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Abstract: We present a collection upper bounds for the numerical radii of a certain 2 x 2 operator matrices. We
use these bounds to improve on some known numerical radius inequalities for powers of Hilbert space operators. In
particular, we show that if A is a bounded linear operator on a complex Hilbert space, then w?"(4) <

”T“ AP +14°127[| + == w(AI"|A*|") + =2 w" (4?) for every r > 1and a € [0,1]. This substantially improves
on the existing inequality w2"(4) < §|||A|2r + |A*|?"||. Here w(.) and ||.|| denote the numerical radius and the

usual operator norm, respectively.
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Introduction

Let B(H) bethe C* —algebra of all bounded linear operators on the complex Hilbert space #. For T € B(H), the
numerical radius w(.) and the usual operator norm ||.]|| are, respectively, defined by

w(d) = Sup [(Ax, x)| and ||A]| = sup [|Ax]|.

[lx[l=1 [lx||=1

It is clear that w(.) defines a norm on B(H). Moreover, it is known that w(.) is equivalent to the usual operator
norm ||. || on B(H) and with the following two sided inequality

%llAII < w(A) < ||A|| forevery A € B(H). (1.1)
An important property for the numerical radius is the power inequality, which says that
w(A™) < w™(A) foreveryn € Nand A € B(H).
In Kittaneh (2005), the author provided refinements of the bounds in (1.1) by showing that
§|||A|2 + A2 < w?(4) < % 4|2 + |A*|?|| for every A € B(H). (1.2)
In El-Haddad and Kittaneh (2007) the authors provided a generalization for the second inequality in (1.2) by showing

that
wi(4) < %|||A|2T + |A*|?"|| for every r = 1 and A € B(). (1.3)
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In Dragomir (2009), the author presented an important upper bound for the numerical radii of products of two
operators by showing that if A,B € B(H) and r > 1, then

w'(B*A) < SIIIA1P" + |BI?"]l (1.4)

Recently in Al-dolat and Kittaneh (2023), the authors gave another improvement for the inequality in (1.3) by showing
that if A € B(H), then

1+a

w2 (A) < ZEAPT + 147 + 2w (42) (L.5)

forevery a € [0,1] and r > 1.

The direct sum of 2 —copies of A is denoted by H @ = 3£ @ H. Due to this decomposition, any T € B(H )
can be represented as a 2 x 2 operator matrix of the form T = [‘2 g] where A,B,C,D € B(H). Moreover, if

_ xl (2) . - _ xl _ (Ax1 + sz
x = (xz) € H'%), then Tx is defined by Tx = T(xz) =\Cx, + D,
operator of matrices and their application in finding estimates for the zeros of complex polynomials, one cane refer to
Abo-Omar and Kittaneh (2015), Al-Dolat et al. (2016), Bani-Domi and Kittaneh (2008), Bani-Domi and Kittaneh
(2009), Bani Domi and Kittaneh (2012) and Hirzallah et al. (2011).

). To learn more about the numerical radii of

The goal of this paper is to present several new upper bounds for the numerical radii of 2 x 2 operator matrices, then
to refine the inequalities in (1.3) based on those bounds. Moreover, we provide refinements of earlier numerical radius
inequalities due to Al-Dolat and Kittaneh (2023).

Main Results

To achieve our goal, we recall some well-known lemmas in order to establish our results. The first lemma is a
consequence of the spectral theorem and Jensen 's inequality see Kittaneh (2015).

Lemma 2.1 Let A € B(H) be a positive operator and x € I be any unit vector. Then, for r > 1, we have
(Ax, x)" < (A"x, x).

The second lemma deals with non-negative convex functions and positive operators, and it can be found in Aujla and
Sivla (2003).

Lemma 2.2 Let f be anon-negative convex function on [0,) and A, B € B(H) be positive operators. Then
A+B F(A)+f(B)
I (90 = 757

In particular,
l(A+B)"|| < 2" Y A" + B"|| forevery r > 1.

The third lemma relates to certain 2 x 2 operator matrices and can be found in Hirzallah, Kittaneh and Shebrawi
(2011).

Lemma 2.3 Let A,B € B(H). Then

@ W( gg ) = max{w(4),w(B)};

376



International Conference on Basic Sciences, Engineering and Technology (ICBASET), May 02-05, 2024, Alanya/Turkey

(o) w( 23 ) = max{w(A + B),w(4 - B)}.

In particular,

W([gg ) = w(B).

The next two lemmas can be found in Al-Dolat and Kittaneh (2023).

Lemma2.4 Let x,y,z € H with [|z|| = 1. Then

1+a

1<, 2z, )" < —=lIx|I"llyll" + —I(x I
forevery a € [0,1] and r > 1.

Lemma 2.5 Let x,y,z € H with [|z]] = 1. Then

(x, 2)(z, y)I? < == -2yl +—I<x nIZ+ —IIxIIIIy||I<x,y>|
for every a € [0,1].
The final lemma can be found in Al-Dolat and Al-Zoubi.

Lemma 2.6 Let S,R € B(H) be positive operators and let ¢ > 1. Then

sup  ({Sx, x)%(Rx,x)9) < =||S29 + R?9|| + 2 min{w(SIR?), w(STRI)}.
x€F,||x||=1 4 2

We begin our results by the following theorem, which provides a new upper bound for the numerical radii of 2 x 2
operator matrices, that will be used to give a refinement of the inequality (1.3).

Theorem 2.7 Let B,C € B(H). Then

2r (|08 1+_a 2r *|2r 2r *|21
v ([CO ) < == max{lIC12 + 1B P71 HIBIZ + ¢ 111}

1+a
+

min{max{w(|C|"|B*|"), w(|B|"|C*[")}, max{w(|B*|"|C|"),w(|C*|"|B|")}}
+ 1_TOCmax{wr(BC),Wr(CB)}
forevery a« € [0,1] and r > 1.
Proof. Let T = [g ](3)] and let x € H'® be any unit vector. Then we have
(T, x)?" = [{Tx, x){x, T*x)|"

1+a

||Tx|| T*x]||" + 12 |(Tx T*x)|" (by Lemma 2.4)

1+a

—(IT|?x, X)H(|T* 2, x)2 + 2% —(T%x, )|,

Thus,
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w?'(T) = Sup (Tx, x)|?"
llx]|=1

1+a

S -
2 ||x||=1

up ({7122, 037" P, 2)7) + S wm (1)

1+a

T+ TP+ = minfw(TI7|T ), w( T | ITIT)}+— w'(T?)

|C|2T+ |B*|2T0
0 |B|2T + |C*|2T

_l_iJr_amln{W([lClrlB*lTO ) W([lB*lrlC*er )}
oBI"|C*|"1)’ ofc"|B*|"
1-a . ([BCO

TS (OCB)

1+a * *
< —-max{[I[C[*" + [B*[*"|l, I|BI*" + |C*I*"II}

8

1
= min{max{w(ICI"|B*1"), w(IBI"IC* ")}, maxtw(1B* 7ICI), wllC* 7 BI"))

+ = max{w" (BC), " (CB)}
This completes the proof of the theorem.

As a direct consequence of the above theorem we have the following refinement of the inequality (1.5).

Corollary 2.8 Let A € B(H). Then

1+a

w2 (A) < —=IAIP" + 141"l +22 ~w(lAl"|4* IT)+ w'(4%)

< ZENAPT + 14T+ 5w (A7)
forevery a € [0,1] and r > 1.

Proof. By letting B = C = A in Theorem 2.7, we get

w2 (4) < w?" ([2 ‘8]) (by Lemma2.1)

<
Z2AP 4 A + + 2 w(|Al"|A*) 2w (4?) (by Theorem 2.7)
<
ZEEAPRT + A2+ AR+ 147 + —2w"(42) (by the inequality (1.4))
1+a

— AP + 147177 + 2w (42)

Remark 2.9 The upper bound in Corollary 2.8 is a refinement of [Al-Dolat and Kittaneh (2023), Theorem 2.7],
namely
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1+a l1-a
w2 ([2B]) < =S maxtlIBI” + 16771 NICE" + 1B P71} + —— max{w" (CB), w" (BO))

To explain this, note that

2r 0B 2r ar oy oy
v ([co)< max{|[|B|?" + |C*1#" ||, 1ICI*" + [B*|*"|I}
1+a
+ min{maX{W(|C|T|B*|r)’W(lBlrlc*lr)}’ maX{W(|B*|r|C|T),W(IC*|r|B|r)}}

+1_T“max{wr(CB),WT(BC)}
1"’_“ 2r * |27 2r *| 27
< —-max{|[|B[*" + [C*[*"]l, IIC1*" + |B"|*"|[}

1 * *
FE max([I1BI + 1271, NICIT + 1B 271}
+ 1_Tamax{wr(CB), w”(BC)} (by the inequality (1.4))

= ZZmax{[[[BI*" + [C* 17 IL ICI*" + |B*[2"[1} + == max{w" (CB), w" (BC)}.
We are now in a position to prove our next result.

Theorem 2.10 Let B,C € B(#). Then

4 0B 1+_IZ 4 4
w ([2B]) < 2 maxtllB|® + 1c 1L HICT* + 18°11)

1
+- ; a‘min{max{w(lClle*lz),W(|B|2|C*|2)}, max{w(|B*|?|C|?),w(|C*|?|B|)}}
+1TTamax{W2(CB),W2(BC)}

1 * *
+- max{w(CB), w(BC)}max{|[|B* + [C*[*Il I1CI* + |B* 211}

for every a € [0,1].
Proof. Let T = [C 0] and let x € %) be any vector. Then

[(Tox, x)|* = [{Ta, x){x, T*x)|?

1+a

— Tl T x|1? +=2 —Tx, T*x)|” + —IITxIIIIT*x|||<Tx,T*x)I

1+a

< — (T2, OKIT* 12, x)1) +—I(T2x )+ I<T2x,X)I(IITxII2 + IT*x1*)
(by the triangle 1nequa11ty)

1+“(I(Ilex O 2x, x)]) + 22 I(sz x)|? + I<T2x,x)l<(ITI2 + IT*|*)x, x).
Thus,

w*(T) = sup [{Tx, x)|*

lIxll=1
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< ¥||Sﬁf T 22, T 22, x)]) + == w2 (T2) + < W(TZ)IIITI2 +IT Il

1+oc
— |

IT|* + T4 + =% mm{W(ITI IT*12), w(IT*|?|T1?)}
1-a  2m2 1 2 2 %2
+ 5 W) + 2w @HIITE + 1772

1+a

= ——max{[|[B|* + |C*|*Il, IICI* + |B"|*II}
l1+a .
+Tmm{max{W(lCIzIB*IZ).W(IBI2IC*IZ)},max{W(IB*IZICIZ),W(IC*IZIBIZD}}
+1TTamax{W2(CB),w2(BC)}
1 * *
+- max{w(CB), w(BC)Imax{|[|B* + [C*[*Il, IICI* + |B*[?II3.
As a special case of Theorem 2.10 we have the following refinement of the inequality (1.3) for the special r = 2.
Corollary 2.11 Let A € B(H) and let a € [0,1]. Then
l1+a 1+a | . .
w*(4) < ETS A+ 1A+ Tmm{W(IAIZIA 1), w(4" 2141}
1-a 5. ,.2 1 2 2 *|2
+ w2 (A7) + cw(AD)AL + 4|
1 *
< AL+ 1471
Proof. Let B = C = A in the above theorem. Then we have

w(4d) =w ([1(4)13 ) (by Lemma2.1)

1+a 1+a

< . A" + 1471411 + = min{w (|4|?|4" ), w(|4"|?|A|%)}

+—W2(A2) += W(A2)|||A|2 + |A*|?|| (by Theorem 2.10)

1+0£ 1+a

* * 1 *
= A"+ 1A+ = Al + 147" I+ ==11A41* + 4|4l + <A1 + 14717117

(by the inequality (1. 4))
= A1 + 147 1*1] + S ICAPP + 147122
(by the fact: If X € B(#) is normaland n € N, then||X"|| = ||X||™)
<< lAF* + [A"1*1l + L IA]* + |4**]] (by Lemma 2.2)
=S4l + A7)

At the end of this paper, we remark that the upper bound obtained in Theorem 2.10 is better than the upper bound given
in Al-Dolat and Kittaneh (2023), (Theorem 2.12).

380



International Conference on Basic Sciences, Engineering and Technology (ICBASET), May 02-05, 2024, Alanya/Turkey

Scientific Ethics Declaration

The author declares that the scientific ethical and legal responsibility of this article published in EPSTEM journal
belongs to the author.

Acknowledgements or Notes

* This article was presented as an oral presentation at the International Conference on Basic Sciences, Engineering and
Technology (www.icbaset.net) held in Alanya/Turkey on May 02-05, 2024.

* MSC(2010): 47A12, 47A30, 47A63, 47B15.

References

Abu-Omar, A. and Kittaneh, F. (2015) Numerical radius inequalities for n X n operator matrices. Linear Algebra
Applications, 468, 18-26.

Al-Dolat, M., Al-Zoubi, K., Ali, M., & Bani-Ahmad, F. (2016). General numerical radius inequalities for matrices of
operators. Open Mathematics, 14(1), 109-117.

Al-Dolat, M., & Kittaneh, F. (2024). Upper bounds for the numerical radii of powers of Hilbert space
operators. Quaestiones Mathematicae, 47(2), 341-352.

Al-Dolat, M. & Al-Zoubi, K. (2024). Improved and refined numerical radius inequalities for Hilbert space operators.
Retrieved from https://assets.researchsquare.com/files/rs2668438/v1/a5h67b067e6f6fddcf09ch22. pdf

Aujla, J. S., & Silva, F. C. (2003). Weak majorization inequalities and convex functions. Linear Algebra and Its
Applications, 369, 217-233.

Bani-Domi, W., & Kittaneh, F. (2008). Norm equalities and inequalities for operator matrices. Linear Algebra and Its
Applications, 429(1), 57-67.

Bani-Domi, W., & Kittaneh, F. (2009). Numerical radius inequalities for operator matrices. Linear and Multilinear
Algebra, 57(4), 421-427.

Bani-Domi, W., & Kittaneh, F. (2021). Norm and numerical radius inequalities for Hilbert space operators. Linear
and Multilinear Algebra, 69(5), 934-945.

Bani-Domi, W., & Kittaneh, F. (2021). Refined and generalized numerical radius inequalities for 2x 2 operator
matrices. Linear Algebra and Its Applications, 624, 364-386.

Dragomir, S.S. (2009 ). Power inequalities for the numerical radius of a product of two operators in Hilbert spaces.
Sarajevo J Math. 18, 269-278.

El-Haddad, M., & Kittaneh, F. (2007). Numerical radius inequalities for Hilbert space operators. Il. Studia
Mathematica, 182, 133-140.

Hirzallah, O. Kittaneh, F. & Shebrawi, K. (2011) Numerical radius inequalities for certain 2 x 2 operator matrices.
Integr. Equ. Oper. Theory, 71, 129-147.

Kittaneh, F. (1988). Notes on some inequalities for Hilbert space operators. Publications of the Research Institute for
Mathematical Sciences, 24(2), 276-293.

Kittaneh, F. (2005). Numerical radius inequalities for Hilbert space operators. Studia Mathematica, 168(1), 73-80.

Author Information

Mohammed Al-Dolat

Department of Mathematics & Statistics, Jordan University
of Science and Technology, Irbid, Jordan.

Contact e-mail: mmaldolat@just.edu.jo

To cite this article:

Al-Dolat, M. (2024). General upper bounds for the numerical radii of Hilbert space operators The Eurasia
Proceedings of Science, Technology, Engineering & Mathematics (EPSTEM), 28, 375-381.

381


http://www.icbaset.net/

