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Abstract: Based on geometric intuition, in this paper we are trying to give an idea and visualize the meaning
of the determinants for the cubic-matrix. In this paper we have analysed the possibilities of developing the
concept of determinant of matrices with three indexed 3D Matrices. We define the concept of determinant for
cubic-matrix of order 2 and order 3, study and prove some basic properties for calculations of determinants of
cubic-matrix of order 2 and 3. Furthermore we have also tested several square determinant properties and noted
that these properties also are applicable on this concept of 3D Determinants.
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Introduction and Preliminaries

Based on the determinant of 2D square matrices (Salihu et al., 2021b; Artin, 1991; Bretscher, 2005; Salihu,
2018; Schneide et al., 1973; Salihu et al., 2019; Lang, 1987). As well as determinant of rectangular matrices
(Radi¢, 1966; Salihu et al., 2022b, Salihu et al., 2023; Radi¢, 2005; Salihu et al., 2022a; Salihu et al., 2022c;
Salihu et al., 2021a; Amiri et al., 2010; Makarewicz et al., 2014). We have come to the idea of developing the
concept of determinant of 3D cubic matrices, our concept is based on permutation expansion method.
Encouraged by geometric intuition, in this paper we are trying to give an idea and visualize the meaning of the
determinants for the cubic-matrix. Our early research mainly lies between geometry, algebra, matrix theory, etc.,
(see Peters-Zaka, 2023; Zaka, 2019a; Zaka-Filipi, 2016; Filipi et al., 2019; Zaka, 2017b; Zaka, 2018; Zaka,
2016; Zaka-Peters, 2020; Zaka-Peters, 2021; Zaka et al., 2020a; Zaka et al., 2020b; Zaka-Peters, 2024a; Zaka-
Peters, 2024b; Deda-Zaka, 2024). This paper is continuation of the ideas that arise based on previous researches
of 3D matrix ring with element from any whatever field F see (Zaka, 2017a). But here we study the case when
the field F is the field of real numbers R. In the paper (Salihu-Zaka, 2023; Zaka-Salihu, 2024).

We have made progress in our research, related to cubic-matrix determinants, we have studied some basic
properties related to determinants of cubic matrix, we have also tried how the Laplace expansion method works
in the calculation of cubic-matrix determinants for cubic-matrix of order 2 and 3. In this paper we follow a
different method from the calculation of determinants of 3D matrix, which is studied in (Zaka, 2019b). In
contrast to the meaning of the determinant as a multi-scalar studied in (Zaka, 2019b). in this paper we give a
new definition, for the determinant of the 3D-cubic-matrix, which is a real-number. In the papers (Zaka, 2017a;
Zaka, 2019b). Have been studied in detail, properties for 3D-matrix, therefore, those studied properties are also
valid for 3D-cubic-Matrix. Our point in this paper is to provide a concept of determinant of 3D matrices. Our
concept is based on Milne-Thomson (see Milne-Thomson, 1941). Or permutation method used in regular square
matrices.

The following is definition of 3D matrices provided by Zaka in 2017, see (Zaka, 2017a; Zaka, 2019b).
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Definition 1 3-dimensional m = n = p matrix will call, a matrix which has: m-horizontal layers (analogous to

m-rows), n-vertical page (analogue with n- columns in the usual matrices) and p-vertical layers (p-1 of which
are hidden).

The set of these matrix’s the write how:

My nep(F) = {a;jxla;jr € F —field vi=1,m; j=1n; k=1L1p} (1)

Figure 1. 3D-Matrix view.

In the following is presented the determinant of 3D-cubic matrices, as well several properties which are adopted
from 2D square determinants.
Cubic-Matrix of Order 2 and 3 and Their Determinants

A 3-dimensional-matrix A, .., for n = 2.3,..., called "cubic-matrix of order n". For n = 1 we have that the
cubic-matrix of order 1 is an element of F.

Let us now consider the set of cubic-matrix of order n, for n = 2 or n = 3, with elements from a field F (so
when cubic-matrix of order n, there are: n —vertical pages, n —horizontal layers and n —vertical layers). From
(Zaka, 2017a; Zaka, 2019b). We have that, the addition of 3D-matrix stands also for cubic-matrix of order 2
and 3. Also, the set of cubic-matrix of order 2 and 3 forms an commutative group (Abelian Group) related to
3Dmatrix addition.

Determinants of Cubic-Matrix of Order 2 and 3

In paper (Salihu-Zaka, 2023). We have defined and described the meaning of the determinants of cubic-matrix
of order 2 and order 3, with elements from a field F. Recall that a cubic-matrix A, .., for n = 2.3, ..., called
"cubic-matrix of order n".

For n = 1 we have that the cubic-matrix of order 1 is an element of F.

Let us now consider the set of cubic-matrix of order n, with elements from a field F (so when cubic-matrix of
order n, there are: n —vertical pages, n —horizontal layers and n —vertical layers),

Mr":F] = {Anxﬂxn = ':ﬂl'_i'k ]nxnxnlﬂl'_i'k EF. Vi =T.J‘1:j = T'n: k= In}

In this paper, we define the determinant of cubic-matrix as a element from this field, so the map,
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det: M, (F)
VA € M, (F

Below we give two definitions, how we will calculate the determinant of the cubic-matrix of orders 2 and 3.

- F

)+ det(d) €F.

Definition 2 Let 4 € M. {F)bea 2 x 2 x 2, with elements from a field F.

A _ (ﬂ 111
- Gzi1

Determinant of this cubic-matrix, we called,

11 ”L:L|ﬂn: Qyzn

detld;, 2,2] = det (n..“_ fary

Gzpz G272

Byzp
Gzzy

Gz Bpoz
Ozpz G2z

).

The follow example is case where cubic-matrix, is with elements from the number field E.

Example 1 Let’s have the cubic-matrix, with element in number field E,

detld;, 0n2] = d

et (*

—3|-2

3 -7 ‘31‘)

) = Gyyy tGoon — Oyyo * Gazy — Gyny " Goys F Gpon Qo

then according to the definition 2, we calculate the Determinant of this cubic-matrix, and have,

4 -31-2 4

detfAyne] = det (* 20| T2 3

det[Asynna] = 12 — (—10) — 21 + (—4) =12 + 10 — 21 — 4 = -3,

)=4-3-(=2)-5-(=3): (- +4(-D)

We are trying to expand the meaning of the determinant of cubic-matrix, for order 3 (so when cubic-matrix,
there are: 3-vertical pages, 3-horizontal layers and 3-vertical layers).

Definition 3 Let A € M, (F) be a3 x 3 x 3 cubic-matrix with element from a field F,

fyag
fzag |.
fgaz

Gy Bz G| @
Agygug = | Bzir B2z Oz | 0O
fgyp  Ggzp Ogmld

Determinant of this cubic-matrix, we called,

Gy Gz @3
det[Az.q.z] = det| G211 B2z B3y
Ggp1 O3z G331

det[Az,aua]l = Gy * G2an * a3z — Gyyy * Oogn

t@yyy - Gagy tGgan — Gyyo
tayys - a3y *Gg23 — Gyyo
—yyg " fapp gz — g
—fyny " Oays *fggg + oy
—fyn " fagg "y e + 000

—iyss " Gagy "Gy g + Gyan

iz Bpmp Oggz| fupz Bz
21z Bz Hpgz| fzpz oz
g1z HBgzz  Ogzzlfgpy gz
Gz Gpaz i3z Gz @y
Gapz Gpzz Grzz (G213 fazg
Ggpzr  Ggzz  Gggz  I83;3 O3z
“lgzg — Gy " Oaza
"2y v Gyt Gyyo v Gong gy
" fagy t Oy + Gyy3 " @ony G0
"fggy Oz F Oyt Bogs O3z
"fgyg  Ogzc + 02y c Bogs "G313
Tyt fggg T gz v Oy g
Tlngg t Oy — Oprz t Qzpp " Ogaz
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t0yog - Ooys * gy + 00y Gogy " Ggyp — Gypag * Gogs "y
tayg - Goys g0y — Oy *Goyg " Ogan — Opgy * Gop “ Oy
tayg) " Oapg *Ogys —Oygo * Goyy " Ogay + Gpgo * Goyg “ O3y
tygs - Oagy *Ogy3 —Oygo * Gong ~ Ggyy t Gpgy * Goyy " O3a0
—@y3g " Gpyp "3z —Oy33 " Gazy " Gz + Gy33 ~ Gonp “ A3
The follow example is case where cubic-matrix, is with elements from the number field E.

Example 2 Let’s have the cubic-matrix of order 3, with element from number field (field of real numbers) E,

30 —4/-2 4 0]5 1 0
det[Az . zna] = det(z s —1/-3 0 33 1 2).
0 3 —21—3 2 slo 2 3

Then, we calculate the Determinant of this cubic-matrix following the Definition 3, and have that,

3 0 —4|-2 4 0|5 1 0
det[Asyaua] = det(z 5 —1/-3 0 33 1 2)
0 3 —-20-3 2 slo 4 3

=3:0-3-3-3-4-3-1-543-2-2—(=2)5-34 (-21(-2)+ (-2)(-1) - 4—(-2)2-3

+5-5-5-5-0-(-2)-5-(-1)-2+4+5-3-3-0-(-3)-3+0-3-5+0-3-0-0-2-(-3)
+4.2-3-4-3-(-2-4-(-1)-0+4-2-0-1-2-541-(-3)-(-2)+1-(-1)-(-3)-1-3-0

+(-4)(-3)-4 - (—93-2 - (—4)0- 0+ (—4)1(-3)-0-2-4+0-3-340-5-0-0-1-0+

+0-2-2-0-(-3)-3-0-5-(=3)4+0-0-0
SO,

det[d,2.2] =0-36-15+12+30+4+8+12+125+0+10+45+0+0+0+0+24+24+0
+0-10+6+3-0+48+24+0+12—-0+0+0—-0+0+0+0+0=326.

Hence,
30 —4)]-2 4 0] 1 0
det (2 3 —-1|1-3 0 3|3 1 2) = 326.
o3 -21-3 2 510 4 3

Some Basic Properties of Determinants for Cubic-Matrix of Order 2 and Order 3

Definition 4 We will call I,, a unit-3D-cubic-matrix of order 2 or 3, with elements &;;, which are:

_IEI for, iFj+k
Tl for, i=j=k

Proposition 1 For every unit-cubic-matrix of order 2 or 3, with element from number field B, we have that
det(I,) =1.

Let’s have the unit cubic-matrix of order 2,

= olo 1)
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then, this determinant is,

_ 1 010 0y_ ., . _
det(l)=det(; |y J)=1-1=1
Now lets have the unit-cubic matrix of order 3,
1 0 o]0 0 ojo o 0
I, = (U 0 o0 1 ojo a0 D)
0 0 oo 0o olo 0 1

then this determinant is,

=
=]
=

o000
oo EI)='J.-'J.-'J.='J_

dEtifs]:dEt[I!x:x!]:dEt(U 0 0
o o1

0o o
0 1 0
o o
Theorem 1 Suppose that A is a cubic-matrix of order 2 or 3, with a plan where every entry is zero then its
determinant is ’zero’, so det(A) = 0.
Proof. We are discussing the following cases:

1. Forplani = 1: Let A be cubic-matrix of order 2, where all elements on the plan i = 1 are equal to zero, then
based on definition 2:

0 0

Qzyp G2z

0 0

Onpn Ozzn

det[As,0.2] = dEt( ]: 0 @rp =00y =0+ 82yp + 080y, =0

2. Forplani = 2: Let A be cubic-matrix of order 2, where all elements on the plan i = 2 are equal to zero, then

based on definition 2:

o Eyny | Bygn Lyan
H:x:xfz(nu-l UL-L DLL- UL--JzﬂLLl.U_ﬂLL: 'U_ﬂL:L'U+ﬂ1::'U=U-

3. Forplanj =1: Let A be cubic-matrix of order 2, where all elements on the plan j = 1 are equal to zero, then
based on definition 2:

0 apy
0 axy

a -
ﬂj_--]:ﬂ-ﬂ::: —U-ﬂ::L_ﬂL:L.U_I_ﬂL:: -0=0

det{ Az cavz] = det

0 ax

4. Forplanj = 2: Let A be cubic-matrix of order 2, where all elements on the plan j = 2 are equal to zero, then
based on definition 2:

Qyn

0 0
det[A; 2.2] = det (ﬂln s [IJ =ay; *0-a,y,-0-0-a;, +0-a;, =0

iz 0

5. For plan & = 1: Let A be cubic-matrix of order 2, where all elements on the plan & = 1 are equal to zero,
then based on definition 2:

0 0]z 2o

detlds na] = det (o 22

):D'ﬂ::: =y r 0= 0-a5; + a2, -0=0.
6. For plan & = 2: Let A be cubic-matrix of order 2, where all elements on the plan & = 2 are equal to zero,
then based on definition 2:

Gy Sz |00

det[Asy02] = dEt(ﬂ_LL -, 1D 0

):ﬂLLL'U_D'ﬂ::L_ﬂL:L'U+U'ﬂ:LL:U-

Now we will consider for third order cubic-matrix, as following.
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1. Forplani = 1: Let A be cubic-matrix of order 3, where all elements on the plan i = 1 are equal to zero, then
based on definition 3:

0 0 0 0 0 ] 0 0 0
det[Az,3,3] = det (ﬂ:u Opzy Oagp|@zpz  Gopz Opgo |21z O2og “:33)
Og3y1 gz (ggylQzpz CGgps Oggo 0333 fOgpg  f3gg
=08y " G333 — 0" 837 " Ggzg — 0 Gpog - G332 + 0 8255 - G520
—0- 820 "Gy + 0-Gpog gy + 080y " g0y — 00 Gagp -Gy
10 ayny 332 — 0 Aaon Bz — 0 Gagy * Gany + 00 Bogs * Gany
—0-amys " Gg3g + 0" Gayg ~Gggn + 0 8oy - Gyy3 — 0 Gagg - Gy
+0- a5y " 333 — 0823 " 833 — 0825y " @343 + 08235 - a3y
—0-ayy, ~agg, +0-az; -85 + 08y - 83y — 00 8252 - a3y
10 ayyp - ag0g — 0 @nyg ~Agny — 0 Bopy » Aggg + 00 @2pg - Ggy0
—0- 8y "agy +0-anyg ~Ggsy + 080 "853 — 00 a2y -Gy

+0- 82, " Gg00 — 0 @ayn " Ggny — 0 Aoy * A3y + 0 Aoy - @13y, = 0.

2. Forplani = 2: Let A be cubic-matrix of order 3, where all elements on the plan i = 2 are equal to zero, then
based on definition 3:

Q31 Oypy gy |Qygr Gyps Gpgs |@p33 Bpog Bygg
det[Ag.g.a] = det (U a ] 0 0 i 0 0 0 )
Ogy; fGgpy ggy iz Ggps  Oggo 18333 Ogog  Gagg
=ayyy "0-az33 —ayyy 0 ag3 —ayyy - 0 agg; +ayyy -0 a5
—Gyy2 0" g3y + Gyy0 "0 - aggy + 840 -0 g0y — s -0 ag
tayg -0 agg —ayyg "0 -aggy — a3 -0 8320 +ayy -0 agy
—Oysy 0" Gggg + @yny "0 - Ay + 830y -0 893 —aysy -0 agys
+ay; 00 G333 — A2z "0 @33y — @z 00053 +ay5 -0 a5y,
—Oyp3 "0+ @33 +Qy23 *0 - @ggy +yo3 0032 —ay53 -0 a5y,
+ayg; 0 a3 — Qg "0 -ag2 —ayg 0 ag3 +ay5 0 ag;
—Oygs 0" g0y + g0 "0 - Ggoy + Byg0 -0 6gy3 — Gygn - 0-agyy

+eyan 0 gnn — Byag "0 Qyay — @yap "0 830 + Ay37 00 8y, =0,

3. For plan i = 3: Let A be cubic-matrix of order 3, where all elements on the plan i = 3 are equal to zero, then
based on definition 3:

Qyap Byzy Opgy | @iz Bz Bpgz Pz @z ﬂus)

dEt[A!xsxs]=dEt(”:LL fzzy  Hzap |2y Bpzz fogn Oz Oozg Oogg
0 0 0 0 0 0 0 0 0
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=@y tOann 0=y Bagn 0=yt Bang O Ayt Bagg -0
—Byy2 " Gazy 0+ Byyo Boog 04 By Bagy 0 — Gyyo * Bagg - D
toyyg Gz 0 — By @m0 — @y *Gagy 0+ Ayyn - Gogn 0

—fyny tOays 04 Gyny Oy O Aysy “Gagn 0 — @y Bagg - 0
+ay0p 8y 0 —@ypr g 0 — @0~ Bagy -0+ 8ppp - Bgg - 0
—@yp3 " Gzyy 0+ @yag @y " 0+ @pog ~Gzgy 0 — Aypg - A2gp - 0
+ay3; “ Gz 0 —aygy @yt 0—ayg “azp "0+ a6 - 0
—Oygs " Bayy "0+ Gyge “Gyg - 0+ Bygs - Gany -0 — Gygn - Gang - 0

toyan Gy 0 — Byag " Bayn 0= @yag Aoy~ 0+ Ayag * Bonn - 0 =10,

For plan j = 1: Let A be cubic-matrix of order 3, where all elements on the plan j = 1 are equal to zero, then
based on definition 3:

0 @y @3 |0 @y @132 |0 G0 “uz)

dﬂ[ﬂsx!xs]:dﬁ(n fany  Oaay |0 @ann  Gga |0 G223 Oaaa
0 @any Gy 10 O30p G232 10 G320 Oagg

=082y " G333 — 0" Gagz " G323 — 0 Gong - 332 + 0~ G2gg - Ag2n
=0 a5 " 333 + 0223 - Gg3y + 082y G323 — 0 a35 - Gy
+0- a5p) - 8332 — 0 G2z B33y — 0@z - Ggzp + 0 a3 - a3y
=@z "0+ ag33 +Qy5y "0 @ga + apzy “Gzg2 "0 —aygy G235 - 0
Fayas - 0 Gg3y — Gyon "0 - Gggy — Byos ~Gagy "0+ Gyan - Gogg - 0
—Oyag " 0" Gggn + @yog "0 - aggy + Gy2g " Gagy "0 — Gyag ~ Gogz - 0
tayg r 08y — @y "0 G300 — 849y " Gaan "0+ 8y - Gong - 0
=3z "0+ @305 + Qyg2 0 - @2y + a3z~ Qzpy "0 —Aygp A2z - 0

+ay33 -0 832 — 8133 -0 - 830y — Ay33 * B2y "0+ Bygg - 82 -0 =00

For plan j = 2: Let A be cubic-matrix of order 3, where all elements on the plan j = 2 are equal to zero, then
based on definition 3:

=]

gy 0 am|an: 0 agr|ans 0 a6
Grgz (8213 0 @rgg

det[Az.3.3] = dEt(ﬂ:LL 0 axy|an:
g1y 0 agglag: 0 agplag; 0 agg
=ayy; "0-8335 — Gy " Brgz 0 —ayyy -0 835 + 4y, 82350

—Byy2 * 0 fggg + 80 "0 - 8ggy + By *Gagy 0 — Gyyo * Bagg D

+oyyg 0 flgan — Gy "0 833y — @y *Gogy 0+ Gyyn * Gogn 0
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=0 as,
10 @y

=0 ay, ~ag3, +0-

*Oy33 +0-

*Ogq3 — 0

+oy3; t Gays 0 — Gygy By

flzyz * Oa3n + 0 Gago
g * Oggy — 0" Gogy

flayn * Ogzy + 0 @2y -

0—ay,

—8y3z " 8xyy 0+ a@ygp 8y - 0+ ay;

" Ggyg
" Ggyg
Ggyz
-0-

G313

+0-ag;

" Oazg

" Gagg

" Oaga

t+ay, -0

" Ogpn

Re-TE

TR

Ggp2

— 8y -0 agy,

+8y33 s 82y 0 — @133 "8y 0 — @35 - 08y, + 8155 -0 a5y, =0.

For plan j = 3: Let A be cubic-matrix of order 3, where all elements on the plan j = 3 are equal to zero, then

)

based on definition 3:

det[Az,g.3] = det (”:LL

=yt

—Gy

+ayy -

—Oyzp
+ay,0

—fyrg

oz -0 — @y, -

F Oz

Gnzp

FOagn

Ty

Byp1

fg11

0+ ayys
‘0 —ayy,
0+ apm,

‘0 —a;

“fyy 0+ ay

gy 0
Gz 0
agx; 0
0-ag:3 —ayy, -
" ang
LS
AT
"y

T layn

Gy
Gy

fgpz

"0+ a0
"0 —ayy,
0+ a,
"0 —a

0+ a5

g, 0
Gy 0
ag: 0
fizzg * 0
* 0+ fig0q
*0 - ag0n
SV PYP

+0-ag;

+0-ag;

+0- ayy; - Az — 0- 8513 832 — 0 anpp

=0 @y, "8y + 0" Goyg " Bgoy + 0+ 8oy

" Ogpg

G313

13
(13
(313

+ayy, -0

— e -0
+ays -0
— @y, 0>
+ay, -0

_ﬂ].:ﬂ.':l.

+0- a5,

=0 aag

2y O
fizzg O
figzg O

" Qgnan

Ggzy

fgzp

Ggp2

fgy1

fgy1

T Ogpn

Re-TE

+0 -85y, * Gg20 — 0+ @ys

*Ogzy — 0 8apy g0 + 0 G20 - a5y, =0,

7. For plan k& = 1: Let A be cubic-matrix of order 3, where all elements on the plan & = 1 are equal to zero, then
based on definition 3:

0 0 0]z Gpoz Gpgp |Gz Gz Opog

det[Ag.g.z] =det| 0 0 0|82z OG22z @2z (B3 Bzzz Oogg
0 0 0lag: Ogzz Ogzz 183z Bzzz Gaag

=0- 8250 " G333 — 0" 23 " G303 — 0" G223 ~ G330 + 0~ Gag3 - G300

—fyys 0 fgay + 8ypo " Ong " 0+ @y 0" Gg0g — Gyyn * Gogg 0

+oyy0 0 flgan — Gy " @nn * 00— @yy3 0" 800 + Gyyn " Gogn 0

—0-ayy; ~agg + 0-a5y5 832 + 0 Gpgp - 8393 — 0 G2g5 - G830

+ay2; - 00 8333 — @yop "8z 00— @20 - 08555 + 8y5p - Gogg - 0

—8y2g - 0 833 + @yog " Ay 0+ Ay05 - 0830 — 8y2g - Gogz 0
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10 ayys O30y — 0 Aayg " Ba0p — 0 Bany * Gagg + 00 Bong - Gayn
—fy32 * 0 oy + Byg0 " Bogg * 0+ Bygn 0" 8yy3 — Gygn * Gong * D
+ey3n 0 Ggn0 — Byag " Bayn "0 — @yap 0 830 + A3z * Bonn - 0 =10,

For plan k = 2: Let A be cubic-matrix of order 3, where all elements on the plan & = 2 are equal to zero,
then based on definition 3:

Gppp Gpogp @ [0 0 0%z Qpzz Opzg
det[Ag, 2.1] = det(ﬂ:u Gzz1 G230 0 0Offzz  Boz ﬂ:::)
Oz11 Bz @z;l0 0 018z B3zz  Ggag
= ayyy 0 -a333 — Gy "0 8gg — 8y " Gang -0+ ayyy ~ oz -0
—0- 820 "Gy + 0-Gpog gy + 080y " g0y — 00 Gagp -Gy
tayyz 8any "0 —ayyy -0 -agy — 8y " Gag "0+ ayy -0-ag
=@z "0+ G333 + Qyzy @y3 -0+ apny 008353 —Ayz) Aoz - 0
+0- a5y " 8333 — 0023 " 033 — 0 @23y " G453 + 0 az33 - a3y
—Oyz3 "Gz 0+ Ao <0 @ggy + o3 “Gzgy "0 — @y -0y,
tayg -0 g0 —Gygy "Gz "0 —@ygy - 0-ag3 + 813y " Gong - 0
—0- 8y "agy +0-anyg ~Ggsy + 080 "853 — 00 a2y -Gy
+ay3y "8y "0 — @133 "0 a3y —Bygg ~Gany "0+ aygy - 0-agyy =0.

For plan k& = 3: Let A be cubic-matrix of order 3, where all elements on the plan & = 3 are equal to zero,
then based on definition 3:

Gpyp Gpogp O [Gppr gz Gpzz 0 00
det[Ag, 2.1] = det(ﬂ:u Gzzp  Gpgp|@rpz Gz Gozz |00 EI)

Ogp11 Oz Bazylfapz Bz G332 10 0 0
= @yyy "Gz 0 — Gy " Gagn t 0 —ayyy - 0833 +ayyy 0 - ag0n
—Oyy3 Gz "0 @y 0 -agyy F Ay -Gy t0—ays - 0-agy
+0- a5p) - 332 — 02z 033y — 0@z " Ggzp + 00 az3; - a3y
=@z “ Gy 0+ @y 0 aggz + aypy -Gz "0 —aysy -0 agys
+ayz; t Gz 0 — @ 0 @ggy — @po; “ Gz "0+ Ay -0 agy,
=0 a5y " 8332 + 0022 033y + 082 - ag3y2 — 0+ az3; - a5y
tayg 8yt 0 —aygy "0 Ay — a8y " Gaen "0+ ayy -0 agys

—fygr *Gayy 0+ Byg0 0 8gny + @yan “Bany 00— yzn 0 agyy

+0 - 80y " gon — 0 Goyn * Ggoy — 0 Aoy " Bgy0 + 0 Goon * 8y, = 0.
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Based on definition 2 and definition 3, we can see that each term is multiplied with elements of each plan once,
hence the proof can be easily seen, as presented above.

Proposition 2 Suppose that A is cubic-matrix of order 2 or 3, and let’s be B the cubic-matrix of same order with
A, which obtained from A by multiplying any single: "horizontal layer" or "vertical page" or "vertical layer"
with scalar &. Then det(B) = & - det(A), if & = 0.

Proof. We are discussing the following cases for cubic matrix of order 2 and cases for cubic matrix of order 3:

Case 1. The cubic-matrix A of order 2, (and B has order 2), we will proof the case 1 for each "horizontal layer",
"vertical page" and "vertical layer", as following:

1.

For plani = 1: Let A be cubic-matrix of order 2, where all elements on the plan i = 1 are equal to zero, then
based on definition 2:

— G fyyy O Oy | & " yy0 ”'ﬂj.::)
det[B; ;] = det (ﬂ:u fany floya Qozn

=@y tOapy — O 8y Oy — @ fypy Gy & 8ppp 8y = @ det[Aro, 0]

For plani = 2: Let A be cubic-matrix of order 2, where all elements on the plan i = 2 are equal to zero, then
based on definition 2:

Oyp1 Byzp gz Byzn

det[B; ;o] = det ( : : =)
B2z 2] OOy O Qo IO Ozpr 0" Ozzz

=Gy 0t Oann — Gy 0 Oany — gy 0 Oay b Gypnn 0 8y = 0 det[An, ]

For plan j = 1: Let A be cubic-matrix of order 2, where all elements on the plan j = 1 are equal to zero, then
based on definition 2:

det[B 1 = det (”'“LLL oy | 8" B2 Iﬂj.::)
e @y Oapl @Gy Oazz
S @ty s — @ My Oy — gy 0 Oy b Bypnn 0l = 0 det[An, ]

For plan j = 2: Let A be cubic-matrix of order 2, where all elements on the plan j = 2 are equal to zero, then
based on definition 2:

Gypp GOy |Byr © 'ﬂj.::)

dﬂt[B:x:x:]:dEt(n:u T

=@y " "Gapy — Gy @Gy — @ Oypy tGpyp & Qppp 8y = @ det[Aqo 0]

For plan k = 1: Let A be cubic-matrix of order 2, where all elements on the plan & = 1 are equal to zero,
then based on definition 2:

Gy O Opoy | Bz Hpoz )

det[B: 2] = det (” flzpy Ot Oamy I Gngr G2z

Sy, Banr —Oyyp 0 Oy — 8 Oyoy tOayo Oy 8 By T & - det[Az ;0]

For plan k = 2: Let A be cubic-matrix of order 2, where all elements on the plan & = 2 are equal to zero,
then based on definition 2:

By Oy & -dy o 'ﬂj.::)

dEt[B:x:x:]szt(n:u Bony | 6 Bapn O " @azsn
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=y 0t Oann — @ My Oy — gy 0 Oy b Oyan tlayy = @0 deb[An, ]
Case 2. The cubic-matrix A of order 3, (and B has order 3)

1. Forplani = 1: Let A be cubic-matrix of order 2, where all elements on the plan i = 1 are equal to zero, then
based on definition 3:

G-ty 0@y GOy |0 Oy Ot fpnp G0 Opgn |G fpyy Ot Oppg O g
det[By,q.5] = det| Ozpy B2y B2z Oz 2 Q22 Q232 0213 Qo3 0233
Ba11 Ogzy Oazp Qg2 Ogzn G332 fg13 Qo3 fgaz

=@y " Oang t Oggg — @ 8yyy Oogy " Ogog — & gy " Oang Ogg0 H 8 - Gy Bogg "t Agoo

—@ - 8yyp "By "O3zz + O Gy tGaog Oy @ @yyo " Oagy " Oz0g — 6 Oy Oz O3z

*Bagy " Bgzr + 0 Gyt Oagp “Ogoy

+e-ayyg c fany e — O 8yyg "Oons " gy — Oty
—@ @y " @ayn “Ozzz T O Gyay "Gy " Ggzr T @ " @y " Oago “Ggyg — 6 Opzy "Gz "GO0
+@ - @yon * @ayy “Ozz3 — O Gyan "Gy " Ggy — @ "oy “Gzgy "Gz + 0 Opap Gz “G31y
—@ - @ypg " @ayy “Ozzz + O Gyag "Gyys " Ggy T @ " Qg “Gagy " Ozpp — O Opag “Gogs “G31y
+a -yt fays "Ogog — @ ygy "Gyt Ogan — @ " fygy " aoan " fOyyg + 0 dygy ooy T g0
— O3 " fayy "fOgog + O Hygo "oy " Ogny O Oyg0 " any " fyyg — O Gygo "fong gy

‘@ Gygg Gy Gz — @ gz t8ny tGgpy — & “Oygg Gy Gy + &0 Gygg Gapn Gy, = & - det[Ag,g.4]

2. Forplani = 2: Let A be cubic-matrix of order 2, where all elements on the plan i = 2 are equal to zero, then
based on definition 3:

By11 Byzp a1 B2 Qyzz gz 13 oy a3
det[By,5.] =det| @ 0z @ 0zp OOy |00z @ Ozpp OOy | Oyg OOy O Og
G311 G371 fg31 G312 Qgzz fggz O313 fgog (333

— 8y "8 fogp * Ogzg — @pyy "0 " Oy “Oggo 8y 6 Bogg " Ogon

= Gy "t gz fgag
—Oyys @ Oy "O3zz + Oyy0 " @ fog " Oggy F Gy @ Oagy tOz0g — Byyp "0 Ogg Ogoy

Fiyyg c @ Gany tGggs — Gy O " Gann t gy — Oyyy " & " Oagy " Ggan Gy Ot Gags " gny

—iyny " @ " Gays " Gggy + Gyay "G " Gayy " Oggn F Gy " O " Oags " Ggyy — Gyay "0 " Gagy ~ g0

Fiynn c @ - Gayy tGggy — Gpan " O "Gyt gy — Opsn " " sy " Ggyy + Gyas Ot Gagy "y

—iyog " & " @ayy " Gggs + Gyag " O " Gayn " gy F Oy " & " Oagy " Ggyp — Gyag "6 " Gago "y

+ayg @ Agyo G303 — O3y "0 "By " Ogo — Gygy @ " Ogoo tGgyg + Oygy 0 G0 "Gy

]

—Oygs "€ Oy "Og2g + B0 “Oayg *Ogay + Oygn "0 Oogy " Ogyg — Bygp @ " @a0g "y

485y s @Gy "Gz —Gygg @ 8yt Ggpy — Oygg @ Gpny  Ggyp + Gygg & lppn gy, = @ - det[Ag,g.4]

3. Forplani = 3: Let A be cubic-matrix of order 2, where all elements on the plan i = 3 are equal to zero, then
based on definition 3:
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By
det[By,q.5] = det| Oz
0" fgyy
= Gyyp " Gppp 007 Oggg
—Cyyz Bz O g
+ayy3 " Gopy "0 " 330
—fyzy " fapn O g
Faysn - Goyy C @ - G3z3
—Qyprg " Qzpy "0 " Ogaz
taygy - Qo @ Qg2

—fygn "y "0 " fgag

+aygz " Aoy 0 " Ogzp — B33 " Ony0 " 6

Byzp
Bzzp
0" Ogzy
— g

+ a5,

— g

a1 B2 Qyzz

B3y Bzyn L
0 fggy 10 "fgpp O " Ogap

Oagn © 0" gz — Oy

"oz "B gy + 8y

+ a4y -

— Qjpaz

+ Gy

— O3

+ a3,

Qppn © 0" fgg;p — Q)3

gz 13 oy a3
Gz B3 fzog (33
0" Oggp I "fgyg O " fgzg O Oggg

“ipng " “Gggs Oy - Gy

fray

" gy

foyg " 0 Oggz + Byoy

Oppg "0 " gz — Opzn

Ty "G gy F Gy

Oppg "0 Ogzz — O3

"Bz "B gy + 80

fgz) — Hjgg "GOz " O

fraz

* gy

* gy

(ran

Gy

(g2

0 - fgrg

- Az +

0 - fgpg

- gy +

0~ Ogpa

- gy +

0 - fgpg

— gy "oy

g "Br3z

— 7y " frag

Opzn " Orzg

— fjprg “Ongz

Oy3p " G2z

— gz "oy

T Ggan

0 - fgny

-3z

o - fgyn

-z

-z

0 Qg2

o~ fgpg

+ Q133 "Grnz @ ragyy = o det[Ag,g.,]

4. Forplanj =1: Let A be cubic-matrix of order 2, where all elements on the plan i = 1 are equal to zero, then

based on definition 3:

det[By,q3.3] = det

=@t dyyy oo " Qggg
—Crfyyn t fany t B33z
+a-ayyg oyt G330
—@ysy 0 Oapn " Gygg
Fysn "0 Oayy " Gggg
—Qysg "0 Oayy " Gggo
tayz; @ Ay Gz
—flygn " & @y " Ggng

+aygg @Ay "Ogao gy 0

G- fyyy
0 Oayy
O Ogypy

— oty Oags
+a-ays g gy T8 By0 tAay

— Gt fyyg tfppp gy — O gyt O

+ ayay -

— Qjpaz

+ Gy

Gy Opgy | 6" Gypz
Ozzy  Oogy | 6" Gzpz

Ogzy  Ogg | 0" Ogpz

G " Gnyg " Oggz + Gy

Tt nyg t Gggp — OGpn

— gt

+ a3,

Ty

G " Gayn ~ Oggy + Gyag

0 " Oppg ~ Qgpz — Oy3)

T8t fgyg gy + 80

fgzy — Gygg "~ Oz "0

(rgz

Qrap

Qrap

Eoynn

" g

gz
Ozgn
Og3z

G-y Gy
" Oayg  Ooza
" Ogz;3 O3z

0 Ogpg — Gpzp " Oozs

T dgyy TG oy

Tt gy — Oprg COrzz

& g3 + By " Goag

Tt figyg — Gpgn “fang

fyag
(33

(333

“fgog — O 8yyy " Gapg tOggs & - Gy Bogg " Bgoo
Tligog — @ fyyo gy tOgng

Tl 8Byt Gogr gy

0 Qg2

-z

Tty

-Gz

o~ fgpg

figyz + @13z *Gpzz "0 Gy, = @ - det[Ag,q,4]

5. Forplan j = 2: Let 4 be cubic-matrix of order 2, where all elements on the plan i = 2 are equal to zero, then

based on definition 3:

det[By,q3.3] = det

= Gyyg "0t fppp v fggg — Gy " Gpgn 0 fgog — Oy

Gypp @ @y Oy |8p @
Ozpyp G Oz Oogy | Bz
fgpp @ fgy Ogplby. o
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—Oyys @ @apy “Ozzz + Gyys " @ "Goog " Ggyy T Gyys " Oagy " @ " Ggag — Gyys "oy " O “Ggoy
tayyg @ Gany tOgzz — Gy " @ " Goon Gy — Gy " Oogy " @ Ogan + Gyyg " Gogs * € “Ggoy
—@ @y " @ayn “Ozzz T O Gyay "Gy " Ggzr T @ " @y " Oago “Ggyg — 6 Opzy "Gz "GO0
+@ - @yon * @ayy “Ozz3 — O Gyan "Gy " Ggy — @ "oy “Gzgy "Gz + 0 Opap Gz “G31y
—E " Oysg *flayy " fO3g0 + O Byog "oy " gy O Oyng v agy " Gyys — O Gyag " fogs “lgyy
+aygy "oy "0 fOgog — Oygy " Oayg "6 fgan — Oygy " O aon " fGyyg + Gygy "0 faog " g0
—fyg0 " Ooyy "0 "fgog + Q)30 " Oayg @ " Ogay FOygo O daoy " fyyg — Oygp O "fong "z
+aygy " Gy "0 "Ggaz — Gygg " Gmys " @ Ggyy — Gygg " @ Gony  Gyyp + Gy3g & “Oagn "Gy = & - det[Agyg.g]

6. Forplan j = 3: Let A be cubic-matrix of order 2, where all elements on the plan i = 3 are equal to zero, then
based on definition 3:

Gppp Gpnp O Opgy | Gppr Oppr O Gpgp |Gppz OGppg O Opgg

det[By,q.5] =det| B2y @2z & "Ozgp | O2pz Opzz @ " Oz (Gz33  Oozg O Oopg

Ogyp  fgzy O " Ogg Gy COgpr O Oggp B33 Ogpy O Ogpg
= flyyy fons € Gggg — Gy t 0 fogs T Ogag — Oyyy "flang T tfggs F iy 0 fagg " Ogao
—Oyys " @pay "6 “Ozzz + Gyys " Gopg @ Ggy T Gyys " 6 - Gagy " Ozng — Gyys "0~ Gogg “Ggoy
+ayyg - Goay O " Ozzz — Gyyg " Gopo @ Ggyy — Gy " O - Gagy " Ogan + Gy "0 Qg “Ggoy
—Oysy " @oys "6 “Ozz3 + Gpoy " Goyg @ Gggs T Gpay " @ - Gago ~Ggyg — Gyog "@ "Gz "Gy0
+ayo0 " Ooyy "0 33z — Qyon " ayg "6t fggy — Gyao " 0 agy " fGyyg + Gyas 0 " fogg " gy
—fyog " Ooyy "0 f3gs + Oyog " Oayo @t Oggy FOyag O agy " Gyys — Oyag O "fogs "z
+a -yt fays "Ogog — @ ygy "Gyt Ogan — @ " fygy " aoan " fOyyg + 0 dygy ooy T g0
—@ - Qygs " @ayy "Ogng + O Gygs "Gy " Ggyy T @ " @ygo “Gany " Ozyg — O Opgz " Goog "3y

ta - Gygg Gy "Gz — @ Oy33 "Gy " Ogyy — & "Oygg " ony " Gyyz + @ Oygg " aon "Gy — & - det[Ag,g.]

7. For plan k& = 1: Let A be cubic-matrix of order 2, where all elements on the plan & = 1 are equal to zero,
then based on definition 3:

Gy GrGpy O Opgy |Gz Gpzz Gpzz |G G2z B3z
det[By,q.z] =det| &8z @@z O "Oogg|Gzpz  Ozzz Oz3z |Bzpz OG22z Ooag
0 rfgyy G-y O "OggylGgz  Ggop  Oggp gy Ogzg g
=@y " Oang t Oggg — @ 8yyy Oogy " Ogog — & gy " Oang Ogg0 H 8 - Gy Bogg "t Agoo
—iyys " @ " Gany " Gggy + Gy " Gang "0 " dgyy F Oyys " & Oagy " Ggay — Gyya " Gagy " O " dgny

Filyyg - @ Gany tGggs — Gy " Gasn "0t gy — Oyyy " & " Oagy " Ggas + Gyt Gags t O " dgny

—@ " @yny " Bays " Gggy + G- Gyay " Goyg " Oggs + O " @ypy " Oags " Ggyy — O " Gy " Gagy ~ g0
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Faysn @ @ayy " Ozz3 — Gyon " Goyg " @ " Ggyy — Gyan " 6 - G2gy " Ozg + Gpos "Gy " € "G3yy
—Oysg " @& @ayy " Ogzz + Gpog “ Goyn " @ - Ggyy T Gyag 6 - Gagy " Ogpp — Gpog “Gogs * € “Ggyy
+o - Gygy c @ayn "Ogng — G- Oygy Gy " Ggor — @ "Qpgy “Opan Gy + 6" O3y " Goog "Gy0
—Oygs @ @ayy “Ogng + O3z " Goyg @ Ggoy T Gygn € - Gany *Ozyg — Gygn “Gang " O "3y
@33 " @ " @pyy " Ggzp — Gygz " Gppp " O " fOgpy — Oygg " O Gagy " Ogyn + Gy3g "Gapp & ~Ggyy = @ - det[Az,5,5]

8. For plan k = 2: Let 4 be cubic-matrix of order 2, where all elements on the plan & = 2 are equal to zero,
then based on definition 3:

=]
=]
-
3
3
=]

Gy Bz Opgy | & " 8yp2 =z "fygz |Bpz Bpzz Bpag
det[By. g3.q] =det| Ozip  Qo2zp O | & Oz
fgpp  Ggzy Ogp &g O fOgaz

o

=]
]
2]
T3

=]

"fagz |Bzpz Brzzz Ooag

=]

"Oggp g3 Ogzz Oz
=@y "0 " Oann v Gggg — Gy "0 Gogs " Ggog — @pyy " Goog O “Ogzz F 05y " Bogg © ® - Ggoo
—E " Oyys ooy O3z + O Byyo "Oong v gy OOy v agy " Ogag — O Gyyo "fogg " lgay
+ayy3 " Gopy " " f3gs — Oy " & "Gons " Oggy — Oyy3 " Oogy "0 Ggan + Gyyg "0 " Hogs "3y

—fyoy "0 fays "33z + Oysy " Oayg "6 fgge F yoy 0 ago " fOyyg — Gyay " ogy 6t g0

+@ - @yon * @ayy “Ozz3 — O Gyan "Gy " Ggy — @ "oy “Gzgy "Gz + 0 Opap Gz “G31y

—Oysg " @ayy "6 “Ozzz + Gpog " @ "Goys "Gy T Gyag “Oagy " @ " Ggyp — Gpog "0 “Gogs "3y

taygy @ @ayp " Ozn3 — Gygy " Goyg " @ Ggos — Gygy " @ " Gaa " Ggyg + Gy3p " Gopg " @ "Ggy0

—E " Oygs *fayy "fOgog + O Bygo "oy v Ogsy O Oyge " aoy "y — O Gygo "fong "y
+y33 " Gy "@ "G3pp — Gyg3 " @ Gy Ggpy — Gygg " Opgy 0 Ggyz + Oygg & " Gppp "Gy = @ - det[Az,5,4]

9. For plan k& = 3: Let A be cubic-matrix of order 2, where all elements on the plan k& = 3 are equal to zero,
then based on definition 3:

Gy Bypzy Oypgy | Opgn Gppe Gpgp @ Gpyg O " @ypg O g

det[By,q.5] =det| Ozip 2oy Oogy [ O2pz Onpn Oogp [0 Ogpp O @y O Oogg

Ogyy gz OggyplOgypn Ogpp Oggp 10" Ogyy O " Oy O Oggg
= flyyy fons TG Gpg — Gyyy " ags " O Ogog — yyy "6 " ang “Hggs t iy O fagg " Ogao
—fyyo " Oopy " " fggg + Oy @ "Oong v gy FOyyo Oogy @ fgag — Gy " fogg tlgay
+e - ayyg c fany e — 0 Hyy3 "Oons t gy — @ 8y " agy " Ogas + 0 Gyyg logs "z
—fyoy " Ooys " 333 + Oyoy @ "Goyg t Ogg0 F yoy  Ooge @ fyyg — Gyay "0 flagg T g0
taysn - @oyy O " Ozz3 — Gpon " @ "Gy " Ggy — Gyan “Oagy "0 " Gz + Gpos "0~ Gogg “G31y
—@ - @ypg " @ayy “Ozzz + O Gyag "Gyys " Ggy T @ " Qg “Gagy " Ozpp — O Opag “Gogs “G31y

Fiygy " @ays O Ggag — Gygy "G " Goyy " Ogan — Oy " Hass "G " Ggyy + Gygy O " Gang T g0
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—iygs " Gayy O " Ggag + Gyge " O "Gy " Ogay F Oygn " @any "G " Ggyy — Gyge O " Gang "y
+& Gyag "Gy Ogns — @ Gygy " Gogs * Gy — & "Oygy * Gony * Ggyo T 6 Gygg "o "Gy = & ° det[Ag,g.q]

Example 3 Let’s be A a cubic matrix with order 2 then we will obtain determinant a cubic-matrix & from A by
multiplying any plan i = 1 with scalar 3 and have,

3-2 3-1)3-4 3-7

det[By,0.0] = det (3 ELE 2

)=3-2-2-3-4-5-3-1-343-7-3=6.

If we compare with example 2, we can see that |4] = 3 - | B|.

Theorem 2 Let’s be A a cubic-matrix of order 2 or order 3, and B be another cubic-matrix, which obtained
from A by interchanging the location of two consecutive "horizontal layer™ in i-index, then det{4) = det(E).

Proof. We try the cases in order for cubic matrix of order 2 and cases for cubic matrix of order 3:

Case 1. Let B be cubic-matrix of order 2, where we have interchanged to "horizontal layer”, then based on
definition 2: Let B be cubic-matrix of order 2, where we have interchanged two "horizontal layer", then based
on definition 2:

B2y Bozp | B2z 22z

det[B; z,.z] = det )
(B2 22 Gy Gz 18y Gpoz

= @ayy " Gyzp — Gpyp * Gypy — Oapy * Gy F Grnp Gy = det[Ar o]

Case 2. Let B be cubic-matrix of order 3, where we have interchanged to "horizontal layer”, then based on
definition 2:

1. Let E be cubic-matrix of order 3, where we have interchanged two "horizontal layer" (first layer with the
second layer), then based on definition 3:

Oy Ozzy Oogy | B2z Bzzz oz [Brzpz fzzz Ooag
det[By,q.5] =det| @pip gz Opgp [ Oppn Opzn @pgn |Gz Opzz Opaz
Ogpp  Ogzp Oggy | B3y Ggzp Hggp I3z Ogzg Oazz
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—Bzy " @y 0333 + 820y "Byyg * Bgzz + Qo " Bygn “O313 — Ooy " Oy3g " G0

+Filons - Gyyy " Gygg — Gann "Oyyy " Ggyy — Ooan "Gy "Gyg + Qoo " Oygg " Gayy
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+2g3 " A1y G322 —Bagg "Byyz t Bgpy — O3z " Oyzy "Bzt Gagg Oyon - Gy

= @3y " fopn " fgzg — Oyyy " Oags * Ogng — Gyyy " @aog v Ogg0 + Gyyy  Oogg " Ogon
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—iyys " Gany " Gygg +Gyyn " Gong “Ggyy + Gy - Gagy " Gyag — Gygo " Oogg " Gy
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2. Let B be cubic-matrix of order 3, where we have interchanged two "horizontal layer" (second layer with the
third layer), then based on definition 3:

Gpip Gpz Gygy | @piz Gpaz Gpaz |Gz Gpzz Gz
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—ilyny " Gy " Gagg +Gyay ~ Gy " Gags + Gpay " Gggs "Gy — Gyoy ~ Oggg " Gays

+ayo; * gy G233 — B0z " Bayg " Bagy — Oyop " Ogg "Boyg + Gpa0 - Ogg3 G2y

—yog " Qgyy "Oagz + 810 " Bgys t Bagy + Oyog - Gggy "Gayn — Gyag - Oggn Gz

+ayg) " gz "Orag — O3y " Bz " Bapz — Oygy " Ogoz "Gz + G135 " Ogog " Q20

—ilygs " Ggyy " Gang +Gygn " Oyyg " Gany + Opgs - Gy " Gayg — Gygo " Ogog " Gayy

— Gy " Ogsy "Gagn + Oygn " Ggan ~ Goyy

+iygy - Ggyy " Gans —Gygg " Oyys " Gamy

=y " ans " Gggn — Oygy " Gags " Ogog — Oyyy " @ong " Ggge + Oyyy " Goagy - Ggan

—8yyz " Bppy 0333 + 8130 " Bang *Oggy + Oyy0 - Gogy "Bgog — Gyyo " Oogg " Oz

+ayg " Bapy G332 — B33 " Bazp *Bggy — Oyy3 " Oogy “Bgzz + 8y - Oogn - Ggny

—@yoy " gy 0333 + 810y " Bayg * Bggr + Qo " Oogn “O333 — Oyoy " Oogg " Ogp0

+idynn - Gayy " Gygg — Gyan " Ooyg " Ggay — Opan " Gagy "Gyg + Qoo - Gogg " Gayy

—iyny " Gayy "Gygs +Gyag ~ Goys “Gggy F Gpag - Gagy " Gyys — Gyog ~ Oogs " Gayy

+iygy - Gayn " Gyag — Gy " Goyy " Ggan — Oygy " Gans "Gyg + Gy~ Goog " Gaye

—@ygz " gy 0323 + 8130 " Bayg " Ogay + Oygp " Qoo "By — G130 " Oorg " Oy
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+8y33 - @2yy * G2z —Oyag " Gzyz * O3z — Oy3g " oz *Ogpz + Gygg * Gope - Ggyy = det[Ag,g.5]

Example 4 Let A be 2 x 2 x 2 3D determinant than we will obtain determinant & from A by interchanging
location of two horizontal layer in i index:

2 1|=1- 7

2 sl3 )=2-2-4-5-1-347-3=2.

det[As, z2] = det

Then:

3 313 2

=-2.7—-32.17—-5-. 2.2 =2
; 14?] 3.7-3-1-5-442-2=2.

det[Ay,2,2] = det (

If we compare results with example 2, we can see that we have the same result.

Example 5 Let 4 be a 3 x 3 x 3 3D determinant than we will obtain determinant & from A by interchanging
location of two horizontal layer in i index:

1 4 2|13 1 312 1 0
det[ﬂhm]=det(2 0 o3 1 3|0 1 n)=—3+6—=}+2=}+2=}+10+10—ﬂ}+ﬁ—ﬁ=63
04 213 2 01z 1 0
Then:
2 0 05 1 310 1 0
det[ngm]=det(1 4 213 1 3|2 1 U)=ﬁ—4+1[]+1[]—4—3+24+24—ﬁ+ﬁ=53
0 4 213 2 o0lz 1 0

If we compare results with example 2, we can see that we have the same result.

Theorem 3 Let’s be A a cubic-matrix of order 2 or order 3, and E be another cubic-matrix, which obtained
from 4 by interchanging the location of two consecutive: "vertical page" in j-index or "vertical layer" in k-
index, then det{A) = —det(E).

Proof. We discuss the cases in order for cubic matrix of order 2 and order 3:

Case 1. The cubic-matrix A of order 2, (and B has order 2), we will proof the case 1 for each "vertical page" and
"vertical layer", as following:

1. For interchanging the location of two consecutive "vertical page": Let E be cubic-matrix of order 2, where
we have interchanged two "vertical page", then based on definition 2:

_ Qpzp Oppp | Gpoz ﬂLL:)
det[B:zse] = det (“::L Gy M Bpzp Gopz
= yny “fayn — Gyan " Oayy — Gygy tOans F Gyyn  Gony = —det[Ar 0]

2. For interchanging the location of two consecutive "vertical layer": Let B be cubic-matrix of order 2, where
we have interchanged two "vertical layer", then based on definition 2:

_ Gz Gpar | 11 ﬂL:L)
det[B:zse] = det (“:L: popl 8z Gz
= @yyp Gapy — Syt Grzp — Oppp t Gy F Oy Oy = —det[Ar 0]

Case 2. The cubic-matrix A of order 3, (and B has order 3), we will proof the case 2 for each "vertical page" and
"vertical layer", as following:
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For interchanging the location of two consecutive "vertical page": Let E be cubic-matrix of order 3, where

we have interchanged two consecutive "vertical page" (First page with second page), then based on
definition 3:

Oyzy Gy Bygy | B2z Gz Bpgz @z Sz B
det[By,q.5] =det| Bzz21  Gzyp  Oogg [ O2zn Onypp Oogn G223 G253 G233

O3z Oggn Oggy | Bgzz O3y Oggp I3z Ogpz Oazz
= @yoy " foyn " gy — Gyoy " Oags " Ogpz — Gz "y " Ogg0 + Gyoy  Oogg " Ogg0
*fayy "Oggg + 000 " Oyg " Oz F Opap t @ogy G313 — G0z " Gagg

—yzn fay1

+ay0g " Bayy 0337 —Byog " Boyz *Oggy — Oyog " Oogy "Bgy0 + Gpog - Oogn - O3y

—ilyyy " Gasn " Gyyg +Gyyy " Goog " Gggs + Gy " Gags " Ggag — Gy " Gagg

+idyys - Gany " Gygg —Gyyn " Oong " Ggay — Oy " Gagy " Gyeg + Gyg0 - Gogg " Gy

—ilyyg " Gy " Gggo + Gy " Qoo "~ Gggy F Gpyg " Gagy " Ggos — Gyyg " Goge " Gany

+ayg) " Bapx 0313 — O3y " Bang " Bggr — Oygy " Ozyz “Og23 + G13y " Ozyg " Ogon

—Qygz " Qapy 0313 + 8130 " Bang * Bgyy + Oygp - Goyy "Bgog — Gyg0 " Oz " Oz

+ay33 " Bapy 0317 — B3z " Bazz * Bggy — Oy33 " G2y “Bgzz + G133 ~ Oy - Ogny

= —flyyy * Bapp *Oggz + Oy Oogz " Bgog t yyy Oopg - O3z — Gy " Bagg * Ggn

+idyys - Gany " Gygg —Gyyn " Oong " Ggay — Oy " Gagy " Gyeg + Gyg0 - Gogg " Gy

—ilyyg " Gy " Gggo + Gy " Qoo "~ Gggy F Gpyg " Gagy " Ggos — Gyyg " Goge " Gany

+idysy - G2y " Gygg —Gyay " Goyy " Gggs — Opay " Gags " Gyyg + Gyoy ~ Oogg "~ Gays

—8yop " 8gyy "O333 + 8100 " Bayg t Oggy F Oyon " Gogy "B333 — Gyao " gz - Oy

+ay0g " Bayy 0337 —Byog " Boyz *Oggy — Oyog " Oogy "Bgy0 + Gpog - Oogn - O3y

—Qyg) " gz “Og2g + 813y " Bayg " Bgap + Oygy " Qpon “O333 — O3y " Ooog " Qg0

+idygs - Gayy " Gyag — Qg " Ooyg " Ggay — Opgs " Gamy "Gy + Qo - Gosg " Gayy

—iljgg " Gayy " Ggap +Gygg ~ Goys “Ggay + Gygg © Gy " Gyyp — Gygg " Goos " Gayy

= —(@yy) " Gons *Gaga — Gy " Oagn " Ggag — Oyy) * Oang " Oyza + Gy " Gaag * Oz20

—8yyz " Bppy 0333 + 8130 " Bang *Oggy + Oyy0 - Gogy "Bgog — Gyyo " Oogg " Oz

+ayg " Bapy 0337 — B33 " Bazp * Oggy — Oyy3 " Oogy "Bgzz + Gy - Oogp - Ogny

—@yoy " gy 0333 + 810y " Bayg * Bggr + Qo " Oogn “O333 — Oyoy " Oogg " Ogp0
+idynn - Gayy " Gygg — Gyan " Ooyg " Ggay — Opan " Gagy "Gyg + Qoo - Gogg " Gayy
—ilyog " Gayy " Gggs +Gyag ~ Goys “Gggy F Gpog - Gagy " Gyyp — Gyog " Ooge " Gayy
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+iygy - Gayn " Gyag — Gy " Goyy " Ggan — Oygy " Gans "Gyg + Gy~ Goog " Gaye
—ilygs " @ayy " Ggag +Gyge ~ Goyg "~ Ggay + Gygs - Gy "Gyyg — Gygo " Goog " Gayy
+0yan * Oayy *Bann — Gyag * Gayn * Ogay — Gyag “ Oany “ 020 F Gy3n * Goas * Ggyy ) = —det[Ag,a.4]

For interchanging the location of two consecutive "vertical page": Let E be cubic-matrix of order 3, where
we have interchanged two consecutive "vertical page" (Second page with third page), then based on
definition 3:

Gpip Gpz Gpzy | @iz Gpzz Gpop |Gz Gpzz Gz
det[Bg.g.z] =det]| Bz11  Goazp Oz | Oopz Ozzz Gzzz G233 G2z Boo
Ggp1  Gggn  Ogpyp | Bgpz Gggp gy Iy Oggg Oz

= @y tags " Ggag — Oygy " Gans " Oggy — Oyyy " @ogg " Ggan + Oyyy " Gang - Ggg0

—iyys " Gagy " Gyag + G0 " Oogy “Ggay F Gy " Gany " Gygg — Gyyo " Oosg " Gay

+ilyyg - Gagy " Gyap —Gyyg " Gogs " Ggay — Oy " Gy " Gyge + Gyyg " Goos " Gy

—Qyg) " gz “Og2g + 813y " Bayg " Bgap + Oygy " Qpon “O333 — O3y " Ooog " Qg0

+ayg; " Bayy 0323 —Bygz " Boyg " Bgzy — Oygz " Oooy "Bz + G130 Qoo - O3y

—ygg " ayy "Ogzz + B33 " Bays * Ogay + Oyg3 " Gooy "Bgy0 — B3z " Ooop " Oy

+ayoy " By 0333 — Gy " Bayg * Bgzz — Oz " Oogz "Gz + Op0y " Gogg " Qg0

—iyss " Gayy " Gyyg + Gyan " Ooyg “Ggay F Gpan - Gagy "Gy — Qoo ~ Oogg " Gayy

t@yng * @ayy " Oggn —Gyog " Goys " Ggay — Gyog " Gogy “Ggyn T Gpog - Gogs ~ Gy
= —fyy) " Ganp * Ggzz + Gyyy " Gogs - Ggog T Gyyy ~Gong © Gggz — O3y * Gogg * Ggon
+ayys c Gany "3z —@yy0 " Oong t Oggy — Oyyo " Oogy " 3oz + Gyyo ~ Hagg " gy
—fyy3 " oy "Hgge + g3 " Gons " gy F dyyg  Gogy G320 — g3t Hags " gy
Fayoy * Gaya "fggg — oy " Oogg " Ogge — oy " Oogs "Ogyg F Oyoy " Hagg " g0
fGayy “Ggzg T Opzn " Gogg © Oggy T Gpoo * Gagg “Ogp3 — Gpop * Gogg “ Gg31)

—Qyrn

T Oagz " O3y

+idyog - Gayy " Gygp —Gyag ~ Gogs " Gggy — Opag © Gagy " Gyys T Gyog
—ilygy " Gayx " Gyag +Gygy ~ Goyg ~ Ggan + Opgy " Gans "Gyyg — Gy " Ooog " Gaye

+ayg; " Bayy 0323 —Bygz " Boyg " Bgzy — Oygz " Oooy "Bz + G130 Qoo - O3y

—ygg " ayy "Ogzz + B33 " Bays * Ogay + Oyg3 " Gooy "Bgy0 — B3z " Ooop " Oy

= —(@yy; " Grop " O3z — Gyyy “Opgr * Ggpg — gy " Opag ~ gz + Gy1y * Grgg " Ggoo

—iyys " Gany " Gygg +Gyyn " Gong “Ggyy + Gy - Gagy " Gyag — Gygo " Oogg " Gy

+ilyyg - Gany " Gyge —Gyyg " Goos " gy — Opyg " Gagy " Ggos + Gyyg 7 Goge " Gy
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—ilyny " G2y " Gygg +Gyay " Goyy ~ Gggs + Gpay " Gags "Gy — Gyoy ~ Oogg " Gays

+idyos - Gayy " Gygg — Gyas " Oogg " Ggay — Opon " Gagy "Gy + Qoo - Gogg " Gayy

—iyny " Gayy "Gygs +Gyag ~ Goys “Gggy F Gpag - Gagy " Gyys — Gyog ~ Oogs " Gayy

+iygy - Gayn " Gyag — Gy " Goyy " Ggan — Oygy " Gans "Gyg + Gy~ Goog " Gaye

—@ygz " gy 0323 + 8130 " Bayg " Ogay + Oygp " Qoo "By — G130 " Oorg " Oy

+8y33 - 81y " G2z — G133 " Gnyz " O3z — Oy3g G2z " Ozyz + Oyg * Gapp * Ggyy ) = —det[Ag . g.4]

For interchanging the location of two consecutive "vertical layers": Let E be cubic-matrix of order 3, where

we have interchanged 2-consecutive "vertical layers” (First layer with second layer), then based on definition
3:

Oypz Oypzz Oygz | B Spop Bpgg [P Spzz B
det[By,q.5] =det| B2z G222 Oogn |02y Oony Qo G233 G223 G233

Ogpz Ogzz Oggzl8gyy Ggzp Oggg 18333 Ogzg Oaz;

= @y " fopy " fgzg — Gy " Gogy " Ogog — Gyyo " Oang t Ogg F Gyyo t Bogg O

—yyy " Bapz 0333 + 813y " Baog " Bggz + 8y " Oogn “Og0g — Gy " Oogg " Ogon
+ay3 " Bapx 0333 — B33 " Bazy " Bggz — Oyyg " Oogz "2y + 8133 - Gogy " Ogor
—8yop " 8gyy "O333 + 8100 " Bayg t Oggy F Oyon " Gogy "B333 — Gyao " gz - Oy

+idysy - G2y " Gygg —Gyay " Goyy " Gggs — Opay " Gags " Gyyg + Gyoy ~ Oogg "~ Gays

—ilyog " G2y " Ggyy +Gyag * Goyy " Gggs + Gpog " Gags "Gyyy — Gyog ~ Oogy " Ggyo

+idygs - Gayy " Gyag — Qg " Ooyg " Ggay — Opgs " Gamy "Gy + Qo - Gosg " Gayy

—Qyg) " gz “Og2g + 813y " Bayg " Bgap + Oygy " Qpon “O333 — O3y " Ooog " Qg0

+ayg3 " Aayz 0323 — B3z " Bayy " Bgar — Oygg " Opop "3y + G133 - G0y " Qg0

= —flyyy * 8oyt Oggz + Oy " Oogp " Bgog T Oyyy " Oong " O3z — B3y " Bogg g0

+idyys - Gany " Gygg —Gyyn " Oong " Ggay — Oy " Gagy " Gyeg + Gyg0 - Gogg " Gy

—ilyyg " Gy " Gggo + Gy " Qoo "~ Gggy F Gpyg " Gagy " Ggos — Gyyg " Goge " Gany

+idysy - G2y " Gygg —Gyay " Goyy " Gggs — Opay " Gags " Gyyg + Gyoy ~ Oogg "~ Gays

—8yop " 8gyy "O333 + 8100 " Bayg t Oggy F Oyon " Gogy "B333 — Gyao " gz - Oy

" gz

+ay0g " Bayy 0337 —Byog " Boyz *Ogzg — Oyog " Oogy "Bz + G0 fay1

—Qyg) " gz “Og2g + 813y " Bayg " Bgap + Oygy " Qpon “O333 — O3y " Ooog " Qg0

+idygs - Gayy " Gyag — Qg " Ooyg " Ggay — Opgs " Gamy "Gy + Qo - Gosg " Gayy

—iljgg " Gayy " Ggap +Gygg ~ Goys “Ggay + Gygg © Gy " Gyyp — Gygg " Goos " Gayy
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= —(@yy) " Gons *Gaga — Gy " Oagn " Ggag — Oyy) * Oang " Oyza + Gy " Gaag * Oz20

—ilyys " G2y " Gygg + G0 " Goog “Gggy F Gy - Gagy " Ggog — Gyy0 " Oogg " Gany

+iyyg - Gany " Gygs — Gy gy — Gyy3 * @ogy "Ogan + Oy " Gage ~ Gy

fiz2a

—ilyny " G2y " Gygg +Gyay " Goyy ~ Gggs + Gpay " Gags "Gy — Gyoy ~ Oogg " Gays

+ayo; * Bayy 0333 —Byo " Boyg * Ogzy — Oyop " Oogy "Bz + Gpa0 - Oogg - O3y

—yog " gy " 033z + 810 " Bays *Oggy + Oyog - Gogy "Bzy0 — Gyog " Oogn - O3y

+ayg) " Bayz G323 —Gygg " Boyg * Bgaz — Oygy " Oon "Gz + Gygy - Goog " Ogy0

—ilygs " @ayy " Ggag +Gyge ~ Goyg "~ Ggay + Gygs - Gy "Gyyg — Gygo " Goog " Gayy

+0yan * Oayy *Bann — Gyag * Gayn * Ogay — Gyag “ Oany “ 020 F Gy3n * Goas * Ggyy ) = —det[Ag,a.4]

. For interchanging the location of two consecutive "vertical layers": Let B be cubic-matrix of order 3, where
we have interchanged 2-consecutive "vertical layers" (Second layer with third layer), then based on
definition 3:

Gpip Gpz Gygy | @iz @pog Gpag |Gz Gpzz G
det[Bg.g.z] =det| Bz11  Gozp Oogg | Oopz Ozzz Ozzg |Gzpz Oozz Bogo
Ggp1  Ggzy Ogg | 81y Ggog gy gz Ogzz Oggo
= @3y " forg " fggz — Gyyy " Oagg * Ggap — Gyyy " @aon " Oggz + Gygy  Bogr " Ogog
—ilyyg " Gany " Gygs +Gyyn " Gons “Ggyy F Gy " Gagy " Gyos — Gyyg " Oogs " Gy
gy ~Ggog + @yy0 " Gogg " Gany

+idyys - Gasy " Gyzg — Gyyo " Goog " Gggy — Gyg0

—@ysy * @z “Ozzz + Oy " Gays " Ggaz + Qo " Gogg “Gz0 — Opay © Gogs © Gz
Fayog * Gayy "O3ge — @0y " Ooys tOggy — Oyog " fogy "Oyyo + Gyog " Hags " gy
—fyos * oy "H3gg * @00t oy v Oagy F Gyoo  Oogy gy — Gyao " lagg " gy
tayg c Gayg "Ogon — gy " Ooys " Ogay — Oy " Oong "Ogyo F g " Bans t gy
—@ygg " @2y “Ozzz + G133 * Boys * Ggny + Gygz - Gooyg "Ggys — Oygz ~ Goos - Gy
t@ygs * @ayy ~Ogag — Gz " Goyg " Ggny — Gygs " Gong "Gy T Gyg - Goog ~ Gy

= —iyyy " Gaan v Oy + Gy " Gogs - Ggag + Oyyy " Gang t Gyge — Gy " Oogg " Ggan

+ayy; * Bapy 0333 —B1yz " Bapg " Ogzg — Oyyp " Oogy “Og2g + 8140 - Oogg

Ggzy
—fyy3 " oy "Hgge + g3 " Gons " gy F dyyg  Gogy G320 — g3t Hags " gy
Fayoy * Gaya "fggg — oy " Oogg " Ogge — oy " Oogs "Ogyg F Oyoy " Hagg " g0
—@ysy " @ayy " Ozzz T Oyon * Boyg " Ggm F Gypon - Gogy "Gz — Opas - Oogg Gy

+idyog - Gayy " Gygp —Gyag ~ Goys " Ggay — Opog © Gagy " Gyys + Gyog ~ Goge " Gayy
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—@yg) " @ayx “Ogzg +Oy3y " Gayg " Ggos + Gy " Goon "Gz — Opgy ° Goog ~ Ggyo
t@ygs * @ayy ~Ogag — Gz " Goyg " Ggny — Gygs " Gong "Gy T Gyg - Goog ~ Gy
—@ygg " @2y “Ozzz + G133 * Boys * Ggny + Gygz - Gooyg "Ggys — Oygz ~ Goos - Gy
= —(@yyy " Gpap " Gggg — Gyyy "oy " Ggag — Oyyy " Ooag ~ Gggz + 3y " Gogy ” Ogon
—fyys * oy "Hggg *@yy0 " Oong v Oggy F Oyy0  Oogy 3o — Gyyo " lagg " gy
a3t Gany "O3ge — g3 " Oons tOggy — Oyyg " Oogy " Ogan + Gyyg " Gago " fgsy
—fyny " Oaya "Hggg * oy oy " Gag F Gyay " Gogs "Ogyg — Hyoy " Hagg " g0
t@yns * @ayy tOggz —Gyon *Goyg * Ggay — Gypon " Gogy “Ggyg T Gpon - Gogg - Gy
—@yng " @ayy " Ozzz +Oyog * Boys " Gggy + Gyog - Gogy "Ggys — Opog - Oogs - Gy
tayg) * @ayx ~Ozzz —Gyzy *Goyg " Ggos — Gy " Goon “Ggy3 T Op3y © Goog ~ Qo
—fygs " fayy "Ogag + g0 " Goyg v Ggay F Oyg0  Oooy gy — Gygo " Hang " gy
+8y33 * Gzy) " Qgzz —@y3g " Gpyp " Gz — Gyg3 * Oapy *Ogyz + Gy3g ° Ganp * Agyy ) = —det[Az3,5]

Example 6 Let A be 2 = 2 = 2 3D determinant than we will obtain determinant E from 4 by interchanging
location of two plans in j index:

-2
—
NS
-]

dm[ﬂzx:x:]zdﬁ{ )=2-2—=1--5_]_.3+?.3=2I

3 35l3 2
Then:

] 2
det[B:x:k:]=det(é §|; §)=1-3—?-3—2-2++-5:—2.

Example 7 Let 4 be a 3 x 3 x 3 3D determinant than we will obtain determinant & from A by interchanging
location of two plans in j index:

1 4 213 1 3|12 1 0

det[ﬂhgxg]=det(2 0 ojs 1 30 1 u)=—3+6—++2++24+10+10—++ﬁ—ﬁ=ﬁa
04 213 2 012 1 0

Then:
4 1 211 3 3|1 2 0

det[Ahhg]:det([] 2 o/t 5 3|1 0O u)=—24—10—5+3—ﬁ—2++4+4+5—m=—53
4 0 202 3 011 2 0

If we compare results with example 2, we can see that |A] = —| B|

Example 8 Let 4 be 2 x 2 x 2 3D determinant than we will obtain determinant B from A by interchanging
location of two plans in & index:
J=2-2-4-5-1.347.3=2,

det[A;z.2] = dEt( é|§

W a
Ied =]
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Then:
_ 4 712 1y _ o
det[By .z 2] —dEt(a 2|3 5)—‘1--5—2-2—?-3+J_-3__2,
If we compare results with example 2, we can see that |4] = —| E|.

Example 9 Let A be a 3 x 3 = 3 3D determinant than we will obtain determinant B from A by interchanging
location of two plans in &k index:

1 4 212 1 312 1 0

det[Ahm]:det(z 0 05 1 3|0 1 D):—3+6—4+24+24+10+10—4+6—6:63
0 4 213 2 012 1 0

Then:
31 31 4 212 10

det[Bmﬂ]=det(5 1 312 0 0j0 1 U)=—ﬁ+3—2+—2=}—10—6+ﬁ—1[]—=}—+=—63
3 02 0o 4 212 10

If we compare results with example 3, we can see that |4] = —| E|.

Algorithms Implementation of Determinants for Cubic-Matrix of Order 2 and 3
Computer Algorithm for Calculating Determinant of Cubic Matrices of Order 2 and Order 3

In the following we have presented the pseudocode of algorithm for calculating the determinant of cubic
matrices of order 2 and order 3based on the Definition 2 and Definition 3.

tw]
P 1: Determinant calculation of cubic matrices of second and third order
tw]

Step 1: Determine the order of determinant:
[m.m, 0] = size (A):

Step 2: Checking if 3D matrix is cubic:

ifm ~mm~=omnm ~= o

disp(’A is not square, cannot calculate the determinant”)
d =10

Return

end

Step 3: Checking if 3D matrix is higher than the 3rd order:

if m = 3

disp(’ A is higher than the third order, hence can not be calculated.”)
d =10

return

end

Step 4: Initialize d = 0;
Step 5: Handling base case.

ifm==1
d=A
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return
end

Step 6: Check if A is of second order.
d = A(111) = A(2,22) — A(1.1L2) = A(2.2,1) — A(L.2.1) = A(2.1.2) + A(1.2.2) = A(21L.1)

Step 7: Check if A is of third order.
d =

= A(LL1) * A(2.2.2) + A(3.3.3) — A(L.L1) = A(2.3.2) » A(3.2.3) — A(LL1) + A(2.2.3) = A(3.3.2)
FA(LLL) = A(2.3.3) = A(3.2.2) — A(L.L2) = A(2.2.1) = A(3.3.3) + A(LL2) = A(2.2.3) = A(3.3.1)
FA(LL2) = A(2.3.1) » A(3.2.3) — A(L.L2) = A(2.3.3) = A(3.2.1) + A(LL3) = A(2.2.1) = A(3.3.2)
—A(LL3) = A(2.22) » A(3.3.1) — A(L.L3) = A(23.1) = A(3.2.2) + A(LL3) = A(2.3.2) = A(3.2.1)
—A(L2,1)* A(2.1.2) = A(3.3.3) + A(L21) » A(21,3) = A(3.3.2) + A(L2.1) = A(2.3.2) = A(3,1.3)
—A(L2,1)*+ A(2.3.3)  A(3.1.2) + A(1.2.2) + A(2.1,1) » A(3.3.3) — A(1,2.2) = A(2.1.3) = A(3.3,1)
—A(L2,2)+ A(2.3.1)  A(3.1.3) + A(1.2.2) + A(2.3,3) » A(3.11) — A(1,2.3) = A(2.11) = 4(3.3.2)
+A(L2,3)* A(21.2) * A(3.3.1) + A(L.2.3) * A(23.1) = A(3.1.2) — A(L2.3) = A(2.3.2) = A(3.1.1)
+A(L3.1) = A(2.12) = A(3.23) — A(L3.1) » A(2.1.3) = A(3.2.2) — A(L3.1) = A(2.2.2) = A(3.1.3)
FA(L3. 1) = A(2.23) » A(3.L2) — A(L.3.2) = A(2.L.1) = A(3.2.3) + A(L3.2) = A(2.L3) = A(3.2.1)
+A(L3.2) = A(2.2.1) = A(3.13) — A(1.3.2)  A(22.3) = A(3.1L.1) + A(13.3) = A(2.L.1) = A(3.2.2)
—A(L3.3)* A(21.2) = A(3.21) — A(L.3.3) * A(22,1) = A(3.1.2) + A(L3.3) = A(2.2.2) = A(3.1.1)

Step 8: Return the result of 3D determinant.

tw]

Optimized Version of Computer Algorithm

The above-mention algorithm is hard-coded exactly as it is prescribed in the Definition 2 and Definition 3, it can
be optimized further with nested-loop. Hence, in the following we have presented another optimized version of
above algorithm which gives the same result.

tw]

P 2: Optimized algorithm for determinant calculation of cubic matrices of second and third order

tw]

Step 1: Determine the order of determinant:
[m.n, 0] = size (A):

Step 2: Checking if 3D matrix is cubic:

ifm ~mm~=oin ~=o

disp(’A is not square, cannot calculate the determinant’)
d =10

return
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end

Step 3: Checking if 3D matrix is higher than the 3rd order:

ifm= 3

disp(’A is higher than the third order, hence can not be calculated.”)
d =10

return

end

Step 4: Initialize d = 0

Step 5: Handling base case.
ifm==1

d = A

return

end

Step 6: Check if A is of second order.
Create loop for j from 1 to 2

Create loop for k from 1 to 2
Calculate determinant:

d=d+ (—1)"(2+j+ &) AL k) +det _3D(A(2[L:j—1j + 1:2L[1:k — Lk + L: 2]
end
end

Step 7: Check if A is of third order.
Create loop for j from 1 to 3
Create loop for k from 1 to 3
Calculate determinant:
d=d+(—1)"24+j+ k) =A(Lj k) =det_3D{A(2: 3, [1:j — 1j + 1:3], [1:k — 1k + 1: 3]));

end
end

Step 8: Return the result of 3D determinant.
tw]
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