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Abstract: In this article, all rings are commutative with a nonzero identity. Let G be a group with identity e, R
be a G-graded commutative ring, and M be a graded R-module. The concept of graded n-ideals was introduced
and studied by Al-Zoubi et al. (2019). A proper graded ideal I of R is said to be a graded n-ideal of R if

whenever r,s € h(R) with rs €I and r € Gr(0), then s € I. Recently the notion of graded n-ideals was
extended to graded n-submodules by Al-Azaizeh and Al-Zoubi (2023). A proper graded submodule N of a
graded R-module M is said to be a graded n-submodule if whenever t € h(R), m € h(R) with tm € N and
t € Gr(Anng(M)), then m € N. In this study, we introduce the concept of graded 2-n-submodules of graded

modules over graded commutative rings, generalizing the concept of graded n-submodules. We investigate some
characterizations of graded 2-n-submodules and investigate the behavior of this structure under graded

homomorphism and graded localization. A proper graded submodule IF of M is said to be a graded 2-n-
submodule if whenever r,s € h(R), m € (M) and rsm € U, then rs € Gr(Anng(M))orrm e Uortme U..
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Introduction

Throughout this article, we assume that R is a commutative G-graded ring with identity and M is a unitary
graded R-module. The concept of graded primary ideal was introduced and studied in Refai and Al-Zoubi
(2004). In Al-Zoubi et al. (2019), the concept of graded 2-absorbing ideals was introduced and studied as a
generalization of graded prime ideals. The concept of graded 2-absorbing submodules was introduced and
studied in Al-Zoubi and Abu-Dawwas ( 2014). In Al-Zoubi et al. (2017), the concept of graded 2-absorbing
primary ideals was presented and studied. As a generalization of graded 2-absorbing primary ideals, the authors
introduced and studied graded 2-absorbing primary submodules in Celikel (2016). In 2019, different type of
graded ideal, namely, graded n-ideal, was introduced in Al-Zoubi and Al-Turman (2019). Recently, in Al-
Azaizeh and Al-Zoubi (2023), the notion of graded n-ideals was extended to graded n-submodules. In this
paper, we introduce the concept of graded 2-n-submodules of graded modules over graded commutative rings,
generalizing the concept of graded n-submodules. A number of results concerning graded 2-n-submodules are
given. As an example, we characterized graded 2-n-submodules and studied graded 2-n-submodules under
graded homomorphism and under graded localization.

Preliminaries
In this section we will give the definitions and results which are required in the next section.

Definition 2.1.
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. Let & be a group with identity e and R be a commutative ring with identity 1,. Then R is G-graded ring if

there exist additive subgroups R, of R indexed by the elements g € G suchthat R =@ R , and R R, € Ry,
gEG

for all g, h € G. The elements of R, are called homogeneous of degree g. The set of all homogeneous
elements of R is denoted by h(R), i.e. h(R) =U R ,, see (Nastasescu et al., 2004).
geG

.LetR =B R , be G-graded ring, an ideal P of R is called a graded ideal if P =}, .; P N Ry, = Xpeq Pp, SEE
geG

(Nastasescu et al., 2004).

. A left R-module M is said to be a G-graded R-module if M =& M , with R, M, € M, for all g, h € G,
geG

where M is an additive subgroup of M for all g € G. The elements of M, are called homogeneous of degree
g. The set of all homogeneous elements of M is denoted by h(M), i.e, R(M) =1U M ,. Note that M, is an
gEG

R _-module for every h € G. For more properties, see (Nastasescu et al., 2004).

. A'submodule K of M is called a graded submodule of M if K =5, (K N My): =@ Ky, See (Nastasescu
et al., 2004).

. If K is graded submodule of M, then (K:z M) ={a € R | aM € K} is graded ideal of R. Furthermore, the
annihilator of ¥ in R is denoted and defined by Anng(K) = {a € R | aK = {0}}, see (Atani, 2006).

Definition 2.2.

1

~

. A proper graded submodule U of M is said to be a graded n-submodule (briefly, gr-n-submodule) if whenever
r € h(R), m € h(M) with rm € U and r € Gr(Anng(M)), then m € U, see ( Al-Azaizeh & Al-Zoubi,
2023).

. The graded radical of a graded ideal 1, denoted by Gr(I), is the set of all t = ¥, £, € R such that for each
g € G there exists n, € N with tgg € 1. Note that, if r is a homogeneous element, then r € Gr(J) if and only
if ¥™ € I for some n € M, see (Refai & Al-Zoubi, 2004).

. A proper graded submodule P of M is called a graded prime (briefly, gr-prime) submodule if whenever
a € h(R) and m € h(M) with am € P, then either @ € (P:y M) or m € P, see (Atani, 2006).

. A proper graded submodule U of M is called graded primary (briefly, gr-primary) submodule if rm € U, then
either m € U or r € Gr((U:zM)), where r € h(R) and m € h(M), see (Oral et al., 2011)

. A proper graded submodule N of M is said to be a graded 2-absorbing (briefly, gr-2-absorbing) submodule of
M if whenever r,5 € h(R) and m € h(M) with rsm € N, then either rm € N or sm € N or rs € (N:p M),
see (Al-Zoubi & Abu-Dawwas, 20014).

. A proper graded submodule U of M is called graded primary (briefly, gr-primary) submodule if ¥m € U, then
either m € U or r € Gr((U:gM)), where r € h(R) and m € h{M), see (Oral et al., 2011).

. The graded radical of a graded submodule N of M, denoted by G, (), is defined to be the intersection of all
graded prime submodules of M containing N. If N is not contained in any graded prime submodule of M,
then Gry (N) = M, see ( Atani &Farzalipour, 2007).

. A proper graded submodule N of M is said to be a graded 2-absorbing (briefly, gr-2-absorbing) primary
submodule of M if whenever r,s € h(R) and m € h(M) with rsm € N, then rs € (N:p M) or
rm € Gry (N) or sm € Gryy (N), see (Celikel, 2016).
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9. A proper graded ideal I of R is said to be a graded n-ideal (briefly, gr-n-ideal) of R if whenever r,s € h(R)
with rs € I and r € Gr(0), then 5 € I, see (Al-Zoubi & Al-Turman, 2019).

10. A proper graded ideal P of R is said to be graded 2-nil (briefly, gr-2-nil) ideal if whenever, a, b,c € h(3)
with abc € P, then ab € Gr(0) or ac € P or bec € P, see (Abu Qayass &Al-Zoubi, 2023).

11. A graded R-module M is called a graded faithful (briefly, gr- faithful) module if *M = 0, then r = 0 for
r € h(R), see (Atani, 2006).

12. Let R be a G-graded ring and M, M’ be graded R-modules. Let ¢: M — M' be an R-module homomorphism.
Then g is said to be a graded homomorphism if ¢ (M,) < M for all g € G, see (Nastasescu et al., 2004).

13. A nonzero graded module M is called a graded second (briefly, gr-second) module if
Anng(M) = Anng(M /N) for all graded submodule & of M, see ( Ceken & Alkan, 2015)

Characterization of gr-2-n-submodule

In this section, we provide several characterizations of gr-2-n-submodule. We begin by introducing the notion of
gr-2-n-submodules.

Definition 3.1 A proper graded submodule IJ of M is said to be a graded 2-n-submodule (briefly, gr-2-n-
submodule) of M if whenever r,s € h(R), m € (M) and rsm € U, then rs € Gr(Anng(M)) or rm € U or
tmeU.

From this previous definition, we can conclude that: every gr-n-submodule is a gr-2-n-submodule, every gr-
prime submodule is gr-2-n-submodule. gr-2-n-submodule is a gr-2-absorbing primary submodule. Also, every
gr-2-n-submodule U of a graded R-module M satisfying Gr(Anng(M) C (U:zM) is gr-2-absorbing. The
following example shows that these notions are different in general.

Example 3.2 Let p and g be prime integers. Let ¢ = Z, and R = Z. Then R is a G-graded ring with R, = Z and
R, ={0}.Let M = Z Then M is a graded R-module with M, = Z and M, = {0}.

(a) Consider the graded submodule I = pZ of M. Then U is a gr-2-n-submodule since it is gr-prime. Since
pleUbutl & Uandp € Gr{Anng(Z)) = {0}, U is not gr-n-submodule.

(b) Consider the graded submodule U = pgZ of M. Then U is a gr-2-absorbing (gr-2-absorbing primary)
submodule of M. Since p.q.1 EU, butp.1 € U, gq.1 € U,and p.q € Gr{Anng(Z)) = {0}, U isnot a gr-2-n-
submodule of M.

(c) Let G =Z; and R =Z. Then R is a G-graded ring with R, = Z and R, = {0}. Let I =Z,=. Then F is a
graded R-module with 5y = Z,= and I, = {0}. Consider the graded submodule U = p*Z,> of Z-module
Z,=. Then U is a gr-2-n-submodule of Z,= that is not gr-prime.

From the definitions above, the following theorem follows immediately.

Theorem 3.3 Let U be a proper graded submodule of graded R-module

1. If U is a gr-primary submodule and Gr(Anng(M)) = (U:5 M), then U is a gr-2-n-submodule of M.
2. If M is a gr-second module, then the two concepts of gr-2-n-submodule and gr-2-absorbing primary
submodules coincide.

3. If Gr{Anng(M)) = (U:z M), then the following are equivalent : [ (a)]
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(a) U is a gr-2-n-submodule of M.
(b) U7 is a gr-2-absorbing submodule of M.
(c) U7 is a gr-2-absorbing primary submodule of M

As shown in the following example, the condition Gr(Anng(M)) = (U:g M) in Theorem 3.3(1) is crucial:

Example 3.4 Let p be prime integer. Let ¢ = Z, and R = Z. Then R is a G-graded ring with Ry = Z and
R, ={0}. Let M =1Z. Then M is a graded R-module with M, =Z and M, = {0}. Consider the graded
submodule U = p*Z of M. Then U is a gr-primary, but it is not gr-2-n-submodule of M as p.p.1 € U but
neither p.p € Gr(dnng(Z)) = {0}norp.1 € U.

Let U be a graded submodule of M and r € h(R). We use the notation (U:,,r) to denote the graded submodule
{me€ M:rm € U}of M.

Theorem 3.5 Let U7 be a proper graded submodule of M. Then the following statements are equivalent:

(i) U isagr-2-n-submodule of M.
(i) Ifr,s € h(R) and rs € Gr(Anng(M)), then (U:p,;rs) C (U:py7) U (U:p 5).
(iif) Ifr,5s € h(R) and rs & Gr(Anng(M)), then (U:y1s) S (U:pr) or (Uspyrs) © (Uzpys).

Proof.

(i)=(ii) Let U be a gr-2-n-submodule of M, rs€h(R) such that rs & Gr{dnng(M)). Let
m € (U:yrs)Nnh(M). Then rsmeU. Since U is a gr-2-n-submodule of M, rsmelU and
rs € Gr(Anng(M)), we have either ¥rm € U or sm € U. Thus m € (U:y, 1) or m € (U:s). This follows
(Uzyyrs) © (Uzyym) U (Usps).

(if) = (iii) If a graded submodule is a subset of the union of two graded submodules, then it is a subset of one
of them by (Atani & Tekir, 2007, Lemma 2.2). Thus we get the result.

(iii) = (i) Let r,s€h(R) and meh(M) such that rsme€U and rs & Gr(Anng(M)). Then
m € (U:p,15) C (Uszpyr) OF mE (Uzyy7s) C (Uzyys) by (iii), and so rm € U or sm € U.

We give another characterisation of gr-2-n-submodules in the following theorem.

Theorem 3.6 Let U be a gr-2-n-submodule of M. Let V = sV, be a graded submodule of M,
I =@, I, and ] =B, J; be two graded ideals of M. Then the following statements are equivalent:

(i) U isagr-2-n-submodule of M.
(i) Forevery g € G, if rsi, € U for some r, s € h(R), then either rs € Gr(Anng(M))orri; € UorsV, c U.
(iii) Forevery g, h,1 € G, if I,V © U, then either I,,J; C Gr(Anng(M)) or IV, © U or J;}, € U.

Proof.

(i) = (ii) Let U be a gr-2-n-submodule of M, r,s € h(R) and g € G such that sV, € U. Assume on the
contrary that rs & Gr(Anng(M)), rV, €U and sV, € U. Then there exist v,,1; € ¥, with r, € U and
sy, € U. Since U is a gr-2-n-submodule of M, rsy, € U, ry, €U and rs € Gr(Anng(M)), we have

sv, € U. Similarly, sinice rsy; €U, sy €U and rs € Gr(Anng(M)), we have 1, € U. By
(v, +vg) € V,, we get rs(v, +v,) € U. Then either r(v, +v,) €U or s(v, +1,) EU as U is a gr-2-n-
submodule of M and rs & Gr(Anng(M)). If r(v, + v,) =rv, + 71, €U ,then ry, € U, a contradiction. If
s(v, +v;) = sy, + sy, € U, then sy € U, a contradiction. Thus we get the result.
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(if) = (iif) Assume that (ii) holds. Let g, h,I € G such that I,,J;}, € U. Assume that I,J; & Gr(Anng(M)),
IV, €U and [}V, €U. Then there exist in iy €I, and j,j; €], such that i,V, €U, ;I €U and
inji € Gr(Anng(M)). Since inj;V, C U, iV, € U and j;V, € U, we have i,j, € Gr(Anng(M)). Now since
infiV, € Uand ipj; € Gr(Anng(M)), we have either iV, € U or j;V, € U by (ii). We consider three cases:

Case 1: Assume that izl €U but jjV, €U. Since ijiV,cU, jiV, €U and iy}, €U, we have
inji € Gr(Anng(M)). Since iyl C U but i,V €U, we have (i, +ip)V; €U. By (ip+iz)jjV; €U,
(in+ip)V, €U and  jiV, €U, we get (in+ip)jj=1Injj+ipnj; € Gr(Anng(M)). Then
inj; € Gr(dnng(M)), a contradiction.

Case 2: Assume that j;V, © U buti;V, & U, similar to Case 1.

Case 3: Assume that ipl, € U and j;V, € U. By j;V, €U and j;, €U, we have (j,+ )V, € U. Since
Ui DV, €U, (i +jV, €U and iV, € U, we have i,(j; + i) = ixf; + ixj; € Gr(Anng(M)). Then
in){ € Gr(Anng(M)) since i,j; € Gr(Anng(M)). In the same way as above, since iV, € U and i,V, £ U,
we get (i, + 1)V, € U and iy, € Gr(Anng (M)).Now, since (i, + in)(j; + 1)V, € U, (in + i)V, € U and
Gy +iDv, €U, we have(i, +ix)(;+J1) = in; +ind] + inf;) +inji € Gr(Anng(M)) and  hence
inji € Gr(Anng(M)), a contradiction.

(iit) = (i) Let 7, 5; € h(R) and m, € h(M) with ,s;m, € U. Let I = (7,) and | = (s;) be a graded ideals of
R generated by ,, 5;, respectively. Let V.= Rm, be a graded submodule of M generated by m, . Then
IV, €U and hence either I,J; € Gr(Anng(M)) or IV, €U or ]}V, € U. Hence either ,m, €U or
s;mg € U orn,s; € Gr(Anng(M)). Thus U is a gr-2-n-submodule of M.

Theorem 3.7 Let I7 be a proper graded submodule of M. Then

(i) If (U:gm) is gr-n-ideal of R for all m € h(M)\U, then U is a gr-2-n-submodule of M.

(i) If U is a gr-2-n-submodule of M, then (U:,a) is a gr-2-n-submodule of M containing U for all
a € h(R)\(U:zg M).

(iii) Let M be a gr-faithful R-module. If U is a gr-2-n-submodule of M, then (U:5m) is a gr-nil deal of R
containing (U:5 M) for all m € h{(M)\U.

Proof.

(i) Let rsm € U and rs € Gr{Anng(M)) for some r,5 € h(R) and m € h(M). Hence rs € (U:pm) and
r,§ € Gr(0). If m € U, done. So assume that m & U. Then r,s € (U:pm) as (U:pm) is gr-n-ideal of R. So
rm,sm € U, as required..

(ii) Let a € h(R)\(U:g M) and let rsm € (U:y,;a) for some r,s € h(R) and m € h(M). Then (U:ya) = M.
Since U is a gr-2-n-submodule of M and rsma € U, we have either rs € Gr{Anng(M)) or rma € U or
sma € U. Then either s € Gr{Anng(M))or rm € (U:ya) or sm € (U:y a), as required.

(iii) Let m € h(M)\U. Hence (U:pm) =+ R. Now, assume that r,s,t € h(R) with rst € (U:pm) and
rs & Gr(0). Then rs & Gr(Anng(M)) as M is gr-faithful. Since U is a gr-2-n-submodule of M, rstm € U
and rs € Gr{Anng(M)), we have either rtm € U or stm € U, i.e. rt € (U:pm) or st € (U:zm).Therefore,
(U:pm) is a gr-nil deal of R. Clearly, (U:p M) C (U:pm).

Properties of gr-2-n-Submodules
Theorem 4.1 Let M and M' be graded R-modules and ¢: M — M’ be graded R-module homomorphism.
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(i).Assume that ¢ is a graded monomorphism. If U'is gr-2-n-submodule of M’ such that ¢~ (U") # M, then
@ 1(U") is a gr-2-n-submodule of M.

(i) Assume that ¢ is a graded epimorphism. If U is a gr-2-n-submodule of M with Ker(¢g) € U, then ¢(U) isa
gr-2-n-submodule of M".

Proof.

(i) Suppose that rsm € ¢ }(U") and rs € Gr(Anng(M) for some r,s € h(R) and m € h(M). Then
@(rsm) =rse(m) € U’. As ¢ is a graded monomorphism and rs & Gr(Anng(M), we get rs &
Gr(Anng(M"). Since U’ is gr-2-n-submodule of M’, we have either ro(m) € U" or sg(m) € U'. This
implies that either rm € @~ (U") or sm € @~ *(U"). Therefore ¢~ *(U") is a gr-2-n-submodule of M.

(ii) Suppose that U is a gr-2-n-submodule of M with Ker(g) € U. Let rsm’ € @(U) for some r,s € h(R) and
m' € h(M"). As ¢ is a graded epimorphism, then there exists m € k(M) such that m’ = ¢(m), hence
rsp(m) = @(rsm) € @ (U). Since Ker(g) € U, we have rsm € U. Since U is a gr-2-n-submodule of M,
we have either rm €U or sm €U or rs € Gr(dnng(M) and so either rm' = @(rm) € @(U) or
sm' = @(sm) € p(U)orrs € Gr{Anng(M")). Therefore, ¢ (U is a gr-2-n-submodule of M".

Corollary 4.2 Let 7 € ¥ be two graded submodules of M. Then the followings hold;

(i) If v isagr-2-n-submodule of M, then V' /U is a gr-2-n-submodule of a graded R-module M /UJ.

(i) 1f V/U is a gr-2-n-submodule of a graded R-module M /U and (U:5 M) € Gr{Anng(M)), then V is a gr-2-
n-submodule of M.

(iii) Let I7 be a graded submodule of M. If V7 is a gr-2-n-submodule of M such that I7 & V¥, then V n IJ is a gr-2-
n-submodule of U.

Proof.

(i) Assume that ¥ is a gr-2-n-submodule of M. Let f:M — M /U be a graded epimorphism defined by
f(m)=m+ U. Then Ker(f) = U €V, so by Theorem 4.1 (ii), V/U is a gr-2-n-submodule of M /U.

(if) Is clear.

(iii) Assume that ¥V is a gr-2-n-submodule of M such that U & V. Consider the graded monomorphism
@: U — M defined by @(m) = m for all m € M. Then ¢~ 2(V) =V N U, so by Theorem 4.1 (i), VN U is a
gr-2-n-submodule of 7.

Let I be a proper graded ideal of a G-graded ring R and N be a graded submodule of a graded R-module M. The
notations G-Z;(R) and G-Z,(M) denote the sets {r€ h(R):rs€l for some s € h(R)\I} and
{r € h(R):rm € N for some m € h(M)\N }.

The following result studies the behavior of a gr-2-n-submodules under localization.

Theorem 4.3 Let § € h(R) be a multiplication closed subset of R and U7 is a proper graded submodule of M.

(i) If U is a gr-2-n-submodule of M with (U:z M) NS = @, then S™1U is a gr-2-n-submodule of S~ M.
(i) Assume that Gr(Anng-15(S7M)) = S~ Gr(Anng(M)). If 71U is a gr-2-n-submodule of S™*M, and
S0 G-Zgranngony (R) = S N G-Z;(M) = @, then U is a gr-2-n-submodule of M.

Proof.
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i) Assume that 7 is a gr-2-n-submodule of M with (:x; M)NnS = 0. Let rim‘:'5'1113, where =, £
R

51 5q 53 5y Sa

€ h(S~*U) and % € h(S~*M). Then trkm € U for some t € . Since U is a gr-2-n-submodule of M, we
have either 1k € Gr(Anng(M)) or trme€U or tkm €U, which implies that either

X e s-16r(Anng (M) C Gr(Annc1g(S7IM)) or 1B =FM eg-1y o =ER_HM g1y

E- 5459 5,55 553  [SqSg
Therefore, S~ U is a gr-2-n-submodule of § 1 M.

rkm

ii) Let rkm € U for some r, k € h(R) and m € h(M). Then 111 € S~1p. Since S™'U is a gr-2-n-submodule of

rm

S~1M, we have either E% € Gr(Anng-15(S™'M)) = S~ Gr(Anng (M) or 77
either trk € Gr{Anng(M) for some t € 5 or Irm € U for some I € § or vkm € U for some v € S. This
implies that either 7k € Gr(Anng(M) of Tm €U of km€U as SN G-Zgrpanngony(R) =S N G-
Zy (M) = @. Therefore, U is a gr-2-n-submodule of M.

€510 or %? € 5-11. So,

Let R be a commutative ring and M be an R-module. Then the idealization R{(+)M = {(r,m): r € R and
m € M }is the ring whose elements are those of R x M equipped with addition and multiplication defined by
(rrm)+ (' m)=(r+r . m+m’)and (r,m)({r' m") = (rr',rm’ 4+ r'm) respectively. Let G be an abelian
group, R = g@a R, bea G-graded ring and M =g@a M, bea G-grded R-module. Then R(+)M is a G-graded

ring with(R(+)M), = R, (+)M,, see (Uregen et al., 2019, Proposition 3.1). If [ is an ideal of R and U is a
submodule of M with IM € U. Then I{4+)U is a graded ideal of R{(+)M if and only if I is a graded ideal of R
and U is a graded submodule of M, see (Uregen et al., 2019, Proposition 3.3).

Theorem 4.4 Let I be a graded ideal of R and U be a proper graded submodule M. If I(+)U is gr-2-nil ideal of
R(+)M, then I is a gr-2-nil ideal of R and U is a gr-2-n-submodule of M.

Proof.

Suppose that I(+)U is a gr-2-nil ideal of R(4)M. At first we want to show that I is a gr-2-nil ideal of R. Let
rst €I but rs € Gr(0) for some r, 5.t € h(R). Hence (7,04)(5, 04 )(t,05) = (rst,0,) € I(+)U but
(7, 03)(5,0) = (75,05) € Gr(Ogyyps)- Then either (5,05 )(t, 0p) = (5t,04) EI(H)U or
(7, 0y )(t, 0yy) = (1t,04) € I{H)U as I(+)U is gr-2-nil ideal of R(+)M. This implies that either st € I or
rt € 1. Thus [ is a gr-nil ideal of R. Now, we want to show that IJ is a gr-2-n-submodule of M. Let rsm € U
and rs € Gr{Anng(M) for some r,s € h(R) and m € hA(M). Then (1, 0,;)(5, 0,,)(0,m) = (0,rsm) € [{+)U
with (7, 0,)(5,0,) € Gr[ﬂgc-+:,,.q). Since I{+)U is gr-2-nil ideal of R({+)M, we have either
(r,044)(0,m) = (0,rm) € I(+)U or (5,0,)(0,m) = (0,5m) € I(+)U. Hence, either rm € U or sm € U.
Therefore, U is a gr-2-n-submodule of M.
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