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Abstract: In this paper, we extend the concept of lcem matrices beyond the classical domain of natural
integers into the domain of unique factorization domains. We investigate the structure of these matrix types when
applied to both arbitrary sets and gced-closed sets. Furthermore, we find the determinant, the trace and the
inverse of such matrices. To simplify these ideas, we employ domains such as the Gaussian integers domain and
the domain of polynomials defined over finite fields.
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Introduction

An integer d = p;ipy2...p%, p; is prime, is an exponential divisor of m = pflpfz...pf" if a; | b; for every
1 <i <k and is denoted by d |, m. By convention, 1 [, 1 and 1 is not an exponential divisor for every m > 1.
If n and m have the same prime factors, then they have a common exponential divisor. Let gced (m,n) (resp.
Icem(m, n)) be the greatest common exponential divisor (resp. the least common exponential multiple) of two
integers m and n, aslo denoted by (m,n), (resp. [m,n].). By convention, (1,1), = [1,1], = 1 and (1,m), and

[1,m], do not exist for every m > 1. If m = p'p22... po* and n = p{'ps2... pik, then

ged(by,c1), ged(bz,cz) ged(bg,ck)
5 5 .- Dy

(m,n). =p p
and

by,c1] [ba, by,
[m’n]e — pi 1C1]p£ ZCZ]"'pI[c I Chel

with [b;, ¢;] is the least common multiple of b; and ¢;. Two integers m = pflpfz. ..p:k and n = pylpy2. ..p,i" are
exponentially coprime if gcd(b;, c;) = 1 forevery1 <i < k.

If T ={x,x,,...,x,} is a well-ordered set of n distinct positive integers with x; < x, <...< x,, then the gcd
(resp. lcm) matrix on T is an n x n matrix defined as (T) = ged(x;, x;) (resp. [Tlpxm = [%1,%;]. The nx n
power ged (resp. power lcm) matrix on T is (T") = ged(x;,%;)" (resp. [T7] =[x, x;]"), where r is any real
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number. A set T = {x,,x,,...,x,} is said to be a factor closed (resp. a gcd-closed) set if x is an element of T for
any divisor x of x; (resp. if gcd(x;, x;) for all x; and x;) in T.

Smith (Smith, 1875) showed that if T ={1,2,...,n}, then det(T) = ¢(1)P(2)...¢p(n) and det[T] =
(D) Pp(2)m(2)...p(n)m(n), where ¢ is Euler’s totient function and 7 is a multiplicative function such that
n(p¥) = —p, p is a prime number. Moreover Smith showed that his results are true for factor-closed sets. Beslin
and Ligh (Beslin, 1989b), factorized the gcd matrices and showed that it is non-singular. In Beslin and Ligh
(1989a,1992) factorized the gcd matrices if T is a gcd-closed set over the domain of integers and computed their
determinants. Bourque and Ligh (1992) extended Smith’s result on Icm matrices by showing that the determinant
of the lcm matrix defined on a gcd-closed set T = {x;,x5,...,xy,} is the product [T/, xZ B, where B, =
Y dix, 9 (d), with the arithmetical function g defined by g(n) = %deu (d) and the function u is the well-
dixe, X¢ <Xk

known Mobius function. Borque and Ligh (1995) conjectured that the Icm matrix on a gcd-closed set is
invertible. In (Hong, 1999) Hong did systematic research on the conjecture of Bourque-Ligh and he showed that
the Bourque-Ligh conjecture is true only for n < 7. Also, Hong proved that this conjecture is true for a certain
class of Icm-closed sets, see (Hong, 2005). Hong showed that if n < 3, then for any lcm-closed set T =
{x1,%5,...,%,}, the gcd matrix on T divides the lcm matrix on T in the ring M,,(Z) of the n X n matrices over the
integers. For n > 4, there exists a Icm-closed set T such that the gcd matrix on T does not divide the lcm matrix
on T in the ring M,,(Z), see Hong (2002). Beslin and El-Kassar (1989) expanded the notion of gcd matrices and
Smith’s determinant to Unique Factorization Domains (UFDs). Furthermore, there have been analogous
adaptations of gcd and Icm matrices to Principal Ideal Domains (PIDs) and Euclidean domains (Eds). For further
details, readers can consult Awad et al. (2020, 2023), as well as El-Kassar et al. (2009, 2010).

A set T ={x;, x5, ..., x,} is called an exponential factor closed (resp. a gced-closed) set if the exponential
divisor of every element of T belongs to T (resp. if (xi'xf)e €T forevery x;,x; € T). If T is an exponential
factor closed set of distinct positive integers that are arranged in increasing order, then the n x n matrix (T),
(resp. [T].)= t;; having t;; = (xi'xi)e (resp. [xi’xf]e)’ as its ijt" entry is called the gced (resp. Icem) matrix
defined on T.

It is well known that (Z*\{1}, |.) is a poset under the exponential divisibility relation but not a lattice, since the
gced does not always exist. More details are given in the next section. Korkee and Haukkanen (2009) embedded
this poset in a lattice and studied the Icem matrices as an analogue of the Icm matrices. Raza and Waheed,
(20154, 2015b, 2012) gave structure theorems and calculated the determinant of gced and Icem matrices defined
on an ordered set T. Zeid et al. (2022) extended the gced matrices from the domain of natural integers to the
unique factorization domain and gave the structure of these types of matrices defined on both arbitrary sets and
gced-closed sets.

In this paper, we study the lcem matrices as an analog of the gced matrices. Examples are given in the domains
Z[i] and Z, [x], where p is a prime integer, to describe what has been done.

Throughout this paper, the following notations will be used

« D is aunique factorization domain (UFD)

* p;isaprimeelementin D.

* a;, b; and ¢; are positive integers.

* z~w means z and w are two associates.

o T =x4,x,,...,x, is a finite ordered set (in increasing order) of nonzero, non-unit, and non-associate elements
inD.

Over Unique Factorization Domains

As in the integer case, a non-zero element d = p;*p;2... p,* in D is an exponential divisor of m = py1ps2...p.*
if a;|c; forevery 1 <i <, denoted by d |, m. Note that a unit u in D is not an exponential divisor for any
nonzero, non-unit element m in D and by convention u |, v for any unit v in D. Two elements a and b in D are
associates if a = ub, where u isa unit in D. Two elements in D have a common exponential divisor if and only if
they have the same prime factors. By convention, (u,v), and [u, v], does not exist for any non-zero, non unit
element a in D. A subset T = {x,, x,, ..., x,} Of D is a gced-closed set if (xi'xi)e is also an element of T for all

63



International Conference on Basic Sciences, Engineering and Technology (ICBASET), May 02-05, 2024, Alanya/Turkey

x;, x; inT, 1 <i,j < n. For example, the subset T = {1 + 3i, -2 + 4i,—1 + 7i,—12 — 16i} of Z[i] is a gced-
closed set, while the set R = {—2 + 4i,—1 4+ 7i,—12 — 16i} is not.

Exponential Convolution

Consider the two functions f and g defined on D. Define the exponential convolution of f and g of a non-zero
elementm = [1, p;* in D as:

(f © g)(m) = z Z f (0052 ) g (P 'p32 .. pe").

aibi=cq axbr=cg

Using the Mdbius inversion exponential formula,

gm) = > f@u ()

d|em

if f(m) = Zag,m g (@), and u©@ W) = 1and 1©(m) = uleuley). .. pler)-

Ordering

In our study, we consider the two particular domains, the domain of Gaussian integers Z[i] and the domain of
polynomials over finite fields Z,[x]. It is well known that these two domains are not ordered. We use a well-
defined linear ordering defined on these domains so that any two elements are comparable.

Ordering in Z[i]

Let T = {zy,2,, ..., z,} be a subset of Z[i]. Define an ordering on T as follows: If q(z;) < q(z;), then z; < z;. If
q(z) = q(z;), where z;~a + ib, and z;~c + id, such that a b, c, d > 0, then z; < z; if b < d. The valuation
function q is defined as q(a + ib) = a? + b?. In this case, the relation < is a well-defined linear ordering on T.

Ordering in Z,[x]

Let T = {f1, f2, .., f»} be a subset of Z,[x], where p is a prime integer. Define an ordering on T as follows: if
deg(f;) < deg(fj), then f; <f; and if deg(f;) = deg(fj) with f; =x™ +a,_x" +...+a;x + a, and
fi = x™ 4+ bp_yx™ 4. +b;x + by with 0 < a;,b; <p—1, then f;(x) < f;(x) if a;, < b;,, where j, is the
smallest index j such that a; # b;. Again, the relation < is a well-defined linear ordering on T
Note that an non-zero element a in D is positive if 0 < a, where 0 is the zero element in D and < is the ordering
defined on D.

LCEM Matrices Over Unique Factorization Domains

Let T = {x;,x,, ..., x,} be a subset of D. Again, the lcem matrix [T] defined on T is the n x n matrix whose

ijt" entry is (xij)(e):[xi,xj]e, the least common exponential multiple of x; and x; in D. Let

R ={y1,¥,, .., Vm} be the minimal gced-closed set containing T (gced closure of T), such that y;, <y, < -+ <
vm. Define the function f(w) as follows:

1 bi_b by
fw= 0, w2 g Ot

aibi=cq arby=cy

where w = p;*py2...py" € D.
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Theorem 3.1. Let T = {x,,x,,...,x,} be a gced-closed set in D. Then, Zme(x %), | Y djex, 9 (d) | =

dtexy
Xr<X[

Zd|e(xi,xj)e g (d) .

Proof. Let d |, (xi'xf)e and let S = {x;,xy,,...,x,} be an ordered subset of T such that x;,_ |, (xi'xi)e and
dl, xy, foreveryl <m <r.Thend |, (xkl’xkz""‘xkr)e which is an element in T as T is a gced-closed set.
Since T is an ordered set, then (xkl,xkz,...,xkr)e = xi,. But d | x,and d t, x, whenever x, < x;, as x, is
the minimal element in S. So, each divisor of (xi'xi)e is found once in the sum. Hence,

@ = > g@

xkle(xi,xj-)e Zleik dle(xi,xj-)e
eXr
Xr<Xp

Xi, lfyj | X
e

Theorem 3.2. [T]y = C®C*, where the n X m matrix C = (c;;) is defined as: ¢;; = { ,and @ is

0, else

anm x m diagonal matrix define as: ® = diag | Xq),y, f (@), Zatey, f (@), .., X aleym f (@) |.
dtey1 dteyr /
Yr<¥m

Proof. The ijt" entry of C®C? is

(CPCY); =§:Cik| Z f (@ ICjk= xlx1| Z f@@ I
& kdlm ) k )

Yk|ex1 dleyk
YkleXj dteyr

Yr<Vk

dteyr
Yr<Vk

dleYik
dteyr
Yr<Vk

YR|e(xi'xj) d|e(xi'xj)e

= X;X; z Ik (d)) = X;iX; z f ().

By Mobius inversion exponential formula we have,
Y f@=—
dlem

Hence,

(Coch);; = i’ [xl,x]
e ) j
Xir Xj

Theorem 3.3. The determinant of the matrix [T], is given by

65



International Conference on Basic Sciences, Engineering and Technology (ICBASET), May 02-05, 2024, Alanya/Turkey

det([T]e)) = Z (dEt(C(kl,kz ..... kn)))zl_[ Z fd i

1<k <ky<..<kps<m i=1 | dleyr;
dteYi,
Yikr<YVk;

]

n |

| |
detEq, iy, kn) = A€tC(k, ks, n) 1_[ Z f@|.

i=1 d|eYki
dteYi,
\ Yir<Vk;
Hence,
n
2
det([Tle)) = Z (detCi, iy, i) 1_[| Z f @ |
1<k <ky<..<kpsm i=1 | dleyk;

Remark 1. If < is the ordering defined on D, then }; dleyi, f@>o.

dteYi,
Yikyr<Vk;

Example 3.1. LetT = {—2 + 4i,—1 + 7i,—12 — 16i} which is not gcd-closed set in Z[i]. Its gcd-closure is
R ={1+3i,—-2+4i,—1+ 7i,—12 — 16i}. The lcm matrix [T], defined on T is:

244  -84+6i —12—16i
[Tley=| -8+6i —1+7i —12—16il.
—12-16i —-12—-16i —12—16i

The matrix C is
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—2+4+4i  —2+4i 0 0
C=|-1+7i 0 —1+47i 0 :
-12—-16i —-12-16i —12—16i —12—16i
And
! 0 0 0
1+ 3i
-1 i 0 0
& = 5 10
0 0 S A 0
25 25
0 0 0 19 + 2
100 ' 254
Then,
—2+4i —8 4+ 6i —12 —16i
COCt=| —846i —1+7i —12—16i|=[T]y.
—-12-16i -12-16i -—-12-16i
—2 4 4i —244i 0 2
det[Tley =| -1+7i 0 -1+7i
-12-16i —12-16i —12—16i
XD F@D Y f@ ) f@
dley1 dley> dleys
dteyy dteyr
Yr<y3
—24+4i —2+4i 0
+| -1+ 7i 0 0
—12-16i —-12—16i —12—16il d, dey,
dtey1
—2+4i 0 0
+| -1+ 7i —1+7i 0
—12-16i —-12—-16i —12—16il i, doys
dteyr
yr<y3
—2+4i 0 0
+ 0 —1+7i 0
—12—-16i —-12-16i —-12—16il dy, dlzys
dtey, dteyr
yr<y3
= 2968 — 5176i.

Corollary 3.4. LetT = {x, x,, ..., x, } be a gced-closed subset of D. Then,

det[T]) = ﬁxﬁ Ldz;k f (d))i-

k=1
dtexy
Xr<X[

22ﬂ@2ﬂ@2f@

dleya
dteyr
Yr<Va

22ﬂ@2ﬂ@2ﬂ@

dleya
dteyr
Yr<Va

22ﬂ@2ﬂ@2ﬂ@

dleya
dteyr
Yr<Va

Proof. Since T is is gced-closed set, the matrix C is lower triangular with diagonal (x4, x5, ..., X,),. AS a result,
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Corollary 3.5. LetT = {x;, x,, ..., x,} be a subset of D, then t7([T]e)) = X1t x;.

Theorem 3.6. Let T = {x4, x, ..., X, } be a subset of D. Then,

n

det(ITlw) = [ [x2| > r@

k=1 dlexk
dtexy
Xr<Xp

if and only if T is gced-closed.

Proof. The necessary condition follows from Corollary 3.4. Now, assume that T is not a gced-closed set and the
equality holds. Theorem 3.3 gives

det([Tl)) = Z (detC, ... kn))zn! Z f (@ !

1<k <ky<.<kpsm i=1 | dley;
dteYi,
ykr<yki

This sum runs over the all combinations of the k" columns of the matrix C, where 1 <i <n. In each
combination we get a new term in this sum, as y,, related to the chosen column k;. Since T is a subset of R, then

det([Tle)) = ﬁI\ Z f(d))l +s,

k=1 dlexg
dtexs

Xr<X[

where s > 0. Consequently,

.
det([Tle) > | || f@ |
)

k=1 | dlexg
dtexs

Xr<X[

which contradicts the necessary condition that equality holds.

Inverse of the LCEM Matrix
Let T = {xy, x5, ..., X, } be a gced-closed subset of D and let the n X n matrix C = (cij) be defined as
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Hz{xi, if yjlex;
Y0, else

Theorem 3.1.1. The inverse of C is the n X n matrix W = (w;;) with

1 |
(= > @@ iyl

x]- %,
Wi = dley:
ij — J

x
dteE xr<x;
J

0, else

Proof. The ijt* entry of CW is given by

n
Xi Xi
- - e — e
(ew)yy = E Cik Wij = E - g u@(d) | = - é é u® (d)

— . T x1x; X
k=1 Xk lexi a5k x_k‘|e_l‘ dlg=k
XjleXk €xj JX xj

xr dtert

dt -

exj exj
Xr<Xp Xr<X[

A similar argument to that given in Theorem 3.3,

D uO@ =) w@@.

Xk Xi Xk Xi
ek | iy dlet
X,
dtes ™
ex;
Xr<Xp
Therefore,
Xi ) _Xi 2 X _ 1, iij=xl-
— ) u@=—p =)= :
Xj Xj Xj 0, else
dleit
xj

Theorem 3.1.2. The inverse of the Icem matrix [T] ., is the matrix [M] ) = (mif)(e) which is defined as:

(mij)=iz Z M(e)(d)m Z 1@ (d) |.

XiXj

i
T xilexre | dlexi/x; Py dlexk/x;
XjleXr \ dtexy/x; xr<xy dtexr/xj
Xr<Xp Xp<x

Proof. [M] ) = [T]) = (COCH)™ = W DWW, where W = C~* and
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( \

ot =di ! , ! e, ! .
iag | St S @ Ztion F@ " i f(@ !
\ dtexq dtexr /
xXp<xn
So,
n
m;; = Wto™iw);; = Zwk-;wk-
1] 3] & lzdlexk f (d) j
- d’éxr
Xr<X[
P DN e
— (e) (e)
= 1© (d) Z u'® (d)
xl‘x]' “ v Zd|exk g (d) x
ileXk d'e_k dixy d'e_k
Xjlexk jcCi e Xj
diest Xr<Xk ddé—?
Xr<Xp

Xr<Xj

Example 3.1.1. LetT = {x(x + 1), x(x + 1)2,x?(x + 1)} which is gced-closed set in Z,[x]. The Icem matrix
definedon T is:

x(x+1)  x(x+1)? x%(x+1)2
[Tley = | x(x+ 1) x(x+1)*  x2(x+ 1)2|.
2(x+ 1% x?2(x+1)? x%(x+1)?

Then,

1 1
M () e (- |
T ox2(x +1)2 (kO (xe + 1))f(x(x + 1))M (xGe+ 1)

@ (x(x + 1)) nO (e + 1))

__t
fleGx+1)?)

Hp@ 2+ 1) + p@ 2 (x + 1)2)] !

X
f(xz(x + 1)) + f(x2(x + 1)%)

[1©(x2(x + D) + p©@x?(x + D))

_ 1
T x2(x+1)
2 1 e
my, = m(u( Y(x(x + 1) )mu( M(x(x + 1))
1

HEOE G+ D)+ e+ DI e e Tyt (e D)

o (x+ 1)? 3 1

T ox2(x+ 13 x2(x+ 1)

1 1

— @) (2 (€)(+2 2 (e)

myz = Ba+ 17 [£@(x2(x + 1) + @ (x2(x + 1) )]f(xz(x D)+ T 1)2)/1 (x(x+ 1)

=0

Completing the computation, we get
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1 1 0
[xz(x +1) x%(x+1) ]
- I T Z | 1
@712 +1) 2 +13 x(x+1)3 |
1 1
| 0 x(x+ 1) x2(x+ 1)3J
Conclusion

In conclusion, the Icem matrices defined on gced closed and non-gced closed sets over a unique factorization
domain D were considered. A complete characterization of their structure, determinant, trace, and inverse was
given. Furthermore, the work done in the literature used the classical domain (domain of natural integers), which
is an example of a UFD and therefore the previous research can be viewed a special case with the domain of
integers representing our chosen UFD.
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