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Abstract: The paper deals with the optimal control problem with the full-range integral performance criterion
for the nonlinear Schrédinger equation with the specific gradient summand and the complex potential when the
performance criterion is the full-range integral. Concurrently, the first variation formula of the performance
criterion under consideration and via which the necessary condition is established in the form of a variation
inequality is found. This article investigates the differentiability of the optimal control problem for a three-
dimensional nonlinear no stationary Schrodinger equation with a special gradient term and a real-valued
potential, when the potential depending on both spatial and time dependence and is sought in the class of
measurable bounded functions, and the coefficient in the nonlinear part of the equation is a complex number.
Therefore, this work differs from previously studied problems nonlinear Schrodinger equation with a specific
gradient term, complex potential and is relevant in its significance and also of scientific interest.
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Introduction

Optimal control problems for various equations were previously studied in detail in Diveev et al., (2021), Emilio
et al., (2022), Najafova, (2022), Salmanov (2020), Yagubov et al., (2017), etc. As is known, the Schrédinger
equation with a special gradient term and initial-boundary value problems for this equation arise in quantum
mechanics, nuclear physics, nonlinear optics and other areas of modern physics and technology (Iskenderov et
al., 2019; Yagub et al., 2022). Especially in quantum mechanics and nonlinear optics, when studying the motion
of charged particles in an inhomogeneous medium, the Schrodinger equation with a special gradient term arises,
and the study of initial boundary value problems for this equation is of interest from both theoretical and
practical points of view. It should be noted that the initial boundary value problems for the linear and nonlinear
Schrodinger equations in various formulations were previously studied in detail in the works of others Yagub et
al. (2015), Ibrahimov et al. (2022), Yakub et al. (2021), Zengin et al. (2021). However, the initial boundary
value problems even for the linear Schrodinger equation with a special gradient term have been studied
relatively little (Yagub et al., 2021). It should be noted that the work (Yagub et al., (2021)) study questions of
the existence and uniqueness of solutions to initial boundary value problems for linear one-dimensional and
two-dimensional Schrédinger equations with a special gradient term, when the coefficients are quadratically
summable functions. Note that initial boundary value problems for the nonlinear Schrédinger equation with a
special gradient term have been studied relatively little. In this direction, we can note the works Yagub et al.
(2015), Ibrahimov et al. (2022), Yakub et al. (2021), Zengin et al. (2021) in which initial-boundary value
problems for the nonlinear Schrodinger equation with a special gradient term are studied, when the coefficients
of the equation depend only on a spatial variable or a time variable. Therefore, this paper is devoted to the study
of the optimal control problem for a three-dimensional nonlinear Schrodinger equation with a specific gradient
summand and with a complex potential, when the controls are real and imaginary parts of the complex potential
and chosen from the class of measurable bounded functions depending on a time variable, and the quality
criterion is the full-range integral, and it is of considerable scientific interest.
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Method

Let's consider the functional minimizing problem:

1.0 =y vl oy + o] M
at the set:
dv, (t)

dt

m < dm’

V:{v:v(t):(v0 (l),vl (t)): V, eWzl(O,T),

v, (t)| <b ,

sz,l,‘vg’l e(O,T)}

subject to the conditions that:
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where, i=~-1,7>0,b,>0,d,>0,m=0,l,a,>0, =0 are the predetermined numbers,
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A=—+—+— 18 the Laplace operator, v=| =~ _“ |_is the nabla operator; v is the external normal
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of the boundary I' of the area D ; the complex number a, satisfies the condition:

a, =Rea, +ilma,,Rea, <0,Ima, >0,Ima, >2|Req,|; %)

a (X) is a measurable bounded function that satisfies the condition:

0
,uOSa(x)SM, VxeD, u,, p =const >0; 6)

a, (x,t)z(an(x,t),a,z(x,t),als(x,t)) is the specified function vector with the components that satisfy the

conditions:
|6an (x,t)| |5a1/. (x,t)| ) -
) < < - < k=13
|a1](x5t)|</uzs | a)Ck |</u35| 8t | ,U4,], 9 (7)
@(x,t) eQ, a1j|5 =0,j = Ln, Ly s fs, 1, = const > 0;
@, (x).f,(x,t), p=1,2 are the complex-valued functions that satisfy the conditions:
02 2 0,
@ eW2(D),p, eW;(D),—= =0; ®)
ov |-
/, eWzo’l(Q),pzl,2; 9)

0
® e H is a specified element, where H =, (0,T)xW, (0,T) and the symbol V means "at almost all". The
problem of determining functions w, =y (x,/)=y,(x,t;v),p=12from the conditions (2)-(4) upon every
v eV will be referred to as a reduced problem.
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Definition 1. Under the solution of the reduced problems (2)-(4) for each v €V, we mean a functions
2
v, B = c° ([0’ T],V?/z (D)Jﬂ c ([O,T],L2 (D)) ., w,eB, = o ([O,T],WZZ (D))ﬂ C ([O,T],Lz (D)) , for almost all

x€D and ¢e[0,7] satisfying equations (2), and the initial conditions (3) for almost all xe D and the
boundary conditions (4) for almost (&£,¢)eS.

It should be noted that the reduced problem type (2)-(4), that is, the first and second initial-boundary value
problems (2)-(4) were previously studied in the paper Iskenderov et al. (2018). Based on the results of this paper
the following statement can be formulated:

Theorem 1. Let's assume that the complex number «, satisfies the condition (5), and the functions a(x),
a, (x, t ) . P, (x) ., (x,t), p =1,2 satisfy the conditions (6)-(9). Then, the reduced problems (2)-(4) upon every

v eV have the single solution ¥i € B,¥, € B, , and the following statements are valid for such solution:

oy, (-t ’
ol LN <l U ool Jiclor). 00
L, (D) Wa(D)
2
2 oy, (-t 2
"WZ ("Z) p?/z(z)) + Zaf ) < ) ("% "W;(D) +||f2 iVZO"‘(Q) +||(/)2||Z/;(D) )’V[ € [O’T]’ (1 1)
L(D)

where, ¢, >0, p =1,2 are the constants not depending on /.

According to this theorem, the functional described in (1) makes sense for the problem under consideration. In
work Salmanov (2020) the existence and uniqueness theorems for the solution of the optimal control problem
we are considering for the nonlinear Schrodinger equation with a special gradient term and with a complex
potential are proved, when the quality criterion is the integral over the entire domain.

The Functional Differentiability and the Necessary Condition for Solution of the Optimal Control
Problems

Let us consider the necessary condition for solving problems (1)-(4) in the form of the variational inequality.
Let's suppose that ® = (x,7), p=1,2 are the solution for the following conjugate problem:

oD 3
a +a0A(Dp+izai(a1j(x,t)q>ﬁ)—a(x)q)p+v0 (1)®, —iv, (1)@, +

Jj=1 xj

2|y, [ @, +a,(v,) ®, =(-1)"2(w, (x1) -y, (x.0)).p =12 (x1) €@, (12)

@, (x,T)=0,p=12,x€D, (13)
oD

| =0, —* =0, (14)

s ov |

where y =y (x,0)=y,(x.;v),p=1,2 is a solution to (2)-(4) provided that ve V.
The solution of the conjugate problems (12)-(14) means the function @ (x,), p =1,2 from the space B,,p =12

meeting the equations (12) for Vte[O,T ], the boundary conditions (13) and (14) for Vxe€ D and

V(f, t ) € S, respectively.
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Theorem 2. Let's suppose that the number @, and functions a(x) ,a, (x,t ), @, (x), f,(x.1),p=12 satisty
02

the conditions (5)-(9). Also, let's assume that y e W Z(D) is a specified function. Then, the conjugate problem

(12)-(14) has the single solution from the space ®, € B,,p=1,2 and the following estimates are valid for this

solution:
2
2 oD, (.,t
H(Dl (1) o)t % S¢ H'/’l _V’ijV;J(Q) ? (15)
L,(D)
. o, (1)
HCD2 ("t) w5 (D) Zat <6 Hvll _‘//ZH;ZM(Q) (16)
L(D)

for vz e[0,7], where ¢; > 0,¢¢ > 0 are the constant not depending on /.

This theorem is proved by the Galerkin method. To establish the necessary condition for the solution by
specifying (1)-(4), we must show the differentiability of the functional J, (v) onto the set V.

Theorem 3. Let's assume that the hypotheses of theorem 2 are satisfied and @ € H is a specified element. Then,
the functional J, (v) for any function w = w(r) from the space B has the first variation at the set }” as follows:

&, (v,w)= j Re(y, (.0)®, (x,0) + v, (x.0) D, (x,))w, (¢) dixdt -

—I Im (v, (x,0)®, (x.2)+y, (x,6) D, (x,1)) w (1) dxdr +

+2“I(Vo ()=, (1)) w, (t)dz+j[dvzlt(f) _ daj;f(f)) dw;t(t)dt+

0

+20:.1'(vl ()=, (1)) w, (t)dt+]'(dvl (1) _do (l)) dw, (t)dt ’ (17

W dr di ) di

where v, (x,t) =y, (x, t;v) , (I)p (x,t) = (I)p (x,t;v),p =12 are the solutions of the reduced problem (2)-(4),
respectively, and the conjugate problem (12)-(14) provided thatve )V

Proof. Let's consider the increment of the functional J (v) at any elementV € V. Based on the formulas (1)
and (16) the following is obtained:

5J,(v)=J,(v+v)-J,(v)= 22[ Re[(l//l (x.0) =, (x.2)) (6%, (x.1) -6, (x,t))]dx-i—

+20‘I(V0 (1)-a, (t))vo (¢)dt+ 20{1-(‘1‘} (1) _do, (I)J v, (t)dt-i-

0
dt dt dt

+2“i (v (£)=e, (1)) (¢)dr + zaﬂdgf ) do, (t)] dv, (t)dt .

dt dt

+"5'//1

iz(g) —ZIRe(é'y/] (x,t)§y72 (x,t))dxdt+ a"év”i ,VYvel ,(18)

Q

Z(Q) + 5w,
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where oy, =dy, (x, t) , p =1,2 is the solution of the system of the following initial boundary value problems:

.0y,

i— +a) Ay, +ia, (x,0)Vy, —a(x)ow, +(v, (t)+6v, (1)) oy, +i(v, (1) + v, (¢))ow, =

==v, (t)w, —idv, (), —a, (Iva,g|2 v, -|w| t//,,),p =1,2 (x,1)eQ

51//p(x,0):0,p:1,2 xeD 5{//1|S :0,82‘%
v

=0

N

At first, the first summand from the right part of the formula is to be rearranged.

It is obvious that oy, € B, p=1,2 satisty the following integral equalities:

00
J'(i ai/” +a,ASy, +ia, (x,t) VS, —a(x)y, +(v, (1) + v, (1)) 5y, }/_p (.t) vt +

Q

+i[ (v () + v, (6))w, 77, (x,t) ddt == [ &v, (¢, 77, (x,t) dedt -

Q
_iJ- ov, (t)u/pﬁp (x,t)dxdt —J.az l:(|l/lﬂ5|2 +|l//p|2)5l//p +l//p5l//p5l/7p:|77p (x,t)dxdt,p =12 (19)
Q Q

for any functions 7, eL,(Q),p=12. Also, the solution of the conjugate problem @, (x,t), p=L12 from

B,,p=1,2 satisfies the following integral equalities:

0D ~ 0 .
i(z atp +aOACI)p+lZlg(0t1/.(x,l‘)d)p)—a(x)q)p+v0(t)CDp—zv1 (1)@, +

Jj=1 j
2|, [, +ay(w,) ®, |7, (v0)dvdt = (<1 2] (v (x.0) =w (5.0))i, () dxr 20)
Q

for any functions 7,, € L, (Q), p=12. In such integral equalities, the testing functions 7,, (x,t), p=L2 are

replaced with the functions Sy, (x,¢), p=1,2from B,, p=1,2, respectively. Then, after applying integration

by parts of the left side of the equality we obtained using conditions of the form (14) and (12), we obtain an
equality whose complex conjugation has the form:

05 Q
j(z‘ a‘;/” +a,Ady, +ia (x.t)VOy, —a(x)dy, +v, (1), +in (1)dy, }mpdm’“

Q

24|y, | 6y, ® dxdt + [a@, (7, ) Sy, ® dvdt =
Q Q
= (=1)"2[(#, (x.1) =7, (x.0) oy, (x,t)dxdt, p=1,2 ..o 1)
D

In the integral equality (19), the testing functions 7, (x,t), p=1L2 are replaced with @, (x,t), p=12 from

B,,p=1,2, respectively. Then, the following is found:
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001 -
j(i a'/tjﬂ +a,ASy, +ia, (x,1)V Sy, —a(x) Sy, +(v, (1) +6v, (t))é'(//ﬁ}bp (x, ) dxdt +

Q

+iI( -|-6v1 )51// xt dxdt—— J&vo )l// <I> (x, t)dxdt—

Q
—1J5V1 (1), @, (x,1)dxdt - ja2 I:(|l//p5| +|l//p| )5{//1, +l//p§l//p5l//p} L (x,t)dxdt, p=1,2
Through deducting the equity (21), the validity if the equity is easily found:

2£Re[(l//l (x.0) =y, (x,0))(6%, (x.1) -7, (x,t))}dxdt= _[5"0 (1) Re[iwpd)pjdxdt—

p=l

—iavl (t)Im(il//p@pjdxdt+ i&vo (t)Re(;gwpch]dxdt—

p=1

—Iﬁvl (t)Im[Zz:é'l//p(f)p)dxdt + .‘-Re(azit//pbﬁ)p |§z//p|2 xdt +
Q Q p=1

p=l

2 2
+jRe(a22y/pcpp |§wp|2}/)dt + | Re[aZZWpCDp (5v,) jdxdt : (22)
Q p=l Q p=1
Having considered the equity in the right part (18), the following is obtained:

57, (v)= i v, (t)Re(il//pCT)pjdxdt— 2[5VI (t)Im(gl//p(T)pjdxdt+

dt dt

+2aJ:(v0 —, (1)), (1)dt + 2ax j[dv(’ d dwo(t)jdav‘)(t)dw

+2an(\)1 — o, (1)lov, (t)dt + 2a j[ (1) _do )jdﬁ;?t(t)dt+R(é'v), (23)
where R(6v) is specified through the following formula:
R(6v)= iavo (t)ReLZz;é‘l//p(T)de;dt— i(svl (z)ImLzz;awpépjdde
+£ Re(%;wmﬁ)p |, || Vs + i Re{azgy/p&)ppy/pr xdi +
o Re(azilﬁpcf)p (6w, ]dxdt  alo, +

2
+Zl||5y/p||i o) ~2[ Re (0,67, Yixdr, ¥y eV (24)
p= B Q

Upon the estimation of the rest summand R(5v), then, through the Cauchy-Bunyakovsky inequality, the
following is valid:
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2
|R(5v)| £(||5v0 L. (0.T) +"§v’ Lm(OsT));"q)p"LZ(Q) ||5l//l7||Lz(Q) +

2
L,(Q) +||‘//P Lw(Q))"CDp L,(Q) "5!//1’ ||L2(Q) *

2
(7
p=l

2
+a||ov[}, + 22‘1”5%”1@) : (25)
=

In view of inclusion of the space W’ (D) into L, (D) [22] provided that # =3 the following are found:

"V/W" (.’t)"Lm(D) <G ”WW (”t) w3 (D) p=12, (26)
||V/p (.’t)"Lm(D) <G ”‘//1’ ("t)”W;(D) p=12, @7
|, (.,t)"LT(D) <c |, (1) ymy P =12 (28)

for any r€[0,7]. Using the estimates (10), (11) for the functions W,s(x1), v, (x1),p=12 and the
estimates (15), (16) for the functions @, (x,t), p =12 the following inequality is valid:

Vsl oy < or Wil oy < 0 19, ) S s P =12 (29)
Subject to such inequalities and the estimates (15), (15), (16) from (25), the following is found:

[R(6v) < cis Jov, (30)
It means that

R(ov)=oljo], ) 61
Then, in view of such correlation, the increment J, (v) may be recorded as follows:

a

5J,(v)=J,(v+ov)-J, (v)= E[5v0 (t)Re(w, (x,0)®@, (x.t)+y, (x,6) D, (x,t))dxdt -

—E[é'vl (l‘)lm(l/l1 (x,t)a)l (x,t)%—l//2 (x,t)(i)2 (x,t))dxdt +

dt dt

*2“1(% ()= @, (1))v, (t)d’”“ﬂdvﬁh(t) da, (t)J (),

+2a_1.("1 (1)~ (l))vl (¢)dt +2a1(dv;§t) _ da;t(t)] dv;lft)dt . 0("5"”3) Wvel .G

In this equity, OV € B is replaced with &w € B, where 0 <@ <1 and w= w(t) are any function from the
space B . Then, according to (32), the following is found:
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&, (v)=J,v+0w)—J,(v)= 0 Re(p, (x.0)®, (x.0) +y, (x.0) B, (x.)) w, (¢) dxd -
Q

—19.|‘Im(l//1 (x.0)®@, (x,0)+ v, (x,0) D, (x,2) ) w (¢ ) dxelt +

dt dt dt

ol <’>—wo<r>)wo<r)dt+za91[d% (1) _do (t)]dwo Dy,

dw, (1)
dt

dt+ 0(0),VveV . (33)

+2a6’_:[(v1 (1)~ (¢))w, (¢)de + 20!0@(@;50 _do, (r)}

dt
Deducting the first variation of the functional through this formula, the following formula is validated:

d]a(v,w):limJ“(V+9W)_J“(v)

0—0 2]

= g[Re(Wl (x.0)®@, (x,0)+ v, (x,0) D, (x,2) )w, (1) dxelt -

—E[ Im (v, (x,0)®, (x.2)+y, (x,6) D, (x,1)) w (1) dxdr +

+2a1.(v0 (t)—a)o (t))wo (¢)dt +2a]'(d"o (t) B dw, (t)] dw, (t)dt .

oot d dt

e e L GREC) L PR A

for any function W € B . Hence, the conclusion of the theorem is found. So, theorem 3 is proved. Using the
theorem above, we now prove the necessary condition in the form of a variational inequality:

Theorem 4. Let us assume that all the conditions of theorem 3 are met. We assume that V' €V -is any
solution of the optimal control problem (1)-(3). Then, for any v € V" the following inequality is valid:

J:MRe(z//f (x.0) @} (x,0)+ 5 (x%,2) D} (x.))dx + 2 (v; (£) - @, (t))}(vo (£)=vy (£) e +

':[U_Im(%* (x.0)®; (x.2) + 75 (x.2) D5 (x.1) ) dx +2a (v (¢) - (t))}(vl ()= (£)dt +

fein e s,

0

+2aj[dv:<t>_dwl<z>][dw (t)_dv:m]dtzo, .,

Woa @ | a

where v (x,t) =y, (x,t;v*) , @ (x,t)=®,(x,;v"), p=1,2~ is the solution of reduced initial boundary (2)-(4) and

conjugate problems (12)-(14) provided thatv" €V .
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Proof. Let's suppose that ve ¥ is a certain element and v' €V is an arbitrary solution for the optimal control
problem (1)-(4). According to the structure of the set V' , it is a convex set. So, for v' €V and any vel the
following is found:

v -|-(9(v—v*)e V,ve e (0,1).

Therefore, to consider v' €7 as a minimal point of the functional J o (v) at the set V', the satisfaction of the

inequality for any v eV is necessary:

%Ja(v* -|-(9(v—v*) :d/a(v*,v—v*)ZO,

0=0

Hence, according to formula (17) provided that w(t) = v(t)—v* (t) , the conclusion of the theorem is found. So,

theorem 4 is proved.

Previously, initial boundary value problems for the nonlinear Schrodinger equation with a special gradient term
were studied, when the coefficients of the equation depend only on a spatial variable or a time variable. In this
paper, we study the problems of optimal control of a three-dimensional nonlinear Schrodinger equation with a
specific gradient term and a complex potential, when the controls are the real and imaginary parts of the
complex potential and are selected from the class of measurable bounded functions that depend on a time
variable and the quality criterion is the full-range integral, which has not been previously studied.

Conclusion

The resolvability theorems as proved above, and the reported expression for the first variation of the quality
criterion, as well as the displayed essential extremum condition enable to apply the numerical methods for
solution of incorrect and inverse problems, including the optimal control problems with crude data arisen upon
studying the movement process of charged particles in the constant uniform magnetic field where the complex
potential is unknown and is to be determined.

Recommendations

The results of this paper can be used by researchers for the optimal control problem of a three-dimensional
nonlinear Schrédinger equation with a specific gradient term and complex potential.
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