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Abstract: Preferential attachment phenomenon is a key factor providing scale-free behavior in complex
networks. In this study, we introduced various preferential attachment patterns applied in a growing Barabasi-
Albert network, denoted by a factor a. We first generated networks under constant preferential attachment levels
from 0 to 2, where 1 stands for linear preferential attachment. Then we performed network simulations under
uniformly distributed random o condition, within the interval [0,2]. Although mean o is 1 for this setup,
generated networks displayed greater clustering together with lower modularity and separation values compared
to the setup with a=1. We also performed similar network generation procedures with various distribution
functions applied for a, each resulting random levels of preferential attachment. We achieved networks with
power-law consistent degree distributions with y coefficients between 2 and 3, together with improved
clustering coefficients up to ~0.3. As a result, scale-free network topologies featuring greater clustering levels
compared to pure Barabasi-Albert model are achieved.
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Introduction

Real networks diverge from random networks with their degree sequences and clustering property. Most real
networks have power-law consistent degree distributions labeling them as scale-free (Albert & Barabasi, 2002;
Barabasi & Albert, 1999). Scale-free networks promote generation of a small number of hubs together with
numerous low-degree nodes, where the degree sequences of all nodes are consistent with a linear decaying
character in a log-log scale of degree distribution (Clauset, Shalizi, & Newman, 2009; Newman, 2003). This
distribution is mostly governed by the preferential attachment phenomenon, a key ingredient of most current
network models that highly connected nodes increase their connectivity faster than their less connected peers
(Jeong, Néda, & Barabasi, 2003). In networks with preferential attachment, new nodes prefer connecting to
more connected nodes instead of less connected ones. This generic mechanism has significant roles in real
networks and have been subject of many studies of network analysis and modeling (Abbasi, Hossain, &
Leydesdorff, 2012; Dereich & Morters, 2009; Johnson, Faraj, & Kudaravalli, 2014; Milojevi¢, 2010; Poncela,
Goémez-Gardenes, Floria, Sanchez, & Moreno, 2008).

Preferential attachment is said to be linear, if the connectivity of a node is linearly dependent to its degree. In
some occasions, nodes in real networks display attachment levels with non-linear dependence to node degree.
These behaviors are labeled as sub-linear or super-linear preferential attachment. The critical level of this
attachment level is abstracted with an o parameter that is equal to 1 for linear preferential attachment, less than 1
for sub-linear and greater than 1 for super-linear attachment levels (Barabasi, 2016). Networks with sub-linear
preferential attachment levels display stretched exponential degree distribution, meaning fewer and smaller hubs
compared to a scale-free network, and a concave degree distribution in a log-log scale. On the other hand,
networks with super-linear attachment display convex log-log degree distributions, which lead to a hub-and-
spoke topology as a result of “a winner-takes-all” dynamics (Barabasi, 2016; Dereich & Morters, 2011).
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Clustering is another key ingredient of real networks, captured with a coefficient indicating in what rate the
neighbors of a given node are also neighbors of each other (Barabasi, 2016; Newman, 2003). This coefficient is
averaged over all nodes to present the level of average clustering of a network. Many modeling studies are
conducted to capture both preferential attachment and clustering properties of real networks. These studies
employ several mechanisms like triad-formation (Alstott, Klymko, Pyzza, & Radcliffe, 2016; Holme & Kim,
2002; Kim & Diesner, 2017), improving clustering of networks with arbitrary degree distributions (Bansal,
Khandelwal, & Meyers, 2009; Colomer-de-Simon & Boguna, 2012; Herrero, 2015) and promoting connections
between spatially close nodes (Manna & Sen, 2002; Tirker, 2018; Xie, Ouyang, & Li, 2016; Xulvi-Brunet &
Sokolov, 2002).

In this study, we aimed to achieve clustered scale-free network topologies by applying various preferential
attachment levels including o parameters of constant values below and above 1, uniform distributed random o
values, a values generated from some mathematical expressions like sinusoidal or sigmoid functions etc. The
results of the corresponding models are presented in the next section. Although no strategy is employed for
tuning clustering property, the results demonstrate that scale-free networks with improved clustering according
to Barabasi-Albert network are achieved.

Method

We generated growing network models, based on Barabasi-Albert (BA) scale-free model (Albert & Barabasi,
2002). The computational fashion followed to realize a BA network is illustrated in Fig. 1. For a new node just
joining the network, connecting probability to an old node is directly proportional with the number of
occurrences of the node ID in the edges array. This provides realization of linear preferential attachment
phenomenon in a numerical fashion.

1) [ nodes | edges | edges-F |
8 22 1 1-2 1
2
2 2-3 2
(7 3] 3 3-4 3
3
4 2-5 2
16 (4] 5 2-6 2
(s} 6 5-7 g
7 1-7 6
5
8 1-8 7
1
7
1
© rand_uniform(edges-F) 8

Figure 1. The computational method followed to achieve a BA network is illustrated. The new node (9) just
joining the network chooses a node to connect from the flattened edges array (edges-F), with an index randomly
generated from a uniform distribution. By the way, nodes have attachment probabilities proportional with their
current degrees

Tuning Preferential Attachment

In the above-mentioned setup, the likelihood to connect to a node depends on that node’s degree k. The
functional form of preferential attachment can be approximated with Eq. 1.

N(k)~k< 1)

For networks with linear preferential attachment a« = 1, corresponding to linear dependence of 77 with k. For
any a > 0, new nodes tend to make connections to more connected nodes over less connected ones. For a < 1
(sub-linear preferential attachment) this bias is weak and insufficient to provide a pure scale-free degree
distribution, rather resulting a stretched exponential distribution. On the other hand, for « > 1, connecting to
more connected nodes is promoted, resulting a structure that rich get richer than in a network with linear
preferential attachment (Barabasi, 2016). This behavior, labeled as super-linear attachment, exhibits a hub-and-
spoke topology and a convex degree distribution in log-log scale.
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We tuned the generated network models with this o parameter such that, the occurrence count of the ID of a
node with degree k in the edges-F array is equal to k. For linear attachment, the ID of a node with degree 2 is
repeated 21 = 2 times in this array, corresponding to linear attachment as illustrated in Fig. 1. For a values
resulting non-integer repeat counts, the result is rounded to the nearest integer. For instance, if @« = 1.4 and the
degree of a node is 2, this count will be 214~2.63, therefore the node ID will be repeated 3 times in the edges-F
array.

Results and Discussion

We first generated networks by setting constant o parameters within the interval [0-2] by incrementing 0.2 for
each network setup. This procedure is applied to two sets of networks where the first is constructed with 1 links
assigned for each new node and the second is constructed with 5 links assigned for each new node. This count
of edges corresponds to the parameter m described in BA model in Ref. (Albert & Barabasi, 2002).

We present the basic network parameters in Table 1 and 2 as follows. As seen from the tables, average path
length displays monotone decaying trend for both setup. Modularity measure remains almost constant for o
values up to 1.4, showing a steep decay for greater o values. This indicates that super-linear preferential
attachment, resulting a hub-and-spoke topology avoids nodes to organize into modules. For the similar a
interval, average clustering coefficient increases dramatically. As a result, networks emerge to get more
clustered but less modular for super-linear attachment region.

Table 1. Results for networks generated with m=1 links per step and different preferential attachment levels (a).
The last column corresponds to random o applied at each step of the growing network, from a uniform
distribution between 0 and 2. Clustering coefficient results 0 for m=1 setup.

a 0 02 04 06 08 1 12 14 16 18 2 Rnd
Avg. Clustering - - - - - - - - - - - -
C.
Avg. Path 10,7 105 936 852 813 721 566 305 222 203 202 6,35
Length 6 6

Modularity 093 093 093 093 092 092 0% 053 015 003 002 0,89
4 4 4 3 9 5 4 4 5 1 4 2

Table 2. Results for networks generated with m=5 links per step and different preferential attachment levels (a).
The last column corresponds to random o applied at each step of the growing network, from a uniform
distribution between 0 and 2.

a 0 02 04 06 08 1 12 14 16 18 2 Rnd
Avg. Clustering 0,01 001 001 001 0,02 004 008 021 060 075 0,72 0,07
C. 5 7 8 9 6 3 5 1 3 9 4 7
Avg. Path 324 319 319 315 308 296 2,77 25 201 2 199 2,88
Length 7 4
Modularity 0,28 028 029 028 027 028 026 025 0,19 0,15 010 0,27
2 5 8 8 3 3 2 6 2

A noteworthy output of these simulations is that, selecting o parameter from a uniform random distribution
between 0 and 2 (with a mean of 1) results networks with greater clustering (~2 times) compared to networks
with linear preferential attachment (a = 1). Although they have the same expected o parameter, picking random
a at each step emerges as a key factor for improving clustering in scale-free networks. These results also
indicate that networks with improved clustering are observed for o values typically greater than 1.

We also present the degree distributions for these networks in Fig. 2 to consult the power-law consistencies.
These plots indicate that, degree exponent decreases with increasing o parameter, since the super-linear
preferential attachment results convex degree distributions. Visual inspection says that power-law fitting is not a
suitable choice for a values greater than 1.4. On the other hand, degree distributions for both o=1 and a= rand(0-
2) scenarios result in power-law consistent distributions with exponents close to 2.7, whereas the network with
randomized o setup with mean 1 exhibits approximately twice clustering coefficient compared to fixed a=1.
This result emerges as a phenomenon that random levels of preferential attachment plays a key role in
improving clustering.
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Figure 2. Log binned degree distributions for the networks generated with m=5 links per step and different
preferential attachment levels (a), gradually increased from 0 (a), to 2 (k) with increment 0.2 at each plot. The
last plot (1) corresponds to random a applied at each step of the growing network, from a uniform distribution
between 0 and 2. Both axes are logarithmically scaled. Power-law fits with degree exponents are presented for

each plot, after least-squared (LS) fitting performed.

To further investigate the advantage of random o on clustering mentioned above, we applied four different
patterns of random o generation procedures, as given in Table 3. As seen from the function plots, the first 3
functions are expected to generate o parameters with mean values greater than 1 (which will result in improved
clustering). The last function is expected to produce symmetric o values around 1, but also promote o values
rather closer to 0 and 2. All network generation procedures are performed with m=5 links per step, and 1000

steps of simulation.
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Table 3. Functions applied for random a generation procedures. Uniform random numbers are generated within
the interval given in the rightmost column, and the corresponding y values are used as random a at each step of

a growing network.
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Applying random level of preferential attachment at each step of growing network, we generated four network
topologies. Generating uniform random numbers within the given intervals for each function, the generated y
values are constituted for o at each step of edge generation. We present the results of network analysis for each
setup in Table 4, together with the resulting degree distributions.

Table 4. Network parameters for the four different patterns of random preferential attachment. Corresponding
degree distributions are also presented at the end of each column.

— —-X — 3 — —-X — 2
y=1+e y = 2 * sin(x) y=125+e y_1+e—x
Avg. 0,1638 0,1856 0,3039 0,12
Clust. C. ' ! ’ !
Avg.
Path 2,5885 2,6250 2,3189 2,8
Length
Degree - : - . -
Dist. [ . .
2 2.51 75252 V=235 55275
<107 : 107 : §w02 . <10 N
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As seen in Table 4, the first 3 functions promoting a values greater than 1, result in greater clustering and low
separation, while the last function (a type of sigmoid function) generating symmetric o values around 1 yields
less clustering but better consistency with power-law behavior. Although the first 3 distribution plots show
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convex tendencies, they seem to be acceptable to be labeled as scale-free. The most deviated one from pure
power-law consistency is the third one, which dominantly produces greater o values from 1.25. The last model
with symmetric a distribution around 1 deviates from the uniformly generated o model in Table 2, by promoting
a values rather close to 0 and 2. As a result, both networks have similar average path length values, while
power-law consistencies and degree coefficients also seem to be identical. Additionally, the latter one seems to
be more successful in improving clustering property (0.077 vs. 0.12). This result indicates that, beyond
generating random o parameters symmetric around 1, promoting the values close to 0 and 2 also has a
significant impact on improving clustering.

Conclusion

We applied various levels of fixed preferential attachment levels, together with random number generation
processes at each step of wiring in growing BA-like networks. We first outlined that clustering coefficient and
modularity measures are inversely proportional with the preferential attachment level. Picking random levels of
preferential attachment (o)) at each wiring procedure emerges as a key factor for improving clustering, while it
preserves average path length. Picking o from a uniform distribution between 0 and 2 results in approximately
improving clustering twice, while this improvement is three times for a sigmoid function symmetric around 1.
We conclude these results that fixed level of preferential attachment may emerge as an inhibiting factor on
clustering, in growing networks.
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