Engineering & Mathematics (EPSTEM)

RE The Eurasia Proceedings of Science, Technology,
ublishing ISSN: 2602-3199

P

The Eurasia Proceedings of Science, Technology, Engineering and Mathematics (EPSTEM), 2025
Volume 33, Pages 1-19

IConTech 2025: International Conference on Technology

LMI-Based H-Infinity Controller Design for Missile Guidance Control

Oktay Malci
Yildiz Technical University

Meral Bayraktar
Yildiz Technical University,

Hakan Yazici
Yildiz Technical University

Abstract: In this study, a state-space model of a representative missile was developed to analyze its dynamic
behavior under various input conditions. Using MATLAB simulations, the system’s responses to different control
inputs were examined to understand the missile’s natural dynamics and response characteristics. Subsequently,
an LMI-based H-infinity controller was designed to enhance the stability and performance of the missile guidance
system. The controller was developed by formulating an optimization problem within the Linear Matrix
Inequalities (LMI) framework, ensuring maximum stability and disturbance attenuation. The control design also
incorporated input saturation constraints and reference tracking by augmenting the system with integral action.
The designed controller was implemented and tested in MATLAB, and its effectiveness was evaluated based on
system stability, disturbance attenuation. The LMI-based design approach allowed the control gains to be
optimally determined, considering external disturbances. Simulation results demonstrate that the LMI-based H-
infinity controller provides superior stability and improved disturbance attenuation. This study highlights that
LMlI-based optimization techniques can be effectively applied to missile guidance systems, offering a powerful
tool for managing dynamic uncertainties and external disturbances.

Keywords: Missile guidance, Linear matrix inequality, H-Infinity, Optimization, System dynamics

Introduction

Missile guidance and control systems play a critical role in ensuring precision engagement capabilities under
dynamic and uncertain operational environments. These systems must cope with aerodynamic nonlinearities,
external disturbances and rapid time-varying conditions, all while maintaining stability and accuracy. Over the
past few decades, various control strategies have been developed to address these challenges, including classical
PID controllers, optimal control techniques, and more recently, methods that ensure reliable performance under
uncertain conditions.

Advanced control theory, particularly Hoo control, has been extensively studied for aerospace applications due to
its ability to attenuate the effect of worst-case disturbances and model uncertainties (Etkin, 1972; Etkin &
Reid,1996; Mackenroth,2004)0.The Hoo framework provides mathematical tools for shaping closed-loop
performance through the minimization of the transfer function norm between disturbance inputs and performance
outputs (Boyd et al.,1994). Linear Matrix Inequality (LMI) formulations have further facilitated the practical
implementation of advanced control laws, enabling the inclusion of multiple design constraints within a convex
optimization framework (Duan & Yu, 2013).
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In the context of missile guidance, various strategies have been explored in the literature, such as Proportional
Navigation (PN), augmented PN, and Pure Pursuit guidance (Siouris, 2004; Yanushevsky,2007). While these
strategies provide intuitive and effective target engagement mechanisms, their integration with modern control
theory remains an area of active research, (Nielsen, 1960; Zarchan, 2012). Furthermore, simplifying assumptions
such as constant speed and small angle approximations are often adopted to linearize the inherently nonlinear
missile dynamics, leading to decoupled longitudinal and lateral-directional state-space models suitable for control
synthesis (Stevens et al.,2015).

In this study, a state-space missile model is constructed by applying linearization around an equilibrium condition
under standard assumptions. The model incorporates aerodynamic forces and moments based on control surface
inputs and flight conditions. A Pure Pursuit guidance law is employed to generate reference attitude commands,
and Hoo controller is designed via LMI optimization to ensure closed-loop stability and disturbance rejection. The
proposed control approach is validated through MATLAB/Simulink simulations under both nominal and
disturbed scenarios, demonstrating the effectiveness and reliability of the controller.

Conceptual Background

Guidance, navigation, and control systems constitute fundamental components of modern missile technologies.
In these systems, ensuring accurate guidance towards the target and maintaining stability against external
disturbances are of paramount importance. In this study, the missile model is based on the Skid-to-Turn (STT)
principle. In STT-type missiles, directional control is achieved by applying lateral and vertical forces without
altering the nose orientation of the airframe. This approach allows for a simpler and more efficient control
structure.

The missile motion was modeled using six degrees of freedom (6-DOF) equations of motion, defined with respect
to the Earth-Fixed Inertial Frame reference system. Force and moment equations were derived, aecrodynamic
coefficients were calculated using Athena Vortex Lattice (AVL) software, and the system was linearized
separately for the longitudinal and lateral-directional planes. Previous studies have shown that linearized missile
guidance models can yield highly accurate performance predictions under certain assumptions, making them a
valid foundation for control design (Zarchan, 2012).

In this study, the Pure Pursuit guidance method is employed to generate the reference attitude commands for the
missile. In the Pure Pursuit approach, the missile continuously points its nose directly toward the target by aligning
its velocity vector with the line-of-sight vector to the target. This strategy provides a simple yet effective
mechanism for target interception. The generated reference signals for the pitch and yaw angles guide the missile
towards the target position during flight.

During the modeling process, several fundamental assumptions were adopted to simplify the system dynamics.
First, the missile was treated as a rigid body, ignoring any structural deformation. The curvature of the Earth and
Coriolis effects were also neglected, assuming a flat Earth model. Small angle approximations were applied during
the linearization stage to facilitate analytical derivations. Finally, the missile was assumed to maintain a constant
forward velocity throughout the flight. A basic guidance method was adopted to generate reference orientation
angles for the missile, which will be detailed in subsequent sections. This method aligns with the objectives of
achieving a simple and effective orientation control structure in this study.

Mathematical Modeling

Axis Systems

In order to accurately model the missile dynamics, it is necessary to define reference frames associated with both
the Earth and the missile itself. In this study, two primary reference frames are used: the Earth-Fixed Inertial

Frame and the Body-Fixed Frame as shown in Figure 1. The definitions and transformations between these
coordinate systems are consistent with those described in modern aerospace dynamics literature 0.
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Figure 1. Missile body-fixed axis system and its orientation relative to the earth-fixed inertial frame

Earth-Fixed Inertial Frame

The Earth-Fixed Inertial Frame is a reference coordinate system assumed to be stationary relative to the Earth,
and it is used to define the missile's position and velocity. In this frame, the Xg axis points east, the Y axis points
north, and the Zg axis is directed downward toward the center of the Earth. Here, the Flat Earth Assumption is
adopted, neglecting the curvature and rotation of the Earth. Therefore, the Earth-Fixed Frame is considered
inertial.

Body-Fixed Frame

The Body-Fixed Frame is a moving coordinate system attached to the missile. In this frame, the Xg axis points
forward along the missile’s nose, the Y axis points toward the right wing, and the Zg axis is directed downward.
The missile's body dynamics are expressed in terms of forces and moments defined with respect to this coordinate
system.

Transformation Matrices

The transformation between the Earth-Fixed Inertial Frame and the Body-Fixed Frame is defined using Euler
angles. In this transformation, Yaw (y) represents the rotation about the vertical Zg axis, Pitch (0) represents the
rotation about the lateral Y axis, and Roll (¢) represents the rotation about the longitudinal Xg axis. Using these
angles, the transformation matrix from the Body Frame to the Earth Frame is expressed as:

cos@cosy cos@siny —sinf
Cp/r = |Singsinfcosy — cospsinyg  singsinbfsiny + cospcosy  singcost (1)
cos¢psinfcosy + singsiny  cospsinBsiny — singcosyp cospcosh

where ¢ is the Roll angle, 0 is the Pitch angle and y is the Yaw angle. This transformation matrix enables the
conversion of vectors defined in the Body Frame into the Earth-Fixed Frame.

Force Equations

The forces acting on the missile consist of aerodynamic forces and gravitational forces. Since a constant forward

velocity is assumed in this study, thrust force is not included in the model. The aerodynamic force components
are defined with respect to the body-fixed frame as follows:

1

Fy=3 pVESCy ()
1

Fr=5 pV2SCy 3)
1

Fr=5 pVESC, (4)
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Here, Fx represents the force acting along the missile's longitudinal axis (forward), Fy represents the force acting
along the lateral axis (side), and F7 represents the force acting along the vertical axis (downward). p denotes the
air density, Vr is the total velocity, and S is the reference surface area. The terms Cx, Cy, and Cz correspond to
the aerodynamic force coefficients along the X, Y, and Z directions, respectively. The gravitational force is
defined in the Earth-Fixed Inertial Frame and acts downward. It is transformed into the body-fixed frame using
the transformation matrix Cge. The total force vector in the body frame is expressed as:

Fp = Faero + CB/EFgravity 5

Moment Equations

The moments acting on the missile originate from aerodynamic effects. In this study, only aerodynamic moments
are considered, and engine-generated moments or other external moments are neglected. The aerodynamic
moment components are defined with respect to the body-fixed frame as follows:

1

My => pV2sSIC, (6)
1

My = EpVTZSICM )
1

Mz =5 pVESICy (8)

Here, Mx represents the roll moment (rotation about the X-axis), My represents the pitch moment (rotation about
the Y-axis), and Mz represents the yaw moment (rotation about the Z-axis). p denotes the air density, Vr is the
total velocity, S is the reference surface area, and 1 is the reference length. The coefficients Cr, Cu, and Cy
correspond to the roll, pitch, and yaw moments, respectively. The total acrodynamic moments are expressed with
respect to the body-fixed frame and are associated with the changes in angular momentum in the dynamic
equations.

Aerodynamic Coefficients and Derivatives
The aerodynamic forces and moments acting on the missile are modeled using specific aerodynamic coefficients.

These coefficients are functions of the angle of attack (a), sideslip angle (B), control surface deflections, and
angular rates. The aerodynamic force coefficients are defined as:

l
CX = CXO +Cxaa+Cxq2q_V+steae (9)
pl rl
Cy = CYB,B + CY,, 27 + Cy, 2V + Cysada + Cygré‘r (10)

l
CZ = CZO +Czaa+CZq2q_V+CZ(3363 (11)

The aerodynamic moment coefficients are defined as:

pl rl
C, =CLB'B+CLPW+CLrﬁ+CLSa6a+CL6r6T (12)
ql
CM =CM0+CMua+CMqﬁ+CM6666 (13)
pl rl
Cy = CNBB+CNPW+CNTW+CN50_6“+CN6TST (14)

Here, a represents the angle of attack, B denotes the sideslip angle, p is the roll rate (angular velocity about the X-
axis), q is the pitch rate (angular velocity about the Y-axis), and r is the yaw rate (angular velocity about the Z-
axis). The terms de, da, and or correspond to the elevator, aileron, and rudder control surface deflections,
respectively. Additionally, 1 denotes the reference length, and Vr is the total velocity. The theoretical framework
for aerodynamic coefficient modeling in this study aligns with classical missile aerodynamics formulations
presented by Nielsen (1960). The aerodynamic stability and control derivatives used in this study were obtained
using the AVL (Athena Vortex Lattice) software. The derivative values were computed based on nine different
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combinations of angle of attack (o) and sideslip angle (B) values, each selected as —15°, 0° and 15°. These
derivatives were directly integrated into the linearized missile dynamics model.
Table 1 summarizes the aerodynamic derivatives and their physical meanings.

Table 1. Aerodynamic derivatives and their physical meanings
Symbol Physical Meaning

Cx, X-force coefficient derivative with respect to angle of attack (o)

C Xq X-force coefficient derivative with respect to pitch rate (q)

Cy . X-force coefficient derivative with respect to elevator deflection (5¢)

Cy s Side force coefficient derivative with respect to sideslip angle (B)

Cyp Side force coefficient derivative with respect to roll rate (p)

Cy, Side force coefficient derivative with respect to yaw rate (r)

Cy - Side force coefficient derivative with respect to aileron deflection (da)

Cy 5 Side force coefficient derivative with respect to rudder deflection (6r)

G p Roll moment coefficient derivative with respect to sideslip angle (B)

C L Roll moment coefficient derivative with respect to roll rate (p)

C, Roll moment coefficient derivative with respect to yaw rate (r)

G 5a Roll moment coefficient derivative with respect to aileron deflection (6a)
G 5 Roll moment coefficient derivative with respect to rudder deflection (6r)
Cy " Yaw moment coefficient derivative with respect to sideslip angle ()

Cn,y Yaw moment coefficient derivative with respect to roll rate (p)

Cn, Yaw moment coefficient derivative with respect to yaw rate (r)

C, Sa Yaw moment coefficient derivative with respect to aileron deflection (da)
C, 5 Yaw moment coefficient derivative with respect to rudder deflection (dr)
Cz, Normal force coefficient derivative with respect to angle of attack (a)

C Zq Normal force coefficient derivative with respect to pitch rate (q)

Cy, 5o Normal force coefficient derivative with respect to elevator deflection (de)
Crn,, Pitch moment coefficient derivative with respect to angle of attack (a)
Cmq Pitch moment coefficient derivative with respect to pitch rate (q)
Cn 5o Pitch moment coefficient derivative with respect to elevator deflection (5e)

Flight Parameters

In the modeling of missile dynamics, flight parameters play a crucial role in defining the system's state variables.
In Figure 2, the following flight parameters are illustrated. Forward Velocity (u) is the missile’s velocity
component along the body-fixed X-axis. It is assumed to be constant throughout the analysis. Also, Angle of
Attack (a) is the angle between the body X-axis and the forward velocity vector. It is used under the small angle
assumption.

Vr

"‘\‘;’
v

Figure 2. Angle of attack (o) definition
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In Figure 3, the Sideslip Angle (B) is shown. It is the angle between the body X-axis and the projection of the
velocity vector on the Y-Z plane. It is used under the small angle assumption.

Ys

Ve

Figure 3. Sideslip angle (B) definition

These parameters are fundamental in the linearization of the missile model and in the formulation of the state-
space representation. The use of these parameters and assumptions in missile flight modeling is well established
in classical flight dynamics literature (Etkin ,1972).

Translational Kinematic Equations

The translational motion of the missile in the Earth-Fixed Inertial Frame can be represented using the body-fixed
velocity components u, v, w and the Euler angles ¢, 8, y. This formulation provides the foundation for describing
the missile’s motion in three-dimensional space with respect to its center of mass.

X = ucos 6 cos Y+ v(sin ¢ sin 0 cosy — cos ¢ siny) + w(cos ¢ sin 6 cos P + sin ¢ siny) (15)
Y = ucos 6 siny + v(sin ¢ sin B siny + cos ¢ cosp) + w(cos ¢ sin @ siny — sin ¢ cos ) (16)
Z = —usinf + vsin ¢ cos 8 + w cos ¢ cos 0 (17)

These equations describe the instantaneous translational velocity of the missile’s center of mass in the Earth-Fixed
Inertial Frame and form the basis for modeling the translational dynamics of the missile. Here, u, v and w represent
the velocity components along the body-fixed X, Y, and Z axes, respectively. These equations describe the
instantaneous translational velocity of the missile’s center of mass in the Earth-Fixed Inertial Frame and serve as
the basis for modeling the translational dynamics of the missile.

Rotational Kinematic Equations
The orientation changes of the missile are described using Euler angles (¢, 6, v), and their time derivatives are

expressed in terms of the body-fixed angular rates (p, q, r). The rotational kinematic equations for the Euler angles
are given as:

¢ =p+tan@ (qsing + rcos ¢p) (18)
6 =qgcos¢p —rsing (19)
. qsing +rcos¢
V= cos 6 0)

These equations describe the evolution of the missile's orientation over time based on the angular rates and provide
the kinematic model of the rotational motion. This formulation of rotational motion based on Euler angle
derivatives is directly aligned with the classical treatment in (Etkin & Reid, 1996).

Linearization

To enable the missile dynamics to be used in control system design, the nonlinear equations of motion are
linearized under specific simplifying assumptions. The key assumptions include the small-angle approximation,
where angles such as the angle of attack (a), sideslip angle (B), and roll angle (¢) are considered small enough to
justify the linear relations sina = a, cosa = 1, sinff = 8, sinff = 8, sin¢ = ¢, and cos ¢ = 1. Additionally,
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the forward velocity component u is assumed to be constant throughout the flight, leading to the simplification
u =~ 0. Under the mentioned assumptions, the nonlinear equations of motion are linearized around small
perturbations from an equilibrium condition. Following the linearization, the system dynamics are decoupled into
two independent subsystems: the longitudinal and the lateral-directional planes. The longitudinal plane includes
the states w, q, 0, and Z, which represent vertical velocity, pitch rate, pitch angle, and vertical position,
respectively. The lateral-directional plane consists of the states v, p, r, ¢, v, and Y, representing lateral velocity,
roll rate, yaw rate, roll angle, yaw angle, and lateral position. Separate state-space models are derived for each
plane, and the control design is carried out individually based on these linearized subsystems.

State-Space Representation

The linearized missile dynamics are expressed in state-space form separately for the longitudinal and lateral-
directional planes. Independent state and input vectors are defined for each plane, and system matrices are
constructed accordingly.

Longitudinal Plane State-Space Model

State and input vectors:

Xion = [W, 4,9, Z]T 2y
Uon = [65’] (22)
State-space equations:
J.Clon = Alonxlon + BllonWlon + leon Uion (23)
System matrices:
Zy Zg¢ —u 0
M, M 0 0
Aon =1 q 24
lon 0 1 0 0 ( )
0 0 -u O
B,,,=[1 1 0 o] (25)
By =25, Ms, 0 0]7 (26)
The elements of the system matrices are defined as follows:
pVTSref
= -C @7
v Mgnissille Za
p ref
Zy=o—" (28)
1 2 II\//Irrgssille %a
M, = PUrorer” Cg (29)
lyy
psref 12
= -C 30
T (30)
pVTgSref
be Mrrzu'ssile Zse
PVESrerl
50 =2 g, (32)
vy

Lateral-Directional Plane State-Space Model

State and input vectors:
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Xiae = w07, 0,9, Y]" (33)
Ujat = [611: 51"] (34)
State-space equations:
Xiar = AaeXiar + BllatM/lat + leat Ujat (35)
System matrices:
Y, Y, Y. —gcos(6,) 0 O
L, L, L, 0 0 0
Are = N, N, N, 0 0 0 (36)
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 u 0
By,=[1 0 1 0 0 0] (37
Ys, Ls, Ns, 0 0 07"

leat - Y5T LS NST 0 0 O (38)

r

The elements of the system matrices are defined as follows:

pVTSref
Y, = . (39)
v Mrgissille’ ‘e
p ref
Y, =s—"F—.C (40)
P 2M§nisstile »
p ref
Y, = —J . (41)
" lel;lmsl:ssilel’ r
_ pVr ref
e (42)
_ pSrzefl . (43)
P 2, W
psrgefl
L. = . 44
T2, T 9
PVrSrerl
N, = Tref “lng (45)
psfefl
N. = . 46
P21, Crp )
psfefl
N.. = . 47
T 21, Cnr “7)
VES, .fl
Vo, = oy (48)
rrzzf;silel
V.
%lgﬂlel
V.
L5a = pTI—T'ef . Cl(?a (50)
XX
V2S, el
Ls, = pTIiM'Clsr 51)
xx
PVES, ol
Ns, =_Izzref : Cng, (52)
PVES, ol
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Pure Pursuit Guidance Law

In the Pure Pursuit guidance method, the missile continuously adjusts its flight path to directly aim at the
instantaneous position of the target. The missile aligns its velocity vector with the line-of-sight (LOS) vector to
the target at every moment. This principle ensures that the missile always attempts to minimize the angular
separation between its own heading and the target's location. Although Pure Pursuit is simple to implement and
highly intuitive, it may not guarantee interception against highly maneuverable targets, as the missile may tend to
follow a curved path that lags behind rapid target movements. Nevertheless, for stationary or low-maneuvering
targets, Pure Pursuit provides an effective and computationally efficient guidance strategy, and it is classified
under direct (external) guidance methods as illustrated in Figure 4 (Siouris, 2004).

Unguided

Nonhoming Homing

I Direct (or external guiclmlce)l

— T ]

Inertial Programmed  Active Semiactive Passive ~ Command Beam

rider

CLOS

Figure 4. Common missile guidance methods (Adapted from George M. Siouris, Missile Guidance and Control

Systems, 2004)

Various studies have examined the integration of classical guidance laws such as Pure Pursuit into modern missile
control frameworks 0 . In order to steer the missile toward the target position, reference attitude angles are

generated using a Pure Pursuit guidance law. The procedure is as follows:
First, the target direction vector is calculated:

XTarget -X
VTarget = YTarget -y
ZTarget —Z

Then, the direction vector is normalized:

_ VTarget
VDir - V—
” Target "

The reference yaw angle (W) is computed as:
lpref = arCtanz(VDir,y: VDir,x)

The reference pitch angle (0.f) is computed as:

Orer = arctan(—Vpirz [Viy . + Vgir_y)

The reference roll angle (drf) is set to zero:

¢ref =0

(54

(55)

(56)

(57)

(58)

Since the missile model adopts a Skid-to-Turn (STT) control architecture where roll dynamics are not actively
utilized during the guidance phase. This simple approach allows the missile to dynamically adjust its orientation

towards the target throughout the flight, as illustrated in Figure 5.
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\

Figure 5. Representation of the target direction vector

Control Design
Control Objectives

The main objectives of the control design for the missile system are summarized in Figure 6. These objectives
include ensuring stability in the presence of external disturbances, minimizing their effects through disturbance
attenuation, and achieving optimal performance by minimizing the Hoo norm. Such objectives align closely with
the goals of advanced control theory, which aims to maintain performance despite modeling errors and
unmeasured perturbations (Mackenroth, 2004).

In this study, the disturbance input is selectively introduced into the angular channels, specifically affecting the
pitch (0) and yaw (y) angles, in the form of zero-mean white noise. These perturbations represent realistic
environmental effects such as sensor noise or aerodynamic uncertainties. These objectives are addressed through
an Hoo optimization framework formulated using Linear Matrix Inequalities (LMI), which explicitly incorporates
stability and disturbance attenuation into the design process.

— \( p
Stability
Ensuring internal stability by placing all
closed-loop poles in the left half of the
complex plane.

. J/
4 )
Disturbance Attenuation
Minimizing the impact of external

disturbances on system behavior via Hee
norm minimization.

\. J
4 N
Performance Optimization (He Criterion)
Achieving bounded system responses

under worst-case disturbance scenarios
using convex optimization techniques.

& J
(

CONTROL OBJECTIVES

Setpoint Tracking
Ensuring accurate convergence of the
missile to the desired reference attitude or
target point with minimal steady-state
error.

\ VAN J

Figure 6. Summary of control objectives considered in the Hoo-based missile guidance design

10
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State-Feedback Hoo Controller Design

In order to analyze the closed-loop performance of the missile guidance system under external disturbances, the
design equations for a static state-feedback Hoo controller have been obtained (Boyd et al., 1994). The missile
dynamics are represented in the linearized state-space form as:

x(t) = Ax(t) + Byw(t) + Bu(t) + Byor(t) (59)
z(t) = C;x(t) + Dy, w(t) + Dy u(t) (60)

In this representation, x(t) € R™ denotes the state vector of the system, while w(t) € R™wrepresents the
exogenous disturbance input acting on the system. The signal r(t) € R™ is the reference command, introduced
into the system via the input matrix By..r. The term u(t) € R™ corresponds to the control input applied to the
system. The performance output z(t) € R? is defined as the performance variable, which is minimized in the Hoo
sense to ensure stability performance under disturbances. The matrices C;, D;;, and D;, define how the
performance output depends on the state, disturbance, and control input, respectively.

To incorporate reference tracking into the Hoo control framework, the state-space model is augmented with an
integral action on the tracking error. This is achieved by extending the system matrices to include the integral of
the error between the reference signal r(t) and the corresponding state variable. The extended state vector, input
matrices, and output matrices are defined as follows:

[28 C, 0] lf e(t) [Bl [W(t)] [Bz]u(t)+[0]r(t) 61)

Suppose that the control input is linear function of the state, i.c.,
u(t) = Kx(t) (62)
where K € R™*™ is the state feedback gain. The closed-loop system is given by

% (t) = (A + BoK)x(t) + Byw(t) (63)
z(t) = (Cy + D12)x(t) + Dyyw(t) (64)

The state-feedback Hoo controller design is carried out separately for the longitudinal and lateral-directional
motion planes. For each case, the control gain K is obtained by solving a convex optimization problem subject to
Linear Matrix Inequality (LMI) constraints derived from the bounded real lemma. In addition to performance
criteria, input saturation bounds are imposed to ensure that the control signals remain within physically meaningful
limits. The optimal nominal Hoo state-feedback controller can be obtained by searching minimum allowable v,
which satisfies the following LMI for X = X7 > 0 and any matrix L.

AX + XAT + B,L +I"BY B, XCT+1"DJ,

BT —yI DI, <0 (65)
C1X + D12L Dll _yI
X
W R )
Y
[ ! X] >0 (67)

where U,,,,, denotes the maximum allowable deflection for the corresponding control surfaces. If there exists a
feasible solution to the optimization problem (65), (66) and (67), the optimal Hoo state-feedback controller can be
constructed as K = LX"'.

The objective is to ensure that the control input does not exceed a predefined magnitude bound for all admissible
system trajectories (Parlakc1 & Kucukdemiral, 2010). Assuming that the control input is subject to a magnitude

constraint expressed as ||u]l, < Uy, Where u is the control input and u,,,, denotes the saturation threshold.
Based on the definition of the Euclidean norm:

lull; < Umax © VUTU < Upgy eu'u < urznax (68)

11
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Since u(t) = Kx(t) and L = KX, we can express the condition as:

TOXULTLX x(t
x'(t) x(t) <1

_ (69)
umax
If we define the ellipsoidal set =p as:
Ep = {x|xT()Px(t) < 1} (70)
then inequality (69) becomes equivalent to:
x(t) € Ey-1;T 41
P a
To ensure that all admissible state trajectories remain within the control bounds, we require:
Ey-1 CEp1,T, p1
R 2
This is equivalent to the matrix inequality:
X rLx—1t
Xtz2—p—r (73)
umax

To simplify inequality (73) a congruence transformation is performed. Both sides are pre- and post-multiplied X
resulting in:

LTL
X=>— (74
umax
which, by Schur complement (Boyd et al.,2004), is equivalently expressed as:
x Ir
>
RS 09

It is worth noting that so far, the enlargement of the ellipsoid has not been addressed. Geometrically, the volume
of the ellipsoid Zy-1 is proportional to /det (X~1). Given that:

(76)

trace(X"H\"
n

Jdet (X~ 1) < (

it is reasonable to minimize X 1. However, since X! is not directly a decision variable, we define an auxiliary
variable Y = YT > X~1. Then, minimizing trace(Y) provides an ellipsoid enlargement objective. Using Schur
complement again, the constraint Y = X1 is rewritten as:

Y—IX—11>0<:>[’; )I(]zo 77

In this study, the control signal limit was chosen as u,,,, = 30°, reflecting the maximum allowable deflection of
the control surfaces. This value was used directly in the actuator saturation LMI condition during controller
synthesis. The LMI optimization problem was implemented and solved in MATLAB using the YALMIP toolbox,
with MOSEK employed as the underlying convex optimization solver. This computational setup provided reliable
and efficient handling of matrix inequality constraints under numerical precision.

Simulation Study

In this section, numerical simulations are conducted to evaluate the performance of the designed Heo state-
feedback controllers under external disturbances and reference tracking requirements. The missile model is

12
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analyzed separately in the longitudinal and lateral-directional motion planes, using the extended state-space
formulation described previously. The closed-loop response is examined with respect to stability, disturbance
attenuation, and control effort limitations.

Longitudinal Motion Plane

The extended state-space matrices for the longitudinal motion plane, augmented for reference tracking, are given
as follows:

Z, Z, —u 0 0
M, M; 0 0 0
Ajon 0 1 0 00 (78)
0 0 —u 00
0 0 -1 00
By, =[0 1 0 0 o] (79)
By, =Zs, Ms, 0 0 0] (80)
Bref,, =10 0 0 0 1]7 81
Crpon = 8 8 ' 0 0] (;:leelcetcizlr(zrtl);?egﬁg)) (82)
Dum [0 o]” (83)
Dy, =[0 0" (84)

Lateral-Directional Motion Plane

The extended system matrices for the lateral-directional motion plane are constructed similarly. The augmented
state-space model used for controller synthesis is represented as follows:

Y, Y, Y. —gcos(@@) O 0 0 O
L, L, L, 0 0 0 0 0
N, N, N, 0 0 0 0 0
A =|l0 1 0 0 0 0 0 0 (85)
“Tlo o0 1 0 0 0 0 0
1 0 0 0 u 0 0 0
0 0 O -1 0 0 0 0
Lo 0 0 0 -1 0 0 o
B,,=[0 0 10 0 0 o0 o] (86)
Ys, Ls, Ns, 0 0 0 0 07"
leat Y5r L5r Ner 0 0 0 O 0] (87)
000 0 0O 01"
Brerie =190 0 0 0 0 0 (88)
0 00 -1 0 00O (Selecaonof o))
. = 000 0 —1 0 0 Of C(Selectionof 1) %
Wat=lo 0 0 0 0 0 1 0 (Selectionof fes(e)) (89)
0 0 0 O 0 0 0 11 (Selectionof [ey(t))
Dy, =[0 0 0 o] (90)
0 0 0 0
= 1
Do =lg o o o o1

Controller Synthesis Results
In this section, the definitions of the state trajectory x(t) and performance output z(t), which are used in the Hoo

controller synthesis, are provided explicitly for both the longitudinal and lateral-directional subsystems. Below,
the resulting expressions for X, (t), Zjon (t), X14:(t) and z;4,(t) are provided accordingly.

xlon = Alonxlon (t) + Bllonwlon (t) + leon ulon(t) + Breflaneref (92)

13
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Zlon(t) = Cllonxlon(t) + Dlllon Wlon(t) + Dlzlonulon (t) (93)
J.Cla.t = Alatxlat + Bllatwlat + leat Upge T Breflat [d)ref: l/)ref] (94)
Ziar (8) = Cqypp %1 (8) + D11y, Wiae (8) + Digyp Uiae (8) 95

To obtain the optimal state feedback gains Kj,, and K, the optimization problem is formulated as minimizing
the y performance bound subject to the LMI conditions given in (65), (66) and (67). These constraints ensure the
Hoo performance requirement. The optimal control gain for suppressing the disturbances affecting the system with
the state feedback control law is achieved by solving

miny
Constraints: (65), (66) and (67)

optimization problem. This solution is solved for 9 cases each for the Longitudinal Plane and Lateral-Directional
Plane. The cases are given in Table 2. In the simulation, control gains corresponding to different flight conditions
were determined from a predefined set of nine operating scenarios, created by varying angle of attack (a) and
sideslip angle (B) values. The gain matrices were stored in a structured look-up table, enabling the controller to
dynamically select appropriate feedback gains according to the current flight condition.

Table 2 Flight condition cases used for controller synthesis

Case  Angle of Attack (a) [Degree] Sideslip Angle (B) [Degree] Mach Altitude [m]
1 -15 -15

2 -15 0

3 -15 15

4 0 -15

5 0 0 0.6 1000

6 0 15

7 15 -15

8 15 0

9 15 15

The solution to this optimization problem yields different y performance levels for each defined flight condition.
Table 3 summarizes the minimum closed-loop y values obtained for each case, separately for the longitudinal and
lateral-directional motion planes.

Table 3 Closed-loop y values for longitudinal and lateral-directional planes

Case Longitudinal Closed-Loop y  Lateral-Directional Closed-Loop y
1 0.0175 14.7850

2 0.0160 12.9523

3 0.0180 64.9524

4 0.0159 271.3944

5 0.0146 226.3793

6 0.0160 233.3257

7 0.0177 37.1123

8 0.0161 22.3868

9 0.0177 37.8336

The optimal state feedback gain matrices K, computed for each defined flight condition, are presented in Table 4.
Each gain matrix is computed individually using the LMI-based synthesis approach and is associated with one of
the predefined operating conditions. It is important to note that the open-loop system exhibits instability under all
evaluated flight conditions. As a result, analyzing the open-loop Heo performance level (y) is not meaningful, and
such values are therefore omitted from the comparison. Instead, the effectiveness of the proposed state-feedback
controller is assessed through the minimum closed-loop y values obtained from the LMI-based optimization. As
shown in Table 3, the closed-loop y values for the longitudinal motion plane are consistently low across all nine
flight cases, indicating reliable disturbance attenuation and strong stability performance along the longitudinal
axis. In the lateral-directional plane, the closed-loop y values vary more significantly depending on the sideslip
angle and angle of attack, yet remain within an acceptable range. Additionally, closed-loop stability analysis has
been performed by evaluating the eigenvalues of the system matrices under each flight condition. In all cases, the
eigenvalues are located in the left-half complex plane, confirming that the designed controller ensures asymptotic
stability of the closed-loop system in both motion planes.

14
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Table 4. State feedback gain matrices (K) for each case

Ca

se Longitudinal Lateral-Directional

Klatl
1 Kion1 =[—0.0020 0.2637 1.5379 0.0 —1.6587] _[~52450 17.4657 0.9132 30.0508 0.5136 0.0 -0.1534 -0.1251
1.8144 -6.1221 -1.8803 -10.4746 -—1.0268 0.0 0.1428 0.2510

2w =l-0ms 025 1559 00 sl K =[[4700 130 056 2ol aner g0 < —omy
s = a00ts 0205 150 00 ) =[S0 SIS B o e o1 -orres —wos
8 =00 02 s 00 =[O0 4 000 0o o 0o <aoter oo
S s = aoom a5 0 7 =[O0 24551 0t pon oot on onieo s
6 = ao0m a2y w5 00 7l =[O0 270 0000 o 0w 00 onies —ooon
T = a0 sl = (L) S, U0 2 e w0 e o

o B _ 21049 51919 —1.0891 —1.4278 —0.4386 0.0 —0.1682 0.0812
8  Kiong =[-0.0023 02567 15583 0.0 -17617] Kas = 100976 —18277 -1.1078 —45925 —04878 00 01122 01012

i : _ 19502 50097 —0.8772 —0.7729 —0.3273 0.0 —0.1894 0.0539
9 Kions =[-00022 02631 15272 0.0 ~—1.7286] Kiaro = 100346 —22077 —10556 —49718 —041290 0.0 00833 0.0754]

Results

To evaluate the system’s resilience against external disturbances, zero-mean white noise signals were introduced
into the pitch () and yaw (y) channels. Figure 7 displays the disturbance signals applied over time. These inputs
exhibit continuous, stochastic variations, simulating real-world aerodynamic uncertainties. The disturbance
amplitudes remain within physically reasonable bounds and serve as a meaningful benchmark to test the control
structure.

Angular Disturbance Inputs over Time (First 50 Seconds)
T T T T T

o disturbance

o disturbance

H“ ’ “ |

Disturbance Signal [Rad]
i

s I I I I I I I I I
o 5 10 15 20 25 a0 35 a0 a5 50
Time [s]

Figure 7. Disturbance signals applied to pitch (0) and yaw (y) channels in the form of zero-mean white noise
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The effectiveness of the proposed Hoo controllers is evaluated through time-domain simulations involving
reaching the desired position and external disturbances. In the primary scenario, the missile is commanded to
reach a spatial reference position at coordinates X,Y,Z = 40000,40000,40000 meters as seen in Figure 8. In
the absence of external disturbances, the terminal position error is approximately 27 meters. Remarkably, when
zero-mean white noise is introduced into the pitch and yaw channels, the deviation reduces slightly to 26 meters.
This counterintuitive improvement is attributed to the dynamic characteristics of the controller, which actively
attenuates disturbance effects and guides the missile along a smooth trajectory.

3D Missilo Trajectory and Target

——— Missie Teajeclary
® Tame

z(m)

0

;a)

3D Missile Trajectory and Target

Wissle Trajectory
® e

Z(m)

b)
Figure 8. Missile trajectory under a) nominal conditions without external disturbances b) disturbance conditions
(white noise applied to 6 and )
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In addition, the control surface deflections generated by the designed controller are examined to ensure that
actuator constraints are respected. Figure 9 presents the control inputs (aileron, elevator, and rudder deflections)
over time for both nominal and disturbance cases. In both scenarios, the control signals remain within the
acceptable range, not exceeding approximately 30 degrees, which corresponds to the predefined actuator limits
imposed during the LMI-based synthesis. The deflection signals exhibit smooth and bounded behavior,
confirming that the controller operates effectively without driving the actuators into saturation. Moreover, the
similarity of the control profiles between the nominal and disturbance cases highlights the robustness of the control
structure against external perturbations.

Cantrol Inputs vs Time
T T

Control Surface DeBection [Degree]
& 8

Time [s]

a)

Control Inpus vs Time
T T

Control Surface Defiection [Degree]

| 'llﬂj'l“'h.‘-i‘l L

]

b)
Figure 9. Control surface deflections for a) nominal conditions without external disturbances b) disturbance
conditions (white noise applied to 6 and y)
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Discussion

The simulation results confirm that the proposed Hoo controller provides reliable performance in missile trajectory
tracking and disturbance rejection across a variety of flight conditions. Notably, the closed-loop system maintains
stability and control effectiveness even when subject to continuous white noise disturbances applied to critical
angular states. The final position error with respect to the spatial reference remains within tight bounds, and
actuator deflections stay below physical saturation levels, which validates the practicality of the designed control
law under operational constraints.

Conclusion

In this study, an Hoo state-feedback controller was developed for missile guidance applications using an LMI-
based synthesis framework. The missile dynamics were modeled separately for longitudinal and lateral-directional
planes in a linearized state-space form, with aerodynamic stability and control derivatives derived via AVL
simulations. The control design incorporated input saturation constraints and reference tracking by augmenting
the system with integral action. Time-domain simulations were conducted across multiple flight conditions,
including the presence of white noise disturbances applied to pitch and yaw angles.

Results demonstrate that the proposed controller enables the missile to reach a spatial reference target with high
precision, maintaining final position errors under approximately 30 degrees and keeping control inputs within
actuator limits. The system remained stable under all tested conditions, confirming the effectiveness and practical
viability of the approach. This LMI-based Hoo control methodology provides a promising solution for advanced
missile guidance systems requiring consistent performance under varying operational scenarios and external
disturbances.

Recommendations

Based on the findings of this study, several directions are suggested to further improve missile guidance control
strategies. One promising avenue is the development of hybrid H2/Hoo controllers, which could offer a balanced
trade-off between disturbance attenuation and control effort, thereby enhancing overall system efficiency.
Additionally, extending the controller design to nonlinear missile models would provide a more realistic
assessment of flight dynamics, especially under extreme operating conditions. The incorporation of adaptive or
gain-scheduled control techniques may also increase the controller’s flexibility in handling model uncertainties
and changing flight regimes. Finally, validating the proposed method through hardware-in-the-loop simulations
or physical test platforms is essential to ensure its practical feasibility and real-time implementation capability.
These extensions would collectively support the development of more robust, intelligent, and adaptable missile
guidance systems.
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