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Abstract: Fused Deposition Modelling is one of the main 3D printing methods to manufacture plastic parts. 
The strength of the printed part by FDM is dependent on polymer diffusion between printed layers. The polymer 
diffusion between two neighboring layers occur not only during the extrusion of the hot top layer, but also 
during the production of consecutive layers due to thermal conduction. The heat diffusion from upper layers 
enhances the curing of polymers, which consequently affects the strength of the part. Therefore, the history of 
the temperature variations - curing time and curing temperature - should be analyzed to predict the strength of 
the part. The goal of this study is to develop a two-dimensional transient thermal analysis solver for the 
investigation of time-dependent thermal changes during the printing process. This solver is developed with the 
use of finite difference method employed under implicit scheme. The transient temperature pattern is 
qualitatively compatible to the experimental results in literature. The solver can be utilized for further thermal 
analyses to correlate temperature, polymer diffusion and strength with the inclusion of deposition path in the 
third dimension.  
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Introduction 
 
Additive manufacturing technologies have been developing in recent years. In three-dimensional printers, which 
can be of different types for different types of materials, Fused-Deposition Modeling (FDM) is widely used to 
produce plastic parts. In this method, plastic filaments are melted through a moving nozzle and laid in layers on 
a surface. The polymer structures inside the plastic layers provide this adhesion by diffusing from one layer to 
the next (Wool & O'Connor, 1981).   
 
Thanks to this approach, rapid prototyping can be performed with low costs. When compared to traditional 
manufacturing technologies such as CNC, it is seen that FDM method is a production method that consumes 
much less energy and generates much less waste (Faludi, Bayley, Boghal, & Iribarne, 2015). On the other hand; 
quality problems are observed in parts produced with FDM (Bikas, Stavropoulos, & Chryssolouris, 2016). The 
high durability of the part that comes out at the end of the production process depends on the completion of the 
diffusion of polymers (Bartolai, Simpson, & Xie, 2018). The ratio of the strength (σweld) of the part produced by 
FDM to the strength (σ∞) of the bulk part with fully developed bonds gives the Bonding Degree (Dh) (Yang & 
Pitchumani, 2002): 
 

 

(1) 
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According to Edward; a polymer is contained in a virtual tube where it does not interact with other polymers 
around it (Edward, 1988). The time required for the polymer to come out of this tube is called the reptation time 
(τrep). Materials that exceed the reptation time are able to form bonds that provide strength. According to 
Edward's Tube Theory; the shorter the reptation time, the faster the binding occurs. The reptation time is 
affected by the temperature of the polymer-polymer interlayer and the time-dependent variation of its 
temperature. The correlation showing this situation is as follows (Bartolai, Simpson, & Xie, 2018) : 
 

 

(2) 

 
In polymer-polymer interlayers that do not reach the reptation time, the durability (σweld) becomes lower. The 
welding time of the parts that cannot reach the reptation time is shown with tweld. σweld is proportional to 
(tweld)1/4  (Jud, Kausch, & Williams, 1981). With the help of this relation, the expression for the degree of 
bonding can be written in terms of times as follows: 
 

 

(3) 

 
The main reason for quality problems is the variation of interlayer bond strength (polymer diffusion) depending 
on temperature and time-dependent changes in temperature (Yang & Pitchumani, 2002). In addition, the 
temperature in the interlayers and the history of temperature change affect the tweld. For example; while the 
manufacturing process is at layer 30, how the temperature in layer 5 changes or rises above the glass transition 
temperature (Tg) will affect bonding. Hence, it is important to monitor the temperature of each layer during the 
production process. Time intervals above Tg at different layers should be examined for the estimation of 
bonding degree. It is expected that the layer with the shortest binding time will have the weakest point. 
 
In an experimental study (Coogan & Kazmer, Bond and part strength in fused deposition modeling, 2017) it was 
observed that the strength of the upper layers was higher in the production scenario tested. It is stated that a 
comprehensive heat transfer analysis model and software is needed to predict which layer is the weakest in 
different scenarios. The authors in another study (Coogan & Kazmer, Healing simulation for bond strength 
prediction of FDM, 2017) modeled the top 2 layers by making 1-dimensional heat transfer calculation and stated 
that a two-dimensional analysis including fiber thickness should be performed. In scope of this study, a two-
dimensional transient heat transfer analysis code is developed. The effect of parameters related to heat transfer 
during FDM, such as extrusion temperature, layer thickness, heating-cooling profile, production speed, substrate 
(base platform) surface temperature, should be examined. 
 
 
Computational Methodology 
 
Governing Equation and Discretization 
 
Time-dependent heat diffusion equation is used to calculate transient temperature values inside a solid domain 
(Equation 4) (Bergman & Adrienne, 2017). Note that below equation assumes that conductivity of the material 
is constant and uniform. 
 

 

(4) 

 
Here x, y, z, T, ρ, cp, q, k, t denotes x-coordinate, y-coordinate, z-coordinate, temperature, density of the 
polymer, specific heat of the polymer, volumetric heat generation rate, conductivity of the polymer and time, 
respectively. 
 
Simplified version of this equation with no-heat generation assumption and two-dimensional approximation, the 
equation reduces to Equation 5: 

 

(5) 
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With second-order central difference discretization in space, first-order backward difference in time, and 
implicit solution scheme, discretized form of the equation is obtained as follows:  
 

 

(6) 

 
Equation 6 contains i and j indices for the nodes representing discretization on x and y coordinates as shown in 
Figure 1. The superscripted index n denotes discretion in time. Δx, Δy and Δt are mesh sizes on x-direction, y-
direction, and time. 
 

  

(a) (b) 
Figure 1. Domain and nozzle movement (a), Stencil of discretization (b) 

 
With the help of the scheme in Equation 6 for discretization at all nodal locations, multiple equations are 
obtained. Total number of unknowns (nodal temperatures) are equal to the total number of equations and these 
equations constructs a matrix system. Note that coefficients of nodal temperatures at nth time, so called a, b, c in 
Equation 4, and nodal temperature at (n-1)th time step are known values. 
 

 

(7) 
 
 

 
 

(8) 

 
Where ,  ,  .  
 
Dimensionless numbers in these coefficients are defined as  , where . 

 
The matrix system in Equation 8 has a form A X = B, where A is the coefficient matrix, X is unknown vector 
and B is known vector. Solving this matrix equation, nodal temperatures at nth time are obtained by using the 
temperature values in the previous time step (n-1). The calculation procedure starts with the utilization of initial 
temperature at t=0 sec as an initial condition and progresses until the end time of the simulation. In other words, 
by replacing the newly obtained X-vector with the B-vector, the solution advances in time (using n=0 as starting 
point for n=1, using n=1 for n=2, and so on). 
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The coefficient matrix (A) can be created with the help of a code and the matrix equation can be solved in a 
computer environment with the do-loops as marching in time. In scope of this study, a special code is developed 
by using Fortran 90 programming language to analyze heat transfer in a growing solid domain continuously 
changing boundaries and boundary conditions. In addition, the GMRES matrix solver (Turan & Ecder, 2011), 
which employs Newton-Krylov Method (Brown & Saad, 1989), is utilized to speed up the calculation process. 
 
 
Initial and Boundary Conditions 
 
The general representation of the applied boundary conditions is depicted in Figure 2.  
 

 
Figure 2. Boundary conditions 

 
Blue lines in Figure 2, which consists of A, B, C, D, E1, E2 edges and corners, are subjected to an effective heat 
transfer coefficient that embodies convection and radiation heat transfer coefficients. After some algebraic 
manipulation, the concluding boundary equations are given in Table 1. 
 

 

(9) 

 

(10) 

 

(11) 

 

(12) 

 

(13) 

  
Table 1. Equations at boundaries with heat transfer coefficients 

1.  A  
2.  Left Edge 

3.   

4.   
5.   

6.  B 
7.  Top-Left Corne  8.   
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9.   
10.   

11.  C 
12.  Right Edge 

13.   

14.   
15.   

16.  D 
17.  Top-Right 
Corner 

18.   

19.   
20.   

21.  E1 & E2 
22.  Top Edge 

23.   

24.   
25.   

 
Note that radiative heat transfer coefficient is calculated by using the nodal temperature in previous time step.  
 
In Figure 2, the extrusion temperature is shown as red line to define primary heat source. The boundary 
condition on this edge is applied as . Same approach is employed for the base temperature, which is 
a constant value, . 
 
 
Parameters for Preliminary Analysis 
 
Assumptions: 
 
• The temperature of the melted plastic coming from the nozzle is constant. 
• Material properties are homogenous inside the solution domain. 
 
 
Boundary Conditions: 
 
• The extrusion temperature is equal to 210 ℃. 
• Base temperature is 60 ℃. 
• Air temperature is assumed to be 20 ℃. 
• The speed of nozzle (production speed) is 60 mm/s. 
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Material Properties: 
 
Temperature-dependent material properties are used for the accurate calculation of matrix coefficients. Fitted 
equations to the property data provided in literature (Sin, Rahmat, & Rahman, 2012) are as follows: 
 
• Conductivity (T in Kelvin), k=0.130 W/m-K 
• Specific Heat of PLA; 

For T > 330 K; cp (J/kg-K) = 1.031698*T + 1677.2415  
For T < 330 K; cp (J/kg-K) = 3.969*T + 159.72 

• Density of PLA (T in Celsius); 
ρ (kg/m3) = 1240 kg/m3 

 
 
The Geometry and Computational Parameters: 
 
• X-direction: Width of the part is 19 mm, and it is divided into 10 segments (Δx=1.9 mm). 
• Y-direction: Layer thickness is 0.3 mm, and the total height is 25 mm which approximately corresponds to 

printing of 80 layers. Each layer (0.3 mm) is discretized by 3 nodes to resolve layer thickness (Δy=0.10 
mm). 

• Time: The algorithm is designed to advance 1 node at every time step. The time step size, Δt=Δx/speed, is 
calculated as 0.03167 seconds. 

 
Between consecutive layers, a time delay is defined to allow cooling process taking place during the production 
in third dimension. Intra-layer printing time is calculated with considering total area to be printed at each layer. 
With using the geometrical parameters, intra-layer delay is estimated as 3.8 seconds that corresponds to 120 
time steps/layer. Following the completion of the printing process, an ultimate cooling time of 1,600 steps (~50 
seconds between 10,280th and 11,880th time steps) is defined after the completion of the printing to observe cool 
down.  
 
 
Results and Discussion 
 
Preliminary Simulation Results 
 
Preliminary results are obtained with the assumption that convective heat transfer coefficient is equal to 500 
W/m2-K and Tbase=60 ℃. Contour plots in Figure 3 visualize temperature changes inside the printed part at 
different timesteps. Heat diffusion inside the domain, cooling effects from top, left and right boundaries are 
clearly observed. Thermal energy deposited during the printing process keeps layers above Tg at hotter 
locations. Note that Tg is between 50 ℃ and 80 ℃ for PLA (Matyjaszewski & Möller, 2012). 
 

 

  

 

1st layer 20th layer 40th layer  
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60th layer 80th layer Cool down for 50 sec.  
Figure 3. Computed temperature contour plots at different time steps (T in Kelvins) 

 
Time history of nodal temperatures at the center of 2nd, 20th, 40th and 60th layers are given in Figure 4. 
 

 
Figure 4. Nodal temperatures at the center node of layers 

 
An experimental study in literature experimentally analyzed the effect of processing conditions on the bonding 
quality of FDM polymer filaments (Sun, Rizvi, Bellehumeur, & Gu, 2008). The time history of temperature data 
shows peaks with frequencies dependent on the printing speed and the printing path.  
 

 
Figure 5. The time history of the measured temperature by k-type thermocouple during FDM (Sun, Rizvi, 

Bellehumeur, & Gu, 2008) 
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Conclusion  
 
In scope of this study, a Fortran code is developed for the modeling of transient two-dimensional heat diffusion 
equation to understand history of temperature during 3D printing process via FDM. A matrix equation is 
obtained at each time step due to implicit time scheme which assures convergence of the solution regardless of 
the mesh size. The matrix is solved with the help of Newton-Krylov algorithm at each time step. A delay time is 
defined between layers and matrix is solved under convection and radiation boundary conditions at this time 
interval to consider the cool down period due to continuing extrusion process in the third dimension at the same 
layer.  
 
During the simulation of the printing process, convection and radiation boundary conditions are applied to 
capture accurate cooling rate. 500 W/m2-K as the convective heat transfer coefficient (HTC) is applied to see the 
cooling pattern clearly. This number is the upper limit of the generic range of convection coefficients of air; 2.5-
25 W/m2-K for natural convection, and 100-500 W/m2-K for forced convection (Kosky, Balmer, Keat, & Wise, 
2013). It is important to remark that this elevated HTC intrinsically compensates lacking cooling effects in the 
third dimension which is expected to have the highest contribution to the overall heat transfer since front and 
back surfaces have relatively large areas compared to the other sides. 
 
The two-dimensional code can be calibrated with the use of measured temperatures via infrared camera. Then, 
the calibrated code can be used for the estimation of tweld, total welding time above glass temperature, at 
different production parameters. A tweld-σ correlation can be developed with tensile tests of the parts that are 
manufactured under corresponding production parameters. The authors continue to work tensile tests for the 
determination of a tweld-σ correlation for PLA. 
 
 
Recommendations 
 
As a future work, modeling of the third dimension with actual printing path is recommended. Convection from 
back and front surfaces contributes to cooling which has an impact on time history of temperatures. Further 
improvement of the code to include discretization of the third dimension may result in more accurate estimation 
of tweld. 
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