap12 " A321

plan j = 3: Let us add second vertical page to third vertical page while multiplying by a scalar a.

det(B[3><3><3])
Q111 Qi1 Q31 T A" Q21112 Qia2 Q132 T X Aq22]|0113 Qi3 Q133 T A" Qg3
11 Qz21 Qp31 + A" QAp1|Az12 Qzz2 Gpzp + @ " App2|0213 Gp3 O3z + O dyp3
Q311 Q321 G331 T Q" 032110312 Q322 G332 + A" A33210313 (323 G333 T A" A3z
= Qq11 " Qg2 (333 + @ " A323) — Q111 * (Ag32 + @ " Apz2) G323 — Agq1 * App3 * (A332 + @ * A312)
(Az33 + @ Az23) * A3z2 — Aq12 " Azpq " (G333 + @ " A3p3) + Aqgz " Azpz* (G331 + @ A3p1)
“(A31 + @ Az11) " A3p3 — Qg1 (Ap33 + @ * App3) * A3p1 + Aq13  Azpq * (A33; + @ - A333)

+ag12
—a113
—a121
—a121
—Q122
+aiz3

gz " (G331 + @ " Azp1) — Ayq3
"p12 " (azas + @ az3) +agp
(Ap33 + @ Az3) " A312 + A2
“(Az31 + @ az11) " Ag13 + Ayop
"Ap12 " (@331 + @ " Azp1) + a2z

+(a131 + @ A121) * Az12° Q33 — (Ag31 + @ A121) * Apq3 A2

(azs1 + @ azy) - sz + aggse

“Qp13* (A332 + @ - azpz) + Agpq

(azsz + @ azz;) - sy

(azzz + @ aziz) - asys

“Az11 " (A333 + @ " A33) — A1z " Apq3* (A331 + @ A33q)
(azzs + @ azp3) " Q311 — Qi3 ° Ap11° (G332 + @ * A3p;)
(Az31 + @ az11) " Q312 — Aipz " (Az32 + @ Az2) * G314

(a131 + @ A121) " Gppz * G313

+(ai31 + @ a1p1) " Az ° A312 — (Ag32 + @ " A122) " Az11 " 323 + (A3 + @ " A122) * Qg3 A3pg
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+(ai32 + @ Q122) " Az1 * Q313 — (Ag32 + @ * A132) * Azp3° 311 + (Ag33 + @ " Ag23) * Aqp " A3

—(ay33 + @ A123) " Ap12 * A3p1 — (Qy33 + @ - A123) * App1 * Az12 + (Ar33 + @ Ayp3) * Appp * G311
After expanding further, we get the following result:

det(B[3x3x3]) = Q111 " Q27 " Q333 — Q111 " Q232 " G323 — Q111 " Q223 " G332 + Q111 " Q233 " A322
—Qq1p " Qpp1 " 333 T G112 Q223 " G331 + Q112 * Gp31 ° A323 — Q112 * Q233 " G321 T G113 * G21 " U332
—0Qy13 " Qp22 * Q331 — G113 " G231 " G322 T 113 " A3z * A321 — Q121 " Q212 * Q333 + Ay21 " A213 " d332
tQ121 G232 * A313 — Qg1 " Q233 " G312 + Q122 * G117 ° Q333 — Q122 " Q213 " G331 — G122 " G231 " U313
t0ay22 " Q33 A311 — G123 " Ap11 G332 T Q123 " Ap12 * A331 + Q123 * A231 " A312 — Q123 " d232 " d311
+0ay31 " Q12 " Q323 — Ag31 " G213 " G322 — A131 " G222 " A313 T Q131 " Q223 * A312 — Ay32 " Q211 * A323
tQ133 " A13 " Q321 T A3z " Q221 " (313 — Q132 * O3 " A311 T Q133 * Ap11 " G322 — G133 " G172 " A321

—0Qy33 " Qz21 " A312 T Ay33 * A222 * A311.
If we compare results of above equations, we can see that we have the same result in both cases.

4. For plan k = 1: Let us add first vertical layer to second vertical layer while multiplying by a scalar «a.

det(B[sxzxz])
Q111 Q121 A131|A112 T @ A117 Q12 T X" Agp1 Qizp T @ A131|A113 G123 Gas3
=det| Az11 Q221 0Q231|Az12 T @ Az11 Qg2 + &A1 Q3z + A Az31|Q213 (G223 333
Q311 Q321 (33110312 + @ " A317 Q32 + @ " A3p1 A3z3z T A" A33110313 (G323 333

= ay11 * (Ag22 + @ " Ap21) " G333 — Q111 " (Ap32 + @~ Ap31) * A3z3 — Q11 ~ A2z~ (A332 + @ - A331)
+a411 Q33 " (@322 + @ A321) — (@112 + @~ A111) * Qg1 " G333 + (112 + @ - Agq1) * Ap3 * A3
+(a112 + @ ay11) " Ap31  Azz3 — (A112 + @~ A1q1) * A3z~ A3z + Q13 Q21 ~ (Az32 + @ - ag34)
—ay13 " (@22 + @ " gp1) " Q331 — Au13° Go31 * (322 + @ A3p1) + Aq13° (Ap32 + @~ Ap31) * A321
—Qy21 " (@212 + @ " Az11) " Q333 + Ayp1 " g13 " (332 + @ A331) + Agpq * (Ap32 + @~ Ap31) “ A313
—Qq21 33 " (@312 + @ A311) + (A122 + @ " A121) " Ap11 " A333 — (122 + @ " A121) * Apq3 A3z
—(@122 + @ A131) " Ap31 " G313 + (A122 + @~ A121) * A3z~ A311 — Q23 " Q11 * (Az32 + @ - a331)
+a123 (@212 + @ Q11) " Az31 + Aua3° Goz1 * (@312 + @ A311) — Qi3 ° (Ap32 + @~ Ap31) * A311
+ay31 (@212 + @ az11) " Q323 — Ay31 " Ag13 " (322 + @ A321) — Ay31 ° (Ap22 + @~ Az21) ~ Q313
+a431 Q23 " (@312 + @ a311) — (Ay32 + @ " Ay31) * Ap11 * Q323 + (132 + @ - Ag31) * Azq3 * A3
+(a32 + @ Ay31) " App1 G313 — (Ay32 + @~ Ag31) * A2z~ Az11 + A3z " Azq1 * (Az22 + @ - a321)

—Q133* (G212 + @ Az11) " A3p1 — Qq33° Apz1 " (Az12 + @ - A311) + Ag33° (A + @ " Azp1) - Q311
After expanding further, we get the following result:

det(B[3><3><3]) = Q411 " Q22 " G333 — Q111 " Q232 " G323 — G111 " Ap23 " Az32 + Q111 " Qo33 " A3
—0Qy12 " Qp21 " Q333 T Q112 " Q23 " G331 T Q112 * Q231 " A323 — Q112 * Q233 "~ A321 T Aq13 " Q221 " A332
—Qq13 " Qp27 " G331 — Q113 " Qp31 " G322 T Q113 " Ap32 " G321 — Q121 " Q12 " 333 T Q121 " Q13 " A332

t0a121 " Q32 " Q313 — Aq21 " Q33 " G312 T Q122 Q211 " A333 — Q122 * Q213 ~ A331 — Q122 " U231 " (313

ta127 " Ap33 " G311 — Q123 " Ap11 " G332 T Q123 * Ap12 " G331 + Q123 * Q231 " A312 — Q123 * Q232 " 311

tay31 " Az12 " G323 — G131 " Q213 " G322 — Q131 " Ap22 " G313 T Q131 " Az23 " 312 — Q132 * Q11 ° 323
+0ay3; " Q13 " Q321 + Qg3 " A1 " G313 — Q132 " Az23 " A311 T Q133 " Q211 " A322 — Q433 " Q212 " A321

—Q433 " Qp21 " A312 + 4133 " Q222 " A311-

If we compare results of above equations, we can see that we have the same result in both cases.
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5. For plan k = 2: Let us add first vertical layer to third vertical layer while multiplying by a scalar a.

ai11
=det| Q211
asz11

Q121 A131]|A112
Az21  A231|0212
321 A33110312

Q122
A222
a322

det(B[sxsxs])

Qy32)|0113 + @ A1
Q232|013 + & " Ap1q
Q33210313 + @ " A311

Q3 t@°A137 Qzzta-
Qp23 T Q" Qpp1 G33+ -
Q33 + A" Q31 G333+ -

A131
az31
as3q

= Qy11° Qg2 * (G333 + @ A331) — Q111 " Ap32* (A323 + @~ A321) — Agq1 - (A3 + @ Ap2q) * A3z

a1 (@33 + @ Az31) " Q322 — Q112 " Agp1 " (A333 + @ A331) + Q112 (A3 + @ App1)
+a112 " Q31 " (@323 + @ A321) — Ay1z° (Ap33 + @ Ag31) * Azp1 + (Ag13 + @ A1q1) * Appq

—(a13 + @ agq1) Az A3z — (Ag13 + @ Aq11) * 31 ° A3z + (Ag13 + @ Ag11) " Ap3

—Qq31 " Ap12 " (@333 + @~ A331) + A1z1 " (G213 + @ Aq1) " G330 + Arp1 " Gp3p - (Azz H @
—Qy21 " (@33 + @ " Ag31) " Q312 + Auap  Gp11 " (333 + @ A331) — Aypp * (Ap13 + @~ Ap1q) ~ G331
—Qq23 " Az31 " (@313 + @~ A311) + Arzp " (Az33 + @ Ag31) " 311 — (Ay23 + @~ A121) “ Qa1
+(a123 + @ A121) " Az12 " Q331 + (Ag23 + @~ A121) * Ap31 " 312 — (A3 + @ Agp1) Qo3
+a431 " @212 (Az23 + @~ A321) — Ay31 " (13 + @ " Az11) " A3p2 — Ay31 " Agzp " (G313 + @
+ay31 (@23 + @ zp1) " Q312 — Ayzz * o11 " (323 + @ A3p1) + Qg5 (Ap13 + @~ Ap11) * Q321

+a132  Agp1 " (A313 + @ " A311) — Qg3 (Agp3 + @~ App1) " 311 + (Ag33 + @ Ag31) ~ Ap1q

—(ay33 + @ ay31) " Az12 * G321 — (Ag33 + @ " Ay31) * Azzq " G312 + (Ag33 + @ - Ag31) Az

After expanding further, we get the following result:

A331
Qss3;
a321

az11)

kY
*ds1q

azi1)

T Q322

aszi1-

det(B[sxsxs]) = Q111 " Q22 " Q333 — Q111 " Q232 " G323 — G111 " Q223 " G332 + Q111 " Q233 " A3z

—0Qq12 " Q221"
—Qjy13 " Az22
ta121 " Q232
+0ay22 " Q233"
+a131 " Az12

taq3; " Az13

Q333 T Q112 " Az23 " Az31 T Aq12 " Q231 "

*A331 — Aq13

az13 — A121

Q311 — Q123

*A3z3 — Q131
"Qzp1 + A3z

T A3
" Adz33
*Az11

*adz13

Qaz21

"Qzpy t Q113 " Ao32
"Aziz T Q122 " Az11
"Qg3z t Q123 " A1z
T3z — Aq31 " 222

*azq3 —

Q132 " d223

A323 — Q112

"0321 — Q21
T 0333 — Q122
"d331 t Q23"
Q313 + Q131

"azqq t+ Q33

T Adz33
*Az12

*Adz13

Qaz31

T A3

az11

—0y33 " Q21 " A312 T Qq33 " Q222 " A311-

"Q31 T Q113"
"d333 t A1 "
*0331 — Q122
"03z12 — Qq23
Taz12 — Q132
"0z — Ay33

az21

az13

T A3
%Y
" Ad11

*Az12

If we compare results of above equations, we can see that we have the same result in both cases.

kY
" Az3z
T az13
"az11
Q323

" a3z

6. For plan k = 3: Let us add first vertical layer to third vertical layer while multiplying by a scalar a.

ai11
=det| A211
aszq11

Q121 Q931|112
Az21  A231|0212
321 A33110312

Q122
A222
a322

det(B[3x3x3])

Q132|A113 + @ " Aq12
Q232|A213 T A Az13
A3321a313 + @ " A313

G123t @ Az Gizzta-ags
Q23 T Q" Qppp Gp33t+ Q- dp3;
G323 t @' A3z; G333+ Q- d33;

= Qy11° Gppz * (G333 + @ A332) — Q111 " Aoz * (A323 + @~ A322) — Q11 * (A3 + @ A22) * A3z
+ay11 (@233 + @ az33) " Az — Aq1z " Agp1 " (333 + @ A332) + Ay12 * (Agp3 + @~ App2) ~ A33q
+ai12  Az31 " (Az23 + @ " A322) — Q112 " (@33 + @~ A32) * A3p1 + (@13 + @ - Ay12) * App1 * A3z
—(a113 + @ " ay12) " Az " A3z — (Ay13 + @~ A112) “ Ap3q " A3z2 + (A113 + @ Aq12) * Q23 " A2
—Qq21 " Q12 " (@333 + @~ A332) + Ayp1 " (G213 + @ * Az12) * G332 + Ay " Ap3p * (G313 + @ ° A313)
—Q131 " (Az33 + @ " Ap32) * A1z + A12p " Ao11 (@333 + @ A333) — Ayzz * (Ag13 + @ * Ap12) “ A3z
—Qq22 " 31 " (A313 + @~ A312) + Ayzp " (Ap33 + @ * Az33) * 311 — (A123 + @~ A122) * Apq1 * A3z

+(@123 + @ " Q122) " Az12 Q331 + (Ag23 + @ A122) * Qa1 * 312 — (A3 + @ Agp3) * Ap3p " A3
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+a131 * Az12 " (A323 + @ A322) — Ag31° (G213 + @ " Ap13) * Q32 — Ag3q * Agpp * (A313 + @ A312)\
ta31 (A3 + @ " az2;) " Q312 — Auzz * Ap11 " (G323 + @ A3p5) + Qg5 ° (Ap13 + @ - Ap12) * A3pq
+ai3;  Agz1 * (A313 + @ " A312) — Qg3 (Agz3 + @ " Azp;) " A311 + (Ag33 + @ Ag32) * Apq1 ° A3

—(ay33 + @ ay32) " Ap12 * A3p1 — (Qy33 + @ A132) * Apq * Q312 + (Ay33 + @ Ay32) * Appp * G311
After expanding further, we get the following result:

det(B[3x3x3]) = Q111 " Q27 " Q333 — Q111 " Q232 " G323 — Q111 " Q223 " G332 + Q111 " Q233 " A322
—Qq1p " Qpp1 " G333 T G112 * Q223 " G331 + Q112 * G31 ° Q323 — Q112 * Q233 * G321 T G113 * A21 " U332
—0Qy13 * Qp22 * G331 — G113 " G231 " G322 T Q113 " A3z * A321 — Q121 " Q212 * A333 + Ay21 " A213 " d332
t0ay21 " Az32 " Q313 — Ag21 " G233 " G312 T Q122 " G211 " A333 — Q122 " A213 * A331 — Qy22 " d231 * d313
tQ127 " G233 " Q311 — G123 " Q211 " G332 + Q123 * A1z " Q331 T Q123 Ap31 " G312 — Q123 * G232 " d311
+0ay31 " Q12 " Q323 — Ag31 " G213 " G322 — A131 " G222 " A313 T Q131 " A223 * A312 — Ay32 " A211 * (323
tQ133 " A13 " A321 T A3z " Q221 " (313 = Q132 * O3 " A311 T Q133 Ap11 " G322 — G133 " Ap12 " A321

—0Qy33 " Qz21 " A312 T Qy33 " A222 * A311.
If we compare results of above equations, we can see that we have the same result in both cases.
Remark: This theorem does not hold for plan "Horizontal Layers".

Theorem 3:
Suppose that A is 3D Determinant with two identical "Vertical Pages™ or two identical "Vertical Layers".

Then |[A] = 0.
Proof:

Case 1: The cubic-matrix A of order 2 with two identical "Vertical Pages™ or two identical "Vertical Layers",
we will proof the case 1, as following:
1. For two identical "Vertical Pages":

ai11 a111|a112 ai12

= Q411" Ap1p2 — Q112 "Ap11 — Q111 " Q12 + Q112" Q =0.
(y11 Qz1110510 a212) 111 " 4212 112 " 4211 111 " 4212 112 @211

det(A[zxzxz]) = (

2. For two identical "Vertical Layers":

ai11 a121|a111 ai121

= Q111" App1 — Q111 " Ap21 — Q121 " Ap11 + Q101" QA =0.
(y11 Qz21l0511 a221) 111 " @221 111 " 4221 121 " Q211 121 " @211

det(A[2x2x2]) = (

Case 2: The cubic-matrix A of order 3 with two identical "Vertical Pages" or two identical "Vertical Layers",
we will proof the case 1, as following:

1. For two identical "Vertical Pages", first "Vertical Page" identical to second "Vertical Page":

Q111 Q111 Q131|112 Q112 A132|Q113 Q113 Q33
det(A[3x3x3]) =det| 211 G211 G231(0212 Q212 Q232|213 Q213 Q233
311 Q311 @A3311d312 A312 43321313 d313 (333

= Q111" Qp12 " G333 — Q111 " Q232 " G313 — Q111 " G213 * A332 T Q111 " Q233 " G312 — Q112 * G11 " A333
+0ay12 " Q13 Q331 + Q12 " G371 " G313 — A112 " A233 " A311 T Q113 * Q211 " A332 — Q113 " Q212 " d331
—Qq13 * Qp31 " G312 T G113 " Q232 " G311 — Q111 " Gp12 * Q333 T Q111 * Q213 " G332 t Q111 " G232 " d313
—0y11 " Qp33 " Q312 t Ag12 " G117 ° G333 — Q112 * G213 " @331 — Q112 " Q231 " Q313 + Ay12 * A233 " d311
—Qq113 " Q11 " 332 T G113 " Q212 " G331 + Q113 * G31 * Q312 — Q113 " Q232 " 311 T Q131 " G212 " d313
—0y31 " Qp13 * G312 — G131 " G212 " G313 T Q131 " G213 " A312 — Q132 " Q211 " Q313 + Ay32 * A213 * d311
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taq33 " Az11 * G313 — Q132 " Ap13 " G311 T Q133 " Ap11 " 312 — Q133 " Q12 " 311 — Q133 " Q211 " A312

+a133 " Az12 " A313 = 0.
2. For two identical "Vertical Pages", first "Vertical Page" identical to third "Vertical Page":

A111 Q121 A111|A112 G122 Q112|Q113 Q123 Q113

det(A[3x3X3])=det Az11 Q221 QA211|A212 Q222 (212|0213 d223 Q213
A311 Q321 Q311ld312 A3z d3121A313 d323 Q313

= Qq11 " Qp22 " G313 — Aq11 " Ga12 " G323 — G111 " G223 " G312 + Q111 " A213 * A322 — Aq12 * Q221 " 4313
+Q112 " G223 " A311 T G112 * Q211 " (323 = Q112 " (13 * Q321 T 113 * Q221 " G312 — G113 * G222 " d311
—0Qy13 " Qp31 " Q322 t G113 " Ap12 " G321 — Q121 " G212 " A313 T Q121 " A213 * A312 + Ay21 " Q212 " d313
—Qi21 " Q13 " A312 T Q122 Q211 " (313 — Q122 " (13 " Q311 — Q122 " Q211 " 313 T Q122 * G213 " d311
—Qy23 " Ap11 " Q312 t G123 " A12 " G311 T Q123 " G211 " A312 — Q123 " Q212 Q311 + Aq11 " G212 " A323
—Qq111 " Q13 " Q322 — G171 " Q222 " (313 T Q111 " A3 " Q312 — Q112 " Q211 " G323 T Qy12 " Ap13 " A321
t0ay12 " Az21 " Q313 — Ag12 " G223 " G311 T Q113 " G211 " A322 — Q113 * Q212 * Q321 — G113 " Q221 " d312

+a113 " Azz2 " A313 = 0.
3. For two identical "Vertical Pages", second "Vertical Page" identical to third "Vertical Page":

A111 Q121 Q121|112 Q122 QAg22|Q113 Q123 Qq23

det(Apxaxs)) = det| G211 G221 Q221|0212 G222 Q222|0213 G223 Q23
QA311 Q321 QA3211A312  A322 (32210313 A33  A3z3

= Q111" Qp22 " G323 — Gq11 " 22 " G323 — Q111 " G223 " Q322 T Q111 " Q223 * G322 — Q112 * Gp21 " A323
t0ay12 " Az23 " Q321 + Q12 " Gp21 " G323 — Q112 * G223 " A321 T Q113 * A221 " Q322 — Aq13 " Q222 " A321
—Qq13 " Q21 " Q322 T G113 " Az22 " G321 — Q121 " Gp12 " A323 T Q121 " Q213 " G322 T Q121 " G222 * (313
—Qy21 " Qp23 " Q312 t Qg2 " Ap11 " G323 — Q122 " G213 " A321 — Q122 " Q221 " A313 T Ay22 " Q223 " A311
—Qi23 " Q11 " Q322 T Q123 " Az12 " G321 + Q123 * A1 ° Q312 — Q123 " Q222 " 311 T Q121 " G212 * (323
—0Qy21 " Az13 " Q322 — Qg1 " G222 " G313 T Q121 " G223 " A312 — Q122 " Q211 " A323 T Ay22 " Q213 " A321
tQ127 " Q21 " A313 — Qg2 " Az23 " G311 T Q123 " G11 " Q322 — Q123 " Q212 * 321 — Q123 " G221 " A312

0133 " Az22 " A311 = 0.
4. For two identical "Vertical Layers", first "Vertical Layer" identical to second "Vertical Layer":

A111 Q121 Q131|111 Q121 Ag31|Q113 Q123 QAi33

det(A[3x3x3])=det Q211 Q221 Qz31|dz11 G221 G231|d213 Q223 Qo233
311 Q321 @A3311A311 Q321 d3311d313 Q323 d333

= Q111" Q21 " G333 — Q111 " 231 " G323 — Q111 " G223 " A331 T Q111 " Q233 " G321 — Q111 " Gp21 " A333
+0ay11 " Qg3 " Q331 + Ag11 " G231 " G323 — A111 " A233 " A321 T Q113 * Q221 " A331 — Q113 " Q221 " d331
—Qq13 " Qz31 " Q321 T G113 " Q231 " G321 — Q121 " Gp11 " A333 T Q121 " Q213 " G331 T Q121 " G231 " A313
—0Qy21 " Qp33 " A311 T Qg1 " Gp11 " G333 — Q121 " Q213 " A331 — Q121 " Q231 " A313 T Ay21 " Q233 " d311
—Qi33 " Q11 " Q331 T Q23 " Q211 " G331 T Q123 " Gp31 " Q311 — Q123 " Q231 " G311 T Ag31 " G211 ° A323
—0Qy31 " Ap13 " Q321 — Gg31 ° G221 " G313 T Q131 " Az23 " A311 — Q131 " Q211 " A323 T Ay31 " Q213 " d321
tQ131 ° Az21 " A313 — Ag31 " Q223 " G311 T Q133 " G11 " Q321 — Q133 " Q211 " G321 — G133 " G221 " A311

+a133 " Az21 " A311 = 0.
5. For two identical "Vertical Layers", first "Vertical Layer" identical to third "Vertical Layer":

111 Q121 A131|A112 G122 (A132|Q111 Q121 Q131

det(A[3x3X3])=det Az11 Q221 QA231|A212 Q222 (2332|0211 Q221 Q231
A311 Q321 QA331ld312 A3z d3321d311 Q321 331

= Qy11 " Q22 " G331 — Aq11 " Q232 " G321 — Q11 " Q221 " G332 + Q111 " Q231 " G322 — Q112 * Q221 ° G331
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+0ay12 " Ap21 " Q331 + G112 " G371 ° G321 — Q112 * G231 " A321 T Q111 " A221 " Q332 — Qq11 " Q222 " 0331
—Qq11 " Gp31 " 322 T G111 " Q232 " G321 — Q121 " Gp12 * Q331 T Q121 * Q211 " G332 T Q121 " A3z " d311
—0Qjy21 " Qp31 " Q312 t Qg2 " G171 ° G331 — Q122 " G211 " A331 — Q122 " A231 " Q311 + Ay22 " Q231 " d311
—Qi21 " Q11 " G332 T A1 " Q212 " G331 + Q121 " Gp31 ° Q312 — Q121 ° Q232 * G311 T Qq31 " Ap12 * A321
—0Qy31 " Qp11 " Q322 — G131 " G222 " G311 T Q131 " G221 " A312 — Q132 " Q211 " A321 + Ay32 " Q211 " A321
+Q133 " A1 " Q311 — Gg32 * Q221 " G311 + Q131 " G117 ° Q322 — Q131 ° Q212 " G321 — G131 " G221 " U312

+ay31 " Az22 " A311 = 0.
6. For two identical "Vertical Layers", second "Vertical Layer" identical to third "Vertical Layer":

Q112 Q122 Q132
Az12 Q22 Q232
QAz1z QA3 Q332

A111 Q121 G131
det(A[3X3X3]) =det| 211 G221 G231
Q311 Q31 A33;

Q212 QAz22 Q232

A112 Q4122 a132>
Q312 Q3zz Q332

= Q111" g2z " G332 — Gq11 " Q232 " G322 — Q111 " G222 Q332 T Q111 " Q232 " G322 — Q112 * Gp21 " A332
t0ay12 " Qg2 * Q331 + Q12 " G371 " G322 — A112 * G232 " A321 T Q112 * Q221 " A332 — Qq12 " Q222 " d331
—Qq1p " Qp31 " 322 T G112 "~ Az32 " G321 — Q121 " Gp12 " Q332 + Q121 " Qp12 * G332 T Q121 " G232 " d312
—Qy21 " Qp32 " Q312 t Qg2 " Ap11 " G332 — Q122 " G212 " A331 — Q122 " A231 " A312 T Ay22 " Q232 " A311
—Qiz3 " Q11 " 332 T Q22 * Q212 * G331 + Q122 * Gp31 " Q312 — Q122 " Q232 " G311 T Ag31 " Ap12 “ A322
—Qq31 " Q12 " Q322 — Gg31 " Q222 " G312 + Q131 " G2 " Q312 — Q132 " Qp11 " G322 T Ay32 " Ap12 * A321
t0ay32 " Az21 " Q312 — Ag32 " G222 " G311 T Q132 " Az11 " A322 — Q132 " Q212 * Q321 — Ay32 " Q221 " A312

taq3; Az " Q311 = 0.
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