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Abstract: This paper explores the n x n Mersenne power GCD matrices defined on sets of positive integers,

focusing on factor-closed and gcd-closed sets. By employing the form f(tl-, tj) = Z(t”t’) — 1, we investigate the
rt" power Mersenne GCD matrix (M™) and provide comprehensive insights into its factorizations, determinants,
reciprocals, and inverses. Building upon previous research, particularly Chun's work on power GCD matrices,
we extend the analysis to Mersenne numbers, offering a thorough understanding of their properties. The study
contributes to the broader understanding of arithmetic functions and their applications in matrix theory.
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Introduction and Preliminaries

Let T = {t,,t,,...,t,} be a well-ordered set of n distinct positive integers with t; < t, <...< t,. The power
GCD matrix on T is also n x n square matrix such that (T7);; = (t;t;)’, where where (t; t;) is the greatest
common divisor of ¢t; and t; and r is any real number. Set T is said to be factor-closed if t, € T for any divisor
t, of t; € T, and is gcd-closed if (¢;,¢t;) € T, for every ¢; and ¢;in T.

In his work published in Smith(1875,1876) demonstrated that for a factor-closed set T = {t,,t,,...,t,} of
distinct positive integers, the determinant det(T) = @(t;)@(t,)...o(t,) (Smith, 1876). Subsequent to Smith's
findings, numerous studies have contributed to the understanding of GCD and LCM matrices, including works
by Beslin and Ligh (1989, 1991, 1992), ElKassar et al. (2009, 2010) and Awad et al. (2019, 2020, 2023), and
others. In 1996, Chun introduced the concept of rt* power GCD matrices on both factor-closed and gcd-closed
sets for any real number r (Chun, 1996). He determined their determinants, inverses, and reciprocals over the
domain of natural numbers. Let f be an arithmetical function of the form f(n) = X4, g (d). The matrix
[ (i, N]nxn given by the value of f in greatest common divisor of (i,j), f(i,j) as its i,j entry is called the
greatest common divisor (GCD) matrix. In 2010, (Bege, 2010) considered the generalization of this matrix
where the elements are in the form f(i, (i,j)) considered a generalization of the GCD matrices, where the

elements are of the form [ (i, ) ]xn-

titi )
Inspired by the above works, we use the special form f(t;,t;) = 2( i) _ 1 in order to study the " power
Mersenne GCD matrix (M™) on the both cases for T as factor-closed and as gcd-closed set. In addition, we give
a full description of its factorizations, determinants, reciprocals, and inverses.
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Preliminaries

In the following, we consider T = {t,, t,,..., t,} as an arbitrary set of distinct positive natural integers, and r is
any real number.

Definition 1. The Mersenne rt" power GCD matrix (M") defined on T is the n X n square matrix whose ij**
entries are of the form

r (eit)) '
Definition 2. The generalized Mersenne power function g(t) on T is defined inductively forall 1 < i < nas

9 = ) @ =D u(t/d).
dlt;

Definition 3. The reciprocal of Mersenne power GCD matrix is the n X n matrix M~" such that

1 _ 1
() (Z(rm-) _ 1)

M™"); =

.
Definition 4. The generalized reciprocal Mersenne power function on T is defined inductively forall 1 <i <n
as

1 T
h(t) = (d—) p(t; /d).
dzu:i (2°-1)

Definition 5. The inverse of Mersenne power GCD matrix is the square n x n matrix (M™)~! such that
MMYM")™! = I,
Main Results

Mersenne Power GCD Matrices Defined on Arbitrary Sets

In the following, we study Mersenne power GCD matrices defined on arbitrary sets that are either factor-closed
or not. A complete characterization is also given.

Structure Theorems
Theorem 1. Let T = {t;,t,,...,t,} be a non factor-closed set of positive integers and T = {y,,y,,...,ym} be
the factor-closed closure of T (the minimal factor-closed set containing T). Then, (M") = EA,ET, where E is

the n x m incidence matrix of T on T, and 4, is the m x m diagonal matrix such that a; = g(¥;).

Proof. Since E is an n x m incidence matrix of T on T, then e;j = 1ify; | t; and 0 otherwise. Hence,

(EAET); = g: (eiarrer;) = Z g = Z g )
k=1 Vil ti, Vil tj vie | (tot))
LY Tl Th 3 e
yi | (tit;) dlyk d|yk yi | (tut))
- @t — 1) = (2(”'”) - 1) .

d|(tutj)
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Theorem 2. Let T = {t,, t,,...,t,} be a non factor-closed set of positive integers, and T = {y,,¥5,...,ym} be
the factor-closed closure of T. Then, (M) = A,ET where a;; = g(yj) if y; | t; and 0 otherwise, and E is the
corresponding incidence matrix relative to A,.

Proof. The ij** entries of the incidence matrix E relative to A, are defined as: e;j=1if a;; # 0 and 0
otherwise. So, the ij" entry of A,.ET is

(AE");j = kzz:l(aikekj) = Z g ) = Z g ) = (2(%”‘) - 1)T-

Yl ti, v lt; ykl(ti.tj)

Theorem 3. Let T = {t;, t,,...,t,} be a non factor-closed set of positive integers, and T = {y,,y,,...,¥m} be

the factor-closed closure of T. Then, (M™) = A, A} where a;; = /g(yj) if y; | t; and O otherwise.
Proof. The ij*" entry of A, AT is defined as:

r

(ArADij = kzz:l(aikakj) = ykzlzt-v IJVINIK) = z gn) = (2(%%) - 1) .

it il(tot)

Determinants

Theorem 4. Let T = {t,, t,,..., t,} be a non factor-closed set of positive integers, and T = {y;,y,, ...} be the

.....

columns of E for some indices k; such that 1 < k; <...< k,, < m. Then,

n r t:
det(n) = ) (detEe i, i) T D (2= 1) ”(EL)
i=1

12kq <.<kpsm d|t;

,
Proof. Let A4, = (aij)mxm be defined as a;; = Y44, (Zd - 1) u(t;/d) if y; | t; and O otherwise, and let

E= (ei,-) be the corresponding incidence matrix relative to A,. Since A, is a triangular matrix with a;; =

T
Ydlt (Zd - 1) u(t;/d) for all 1 < i <m, then the ij*" entry of A, can be written as a;; = e;; X4 t (Zd -

(k1,k2,..kn)
E , to be the submatrices consisting of the ki", k3",..., ki* columns of A and E, respectively. Then,

(k1,k2,.kn
A D,,, where D, is the n X n diagonal submatrix of A, whose diagonal entries are

r
1) u(t;/d). Define, for some indices k; such that 1 <k, <...<k, <m, the matrices A and

(kndegnden) — Btk kgmcn)

di =2a); (Zd — 1)T u(t;/d). Therefore,
4et (Ar i) = 40t (B i) (1)
Applying Cauchy-Binet formula, we obtain
det(M™) = det(4,ET)

_ Z (detary, , ) (detE, , kn))T

15k <ky<.<kpsm

> der(By, ) ) (2= 1) () (e, )

12ky <.<kpsm d|t

Z (Zd - 1)r H <%) (detEr(kLkz ----- kn))z )

12k <ky<.<kpsm \ d | t;
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Example 1.: Consider the non factor-closed set T = {2,3,4} and its factor closure T = {1,2,3,4}. Then, the 2"¢

power Mersenne GCD matrix defined on T is:

172 52 172 1 [289 25 289
M? —[52 2572 52 [=|25 66049 25 l
172 52 6553721 1289 25 4295098369
g() 0 0 071 [250 0O 0
A | 0g@ 0 0 |o264 0 0
z 0 0 g3 0 0 0 66024 0
0 0 0g@®l Lo 0 0 4295098080
1100 110 110 100 100
E=|1010 ,E123=[101 JEjna=1100 ,5134=I11ol,and E234=I01ol.
1101 110 111 101 101

It is clear that M2 = EA,ET. Applying Cauchy-Binet formula, we get

4
det(MZ) = z (detE(kl.kZ:RS) l_[ (g(tl)))
1k, <kp<ks<4 =1
= 9(1)9(2)9(3)[det(E123)]2 +9()g(2)g(4) [det(E124)]2
+9(1)g3)g(d)[det(E;34)]* + g(2)9(3) g (4)[det(Ez34)]?
=0+ 28347647328000 + 7089488890848000 + 74865002687354880
= 81982839225530880

In the case where T = {t;,t,,..., t,} is a factor-closed set of distinct positive integers, we have the following

corollary.

Corollary 1. If T = {t,,t,,..., t,,} is a factor-closed set of distinct positive integers, then A is n x n diagonal

matrix with diagonal entries a; = g(t;) and E is also n X n square incidence matrix relative to 4, and hence
n
det(M") = T19(t)
i=
Proof. By Theorem 1, we have
n
det[( M™)] = det(EA,ET) = det(E)det(4,)det(ET) = 1 x det(4,) x 1 = [ g(t).
i=1
By Theorem 2, we have
n
det[(M™)] = det(4,ET) = det(4,)det(ET) = det(4,) = [] g(t).
i=1

By Theorem 3, we have

det{(M")] = det(A, A7) = det(4,)det(]) = ([1V9@) ([1Vo(@) = M.

Reciprocals and Inverses

Theorem 5. Let T = {t;,t,,...,t,} be a non factor-closed set of distinct positive integers. Then, [(M™)]
EA_,ET, where A_, = diag(h(t,),h(t),...,h(t,)) and E is an incidence matrix of T, such that e;
1 if ¢;]¢; and 0 otherwise.
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Proof. Let T = {yy,¥,,..., Vm} be the factor closed closure of T. Define the m x m diagonal matrix whose

diagonal entries are a;; = h(y;) forall 1 < i < m. Let E be the n x m incidence matrix of T relative to T such
thate;; = 1 if y;|t; and O otherwise. Then,

(EA—TET)ij =2 ( Lkakke]k) = Y h(y) = Z h (i)
k=1 Yilti
yk|tj vil(tot;)

}’k 1
Z (2¢ —1) ) ()

vil(totj) d1vk (2( ) - 1)

Theorem 6. Let T = {¢t,, t,,..., t,} be a factor-closed set of distinct positive integers, and let E be the incidence
matrix relative to T, such that e;; = 1 if t;|t; and 0 otherwise. Then, the inverse of E is the matrix F” such that

fij=u (2—1‘) if t;|t; and O otherwise. Moreover,
(MT)—l — FA;lFT

Proof. Since T is factor-closed, then E is an n X n square invertible matrix such that

z n % () if ti|t; -
(Epr)=k§1(eikfkj)=tzlt‘(fkj)= t/i—j. J ={1 if ¢t

0 otherwise

0 otherwise

This implies that E~* = FT, and hence

(M)t = (EAE") ™ = (ETHT(A) Y (E) " = FAT'FT.

Mersenne Power GCD Matrices Defined on Non gcd-closed Sets

In this section, we study Mersenne Power GCD matrices defined on non gcd-closed sets. Full description of their
factorizations, determinants, reciprocals, and inverses are given.

Structure Theorems

We prove three different factorizations for Mersenne power GCD matrices over non gcd-closed sets.

Theorem 7. Let T ={t;,t,,...,t,} be a gcd-closed set of distinct positive integers, and let

906 = Sa 0 (2 = 1) (). Then,

gty | = (mij)r

trl(taty) \ tieltjtitt, tu<tj

Proof. It is clear that any set T of distinct positive integers is contained in a gcd-closed set. Denote by T to be

the minimal gcd-closed set containing T. It is worthwise to observe that T usually contains considerably fewer
elements than any factor-closed set containing T. Also, it is clear that Ztklt,-,tknu, tu<t}-g(tk) is not

representative and counted only once and it is equal to g(¢,). Therefore,

9@ )= > gt =(my)"

trl(tat) \ trelt)s tittu, tu<t; tiel(tt))
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Thereom 8. Let T = {t;, t,,..., t,} be a non gcd-closed set of distinct positive integers, and T = {yy, y5, ..., Vim}
be the minimal gcd-closed set containing T, then (E.) = EA,.ET, where E is the incidence matrix relative to T
and A, is an m x m diagonal matrix.

Proof. Let T = {y;, ¥, ..., ¥} be the minimal gcd-closed set containing T. Define the m x m diagonal matrix

A, as follows:
A, = diagi Zg(d),Zg(d),---;Z g(d) i

dly; dly2 dlym
dlyy dlyy dlyy
yulyy yulyz yulym

T —
where g(n) = Xapn (2" - 1) U (g) Let E be the incidence matrix of T on T such that e;; = 1 if y;|t; and 0
otherwise. Then,

n
(EAET);; = kz_:l(eikakejk) = z Z g@ |= (mij)r~
B Yilty yilti \ dlye, dtyw, yu<yi

Theorem 9. Let T = {t,, t,,..., t,} be a set of distinct positive integers, and T = {y;, y,,..., Y} be the minimal
gcd-closed set containing T. Then (M™) = A,ET, where

agj) = Zg(d) if yjlt;
Y Alyi, d t Yuyu < Vi
0 otherwise
and
e = {1 ai]- *0
(@ 0 otherwise

Proof. Since 4, and E are n X m matrices, then
T < r
(AEY) = kgl(aike,-k) = Z Z g@ |=(my).
N Vielty, ielti \ dlyk, dtyuyu<vi

Theorem 10. Let T = {t;,t,,...,t,} be a non gcd-closed set of distinct positive integers, and let T =
{¥1,Y2,- .., Vm} be the minimal gcd-closed set containing T. Then (M") = A, AT, where

(
d )
(A p = ! Zg( ) if yilt;
T d|yie, d t YuYu < Vi
0 otherwise

Proof.

n
@Ay =3 (wa)=3 [ > g@| > 4@
=t ;ﬁlg Ak, AV yu<vi d|yk. A4y, Yu<Vk

g |= Z g ) = (mij)r'

yiel(tuty) \ AV yi<vi, divy yil(tutj)
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Determinants

Theorem 11. Let T = {t;, t,,...,t,} be a non gcd-closed set of positive integers, and let T = {y,, V5, ..., ym} be
the minimal gcd-closed set containing T with n <m. If Eqg, k) ., iS the submatrix consisting of the

kit ki, ..., kER columns of E for some indices k; such that 1 < k; < k, <...< k,, < n, then

\

2 m
detn) = Y (detEqey sy i) 1| D 9@
1<kq<ky<..<Kms<n dlym
Yyu<ym
dtyy
Proof. Let A = (a;;) and E = (e;;) be its corresponding incidence matrix, where a;; = [ ¥ 41,, g (d) | if
ybLfy);m
yj | t; and 0 otherwise. But, A is a diagonal matrix whose diagonal entries are a; = [ ¥ 4,5, g (d) | for all
Yu<ym
dtyy

1 <i < mn, so the ij*" entry of A may be written as eij| 2 apy,, 9(d) |and (M) = EFTET .Define, for some
Y%E/J;m
indices k; such that 1 < k; < k, <...< k,;, < n, the matrices A(kl.kz,...,km) and E(kl,kz,...,km) to be the submatrices

ot th 1, th th i = i
consisting of ki, k3", ..., k5 columns of A and E respectively, then Assmiom = Etevseniem Pro where D, is

the m x m diagonal submatrix of A, whose diagonal elements are d; =| X 4, g(d) |. Therefore,
Yu<ym
diyy

m - -
det (A(kl’k2 AAAAA km)) = det (E(kllk2 lllll km)) (ig1d”)' Applying Cauchy-Binet formula, we get

det[M"] = detd,ET

- Z ((detA<k1.kz.--.km)) (detE (s ez km))T>

12k <ky<.<kmsn

( \ A

det(Er(k1 _____ km)) ;17”1 Z g (@) (detEr(k1 _____ km))

1<k <.<kmsn d|lym
yu<ym
dtyy

alym
Yu<ym
diyy

12k <ky<.<kmsn

lﬁ1< Z g (detET(kl,kz ..... km))2

Example 2. Consider the non gcd-closed set T = {2,4} and its gcd-closure T = {1,2,4}. Then, the 2¢ power
Mersenne GCD matrix defined on T is:

M2=[172 172 ]=[289 289
172 655372 289 4295098369

g 0 0 25 0 0
Ay =1 0 g(2) 0 =10 264 0

0 0 g)+g@®) 0 0 4295098105
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11(1) E, = 1 ﬂ Ej3 = [(1) ﬂ and  Ep3 = [(1) ﬂ

It is clear that M? = EA,ET. Applying Cauchy-Binet formula, we get

Z <detE(k1,k2)il=z[1(g(ti))>

1<k, <k, <3
= g(Dg(2)[det(Ex)]* + g(1)g(4)[det(E13)]* + g(2)g(4)[det(Ez;)]?
=04 107377452000 + 1133905893120
= 1241283345120

det(M?)

Corollary 2. Let T = {t,, t,,..., t,,} be a gcd-closed set of distinct positive integers, then

(o )

det[M"] = det(EA,E™) = det(E)det(4,)det(E™) = det(4,) = [ Z e

dltm
tu<tm
dity

Reciprocals and Inverses

Theorem 12. Let T = {ty,t,...,t,} be a non gcd-closed set of distinct positive integers, and
T = {¥1,¥2,-..,Ym} be the minimal gcd-closed set containing T, then (M) = EA_,ET, where

A, = diag z h(d), Z h(d),..., Z h (d)
alys, dtyu, Yu<yi dlyz, dtyy, Yu<yz alym, dtyy, Yu<ym

such that

h(n) = Z<(2 : ))r &

d|n

Proof. Let T = {y;, 5, ..., Y} be the minimal gcd-closed set containing T Then,

(EA_ET);

n
kz_:l(eikakejk)= Z Z h(d)
- Yilty, Yilti \ dlYe.yi<vi, dtyu

T

> o= ﬁ = (M)

Yil(tity

Theorem 13. Let T = {t,t;,...,t,} be a gcd-closed set of positive integers, then the inverse of (M")is

(M™)~1 such that
()
M= 3 @) (&)

tiltk \ Zalyg diy, yu<yie d (d)
tjltk

Proof. Since T is gcd-closed, then E is an n x n square invertible matrix such thatE=! = FT.Then,
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MDY = EAEDG = E DA ED=FT(4)'F
9" tk
= 5 furrfig= 3 ()
k=1 kak; k] tilltk Zd|yk,d+yu,yu<ykg(d)
tjltk

Conclusion

In conclusion, this paper has presented a thorough investigation into the n x n Mersenne power GCD matrices
defined on arbitrary sets of positive integers. By building upon prior research and utilizing a specialized form of
the arithmetical function, we have explored the unique properties and behaviors of these matrices on both factor-
closed and gcd-closed sets.

Our analysis has yielded valuable insights into the factorizations, determinants, reciprocals, and inverses of
these Mersenne power GCD matrices. By elucidating their characteristics, we have contributed to the broader
understanding of power GCD matrices and their applications in number theory and linear algebra. Furthermore,
our findings not only expand upon existing knowledge but also pave the way for further exploration and
refinement in this area of study. The versatility and significance of Mersenne power GCD matrices underscore
their potential relevance in diverse mathematical contexts.

In essence, this paper underscores the importance of investigating specialized forms of power GCD matrices,
such as the Mersenne variant, and highlights the rich interplay between number theory, algebra, and
computational mathematics. Through our rigorous analysis, we have provided valuable insights that may inspire
future research endeavors and contribute to the advancement of mathematical theory and practice.

Scientific Ethics Declaration

The authors declare that the scientific ethical and legal responsibility of this article published in EPSTEM
journal belongs to the authors.

Acknowledgements or Notes

* This article was presented as an oral presentation at the International Conference on Basic Sciences,
Engineering and Technology (www.icbaset.net ) held in Alanya/Turkey on May 02-05, 2024.

* The authors gratefully acknowledge the invaluable contributions of the anonymous referees whose insightful
comments and constructive feedback greatly enhanced the quality and clarity of this article. Their expertise and
dedication have been instrumental in shaping the final version of the manuscript.

* Each author has contributed equally to this article, demonstrating a collaborative effort and shared dedication
to its content.

* AMS Subject Classification: 11A25, 15A09, 15A15, 15A23

References

Awad, Y. A., Chehade, H., & Mghames, R. (2020). Reciprocal power gcdq matrices and power Icmqg matrices
defined on factor closed sets over Euclidean domains. Filomat, 34(2), 357-363.

Awad, Y., Mghames, R., & Chehade, H. (2023). Power gcdq and Icmq matrices defined on gcd-closed sets over
euclidean domains. Palestine Journal of Mathematics, 12(1).

Awad, Y., Mghames, R., Chehade, H., & Zeid, W. (2019). On Fermat power GCD matrices defined on special
sets of positive integers. Applied Mathematical Sciences, 13, 369-379.

Bege, A. (2010). Generalized GCD matrices. arXiv preprint arXiv:1012.5445.

Beslin, S., & Ligh, S. (1989). Greatest common divisor matrices. Linear Algebra and Its Applications, 118, 69—
76.

232


http://www.icbaset.net/

International Conference on Basic Sciences, Engineering and Technology (ICBASET), May 02-05, 2024, Alanya/Turkey

Beslin, S. (1991). Reciprocal GCD matrices and LCM matrices. Fabonacci Quart., 20, 71-274.

Beslin, S., & Ligh, S. (1989). Another generalization of Smith’s determinant. Bull Australian Mathematical
Society, 40, 413-415.

Beslin, S., & Ligh, S. (1992). Ged-closed sets and the determinants of gcd matrices. Fabonacci Quarterly, 30,
157-160.

Borque, K., & Ligh, S. (1992). On GCD and LCM matrices. Linear Algebra and its Applications, 174, 65-74.

Chun, S. Z. (1996). GCD and LCM power matrices. Fabonacci Quarterly, 43, 290-297.

El-Kassar, A.N., Habre, S.S., & Awad, Y.A. (2009). Greatest common divisor and least common multiple
matrices on factor closed Sets in a principal ideal domain. Journal of Mathematics and Statistics, 5(4),
342-347.

El-Kassar, A. N., Habre, S. S., & Awad, Y. A. (2010). Gcd matrices defined on GCD-closed sets in a pid.
International Journal of Applied Mathematics, 23(4), 571-581.

Haukkanen, P. (1997). On Smith’s determinant. Linear Algebra and its Applications, 258, 251-269.

Hong, S. (1998). On LCM matrices on GCD-closed sets (English summary). Southeast Asian Bulletin of
Mathematics, 22, 381-384.

Hong, S. (1998). Bounds for determinant of matrices associated with classes of arithmetical functions. Linear
Algebra and its Applications, 281, 311-322.

Hong, S., Zhou, X., & Zhao, J. (2009). Power GCD matrices for a UFD. Algebra Colloquium, 16, 71-78.

Li, Z. (1990). The determinant of a GCD matrices. Linear Algebra and its Applications, 134, 137-143.

Ligh, S. (1988). Generalized Smith’s determinant. Linear and multilinear Algebra, 22, 305-306.

Smith, H. J. S. (1875-1876). On the value of a certain arithmetical determinant. Proc. London Mathematical
Society, 7, 208-212.

Zeid, W., Chehade, H., & Rasheed, F. (2022). On GCD matrices over unique factorization domains. Filomat,
36(11), 3775-3784.

Author Information

Yahia Awad Ragheb Mghames

Lebanese International University (L1U) Lebanese International University (LIU)

Department of Mathematics and Physics Department of Mathematics and Physics

AlKhyara, West Bekaa, Lebanon. AlKhyara, West Bekaa, Lebanon.

Contact e-mail: yehya.awad@liu.edu.lb Modern University for Business and Science (MUBS)

School of Business, Rashaya, Lebanon.

Karim Amin

Lebanese International University (LI1U)
Department of Mathematics and Physics
AlKhyara, West Bekaa, Lebanon.

To cite this article:

Awad, Y., Mghames, R., & Amin, K. (2024). On mersenne power GCD matrices. The Eurasia Proceedings of
Science, Technology, Engineering & Mathematics (EPSTEM), 28, 224-233.

233


mailto:yehya.awad@liu.edu.lb

