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Abstract: The current paper has for its purpose to develop a theoretical investigation of the effect of different 

mechanical behavior in tension and compression on the longitudinal fracture in continuously inhomogeneous 

beam structures subjected to impact loading. The basic motive for carrying-out this investigation is the fact that 

in many situations in engineering practice various beam structures are under impact loading which may be 

induced, for instance, by falling objects which strike the structure. This kind of loading threatens the structural 

integrity and reliable functioning of engineering constructions. Therefore, it is important to study in detail 

different aspects of the behavior of structures under impact. This paper is focused on the influence of different 

mechanical behavior in tension and compression on the longitudinal fracture. The beams under consideration are 

non-linear elastic and exhibit continuous inhomogeneity along their thickness. The integral J is applied for 

studying the longitudinal fracture under impact loading. The strain energy release rate is obtained to verify the 

solution of the integral J. Results illustrating the effect of different behavior in tension and compression are 

derived and presented in graphical form.  
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Introduction 

 

The quick development of continuously inhomogeneous (functionally graded) structural materials has a 

significant influence on the state of various branches of modern engineering (Kaul, 2014; Toudehdehghan et al., 

2017; Gandra et al., 2011). The strong interest which the representatives of the international engineering 

community around the globe show towards the continuously inhomogeneous materials is conditioned mainly by 

their excellent properties (Mahamood & Akinlabi, 2017). Among them, one of the most important advantages of 

these new engineering materials in comparison with the traditional homogeneous materials like metals or 

heterogeneous (fiber reinforced) composites is the continuous variation of their properties along one or more 

directions in a given structural member (Radhika et al., 2020; Riov, 2018). Besides, the variation of the material 

properties can be tailored during manufacturing in order to achieve some predefined goals (Gururaja Udupa et 

al., 2014; Fanani et al., 2021). However, the increasing application of these highly efficient materials requires 

elaboration and practical use of different methods for analyzing the behavior and performance of structural 

members and components subjected to various external influences. In the context of safety, studying fracture 

behavior of continuously inhomogeneous structural members under different loading conditions is of primary 

importance (Dowling, 2007; Rizov, 2019, 2024).  

 

The current paper focuses on analyzing the effects of different mechanical behavior in tension and compression 

on longitudinal fracture in continuously inhomogeneous load-bearing beam structures under impact loading. 

The beams under consideration have non-linear elastic behavior. The material exhibits continuous 

inhomogeneity along the beam thickness. The beam hosts a longitudinal crack. The impact loading is induced 

by a falling object that strikes the beam. The longitudinal fracture behavior of the beam under impact is 

analyzed by applying the integral J.  

 

http://www.isres.org/
https://www.sciencedirect.com/science/article/abs/pii/S0924013611001257#!
https://www.sciencedirect.com/science/article/pii/S2211812814008074#!
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The strain energy release rate (SERR) under impact loading is derived for verification of the integral J solution. 

A parametric study is carried out by applying the solution. The results of the parametric study are reported in the 

form of graphs. The study provides a useful knowledge for the influence of different mechanical behavior in 

tension and compression on longitudinal fracture of continuously inhomogeneous non-linear elastic engineering 

structures subjected to impact loading.  

 

 

Theoretical Investigation 
 

The load-bearing beam structure depicted in Figure 1 is subjected to impact loading by a small object of weight, 

P , which falls from height, Ph , and strikes the upper surface of the beam in point, 
4B .  

 

 
Figure 1. Inhomogeneous beam structure under impact loading 

 

The beam is clamped in its left-hand end. The right-hand end of the beam is free. The thickness of the beam in 

portion, 31BB , is h . In section, 3B , the beam thickness changes abruptly. In portion, 53BB , the thickness is 

1h . The beam hosts a longitudinal crack of length, a , in portion, 32BB .  

 

The material of the beam has non-linear elastic behavior that obeys the Ramberg-Osgood law (Dowling, 2007). 

In compression, the behavior is described by the stress-strain relation presented in Eq. (1). 
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where c  is the strain, c  is the stress, cE , cD  and cn  are material parameters. The stress-strain relation in 

tension is presented in Eq. (2).  
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Here, t  is the strain, t  is the stress, tE , tD  and tn  are material parameters in tension. 

 

The material of the beam is continuously inhomogeneous along the thickness. The change of material 

parameters across the beam thickness is given below. 
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where  

 

22

h
z

h
−        (9) 

 

Here cupE , cupD  and cupn  are the values of cE , cD  and cn  on the upper surface of the beam, clwE , clwD  

and clwn  are the values of cE , cD  and cn  on the lower surface of the beam. Analogically, tupE , tupD  and 

tupn  are the values of tE , tD  and tn  on the upper surface of the beam, while tlwE , tlwD  and tlwn  are the 

values of properties in tension on the lower surface of the beam. The parameters,  ,  ,  ,  ,   and  , 

govern the change of cE , cD , cn , tE , tD  and tn , respectively. 

 

The longitudinal fracture under impact is analyzed theoretically by using the integral J (Broek, 1986). The 

integration is performed long the contour H that is shown in Figure 1. Since the contour H has three portions, 

1H  , 2H  
and 3H , the solution of J is obtained as  

 

321 HHH JJJJ ++= .       (10) 

 

The solution of J in portion, 1H , is given in Eq. (11). 

 

tHcHH JJJ 111 += ,       (11) 

 

where cHJ 1  and tHJ 1  are the solutions in the compression and tension zones, respectively. cHJ 1  and tHJ 1  are 

presented below, i.e. 
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The components of cHJ 1  
are found as  

 

=  du cc0 ,       (14) 

 

1cos =c , (15) 

 

cxacp −= , (16) 

 

=




ax

u
, (17) 

 

0=yacp , (18) 

 

1dzds = , (19) 

 

where c  is the stress in the compression zone,   is the strain, c  is the inclination of the integration contour, 

u  is the axial displacement, u  is the transversal displacement, 1z  is the vertical centric axis of the beam cross-

section.  

 

The quantities involved in Eq. (13) are determined as written below  

 

=  du tt0 ,       (20) 

 

1cos =t , (21) 

 

txatp = , (22) 

 

=




ax

u
, (23) 

 

0=yatp , (24) 

 

1dzds = , (25) 

 

where t  is the stress in the tension zone.  

 

The stresses are found by using the dynamic coefficient, dynk , i.e. 

 

cstdync k  = , (26) 

 

tstdynt k  = , (27) 
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where cst  and  
tst  are the stresses in compression and tension induced by the static force of magnitude, P , 

applied in point, 
4B , on the upper surface of the beam. The dynamic coefficient is determined by applying the 

approach reported in (Obodovski & Hanin, 1981). This approach leads to Eq. (28) for dynk . 

 

bmst

P
dyn

GP

Ph
k

+
++=


211 ,  (28) 

 

where  
st  is the static displacement of point, 

4B . bmG  is the deadweight of the beam structure.  

 

The static displacement is found by using the integrals of Maxwell-Mohr, i.e. 

 

dxM iist =  , (29) 

 

where  i  is the curvature, iM  is the bending moment induced by a unit vertical force applied in point, 4B .  

 

In order to derive the curvatures, we first analyze the distribution of the strains along the thickness of the beam 

in portion, 21BB , by applying Eq. (30). 

 

( )ni zz 11 −=  , (30) 

 

Where 
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Here, nz1  is the neutral axis coordinate.  

 

Then, the curvature and the neutral axis coordinate are determined by using Eqs. (32) and (33).  
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where  N  is axial force,  M  is the bending moment, cA  and tA  are the areas of compression and tension 

zones of the beam cross-section, respectively. N  and  M  are found as 

 

0=N , (34) 

 

( )xlllPM −−+= 321 , (35) 

 

where the distances,  1l , 2l  and 3l , are defined in Figure 1. The MatLab is used for solving Eqs. (32) and (33).  

 

The solution of the J integral in portion, 2H , of the integration contour is derived by performing replacements 

in Eqs. (11) – (25).  

 

The upper crack arm is free of stresses. Therefore, we have 
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03 =HJ  (36) 

 

Finally, the J integral solution is found by using Eq. (10). The integration is performed by the MatLab.  

 

The SERR, G , is derived to verify the J integral solution. For this purpose, the expression reported in (Rizov, 

2018) is applied, i.e. 
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 where cHA 2  and  tHA 2  are the compression and tension zones in the cross-section of the lower crack arm 

behind the crack tip, cHA 1  and  tHA 1  are the compression and tension zones in the cross-section of the beam 

ahead of the crack tip, 
*

20 cHu  and 
*

20 tHu  are the complementary strain energy densities in compression and 

tension in the lower crack arm behind the crack tip, 
*

10 cHu  and 
*

10 tHu  are the complementary strain energy 

densities in compression and tension in the beam ahead of the crack tip. The complementary strain energy 

densities in compression and tension in the beam ahead of the crack tip are obtained by Eqs. (38) and (39), 

respectively. 

 

cccH uu 0

*

10 −=  , (38) 

 

tttH uu 0

*

10 −=  , (39) 

 

where cu0  and tu0  are determined by Eq. (14) and Eq. (20), respectively. The complementary strain energy 

densities in compression and tension in the lower crack arm behind the crack tip are found by performing 

replacements in Eqs. (38) and (39). The SERR found by using Eq. (37) matches the solution of the integral J 

derived by Eq. (10) which is a verification of the solution.  

 

 

Parametric Study 
 

The parametric study reported in this section of the paper aims to evaluate how the longitudinal fracture of the 

inhomogeneous beam under impact loading is affected by the different mechanical behavior in tension and 

compression.  

 

 

Figure 2. The integral J plotted versus cuptup EE /  ratio  
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The effects of material inhomogeneity and the impact loading parameters are evaluated too. It is assumed that 

015.0=b  m, 020.0=h  m, 300.01 =l  m, 300.02 =l  m, 050.03 =l  m, 150.0=a  m, 4.0= , 

4.0= , 4.0= , 6.0= , 6.0=  and 6.0= . The parametric study yields the results shown in 

graphical form in Figures 2, 3, 4, 5 and 6. 

 

Figure 2 illustrates how the integral J in normalized form changes when cuptup EE /  ratio varies at 

6/1/ 13 =ll  (curve 1), 6/2/ 13 =ll  (curve 2) and 6/3/ 13 =ll  (curve 3). The ratio, 13 / ll , determines the 

location of the impact loading application point on the beam surface.  

 

 

Figure 3. The integral J plotted versus cuptup DD /  ratio  

 

It can be seen in Figure 2 that the value of the integral J reduces as a result of increase of 13 / ll  ratio (this is due 

to decrease of the bending moment in the beam). Increase of cuptup EE /  ratio leads also to reduction of the 

integral J (Figure 2).  

 

One can observe the effect of cuptup DD /  ratio on the value of the integral J at 3.0/ 2 =lhP  (curve 1), 

6.0/ 2 =lhP  (curve 2) and  9.0/ 2 =lhP  (curve 3) in Figure 3.  

 

 

Figure 4. The integral J plotted versus bmGP /  ratio  
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The graphs indicate that the integral J decreases when cuptup DD /  ratio grows. However, grow of 
2/ lhP  ratio 

induces a significant rise of the value of the integral J (Figure 3). This observation is attributed to increase of the 

impact energy. The graphs reported in Figure 4 illustrate how the integral J is affected by the change of 

bmGP /
 
ratio at   2.0/ =cuptup nn  (curve 1), 5.0/ =cuptup nn  (curve 2) and 8.0/ =cuptup nn

 
(curve 3). 

 

 

Figure 5. The integral J plotted versus cupclw EE /  ratio  

 

 It can be seen in Figure 4 that the integral J increases its value when cuptup nn /  ratio grows. Increase of the 

integral J value is observed also at increase of bmGP /
 
ratio (this behavior is due to rise of the impact energy). 

 

 

Figure 6. The integral J plotted versus cupclw nn /  ratio  

 

One can get an idea for the variation of the value of the integral J due to continuous material inhomogeneity 

from the graphs shown in Figures 5 and 6. The inhomogeneity is characterized by the cupclw EE / ,  

cupclw DD / , cupclw nn /  and tuptlw nn /
 
ratios. The graphs in Figure 5 illustrate the effect of cupclw EE /  ratio 

at 2.0/ =cupclw DD  (curve 1), 5.0/ =cupclw DD  (curve 2) and 8.0/ =cupclw DD
 
(curve 3). Figure 6 

shows the effect of cupclw nn /  ratio at 3.0/ =tuptlw nn  (curve 1), 5.0/ =tuptlw nn  (curve 2) and 

8.0/ =tuptlw nn
 
(curve 3). The graphs in Figure 5 indicate a reduction of the value of the integral J when the 
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cupclw EE /  and cupclw DD /  ratios grow. Increase of cupclw nn /  and tuptlw nn /
 
ratios generate growth of the J 

integral value as can be seen in Figure 6.  

 

 

Conclusion  
 

The effect of different mechanical behavior in tension and compression on the longitudinal fracture of 

continuously inhomogeneous beam structures subjected to impact loading is investigated theoretically. Solution 

of the integral J is obtained. The SERR under impact loading is derived for verification of the solution. A 

parametric study is performed by using the solution. The study indicates that the longitudinal fracture is affected 

significantly by the different behavior in tension and compression. For example, it is observed that the value of 

the integral J reduces when cuptup EE /  and cuptup DD /  ratios grow. The growth of cuptup nn /  ratio generates 

rise of the J integral. It is found that the integral J value decreases when 13 / ll  ratio grows. An increase of the 

value of the integral J is detected when 2/ lhP  ratio rises. The study of the effect of material inhomogeneity 

reveals reduction of the integral J when cupclw EE /  and cupclw DD /  ratios grow. The rise of cupclw nn /  and 

tuptlw nn /
 
ratios, however, leads to growth of the integral J value.     

 

 

Recommendations 

 

The theoretical investigation developed in this paper can be used in structural design of continuously 

inhomogeneous inhomogeneous beams with different mechanical behavior in tension and compression under 

impact loading.  
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