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Abstract: Integrable nonlinear differential equations are an important class of nonlinear wave equations that
admit exact soliton of the solutions. In order to construct such equations tend to apply the method of
mathematical physics, the inverse scattering problem method (ISPM), which was discovered in 1967 by
Gardner, Green, Kruskal, and Miura. This method allows to solve more complicated problems. One of these
equations is the (1+1)-dimensional integrable Fokas-Lenells equation, which was obtained by the bi-
Hamiltonian method and appears as an integrable generalization of the nonlinear Schrodinger equation. In this
paper, we have examined the (1+1)-dimensional Fokas-Lenells equation and in order to find more interesting
solutions we have constructed the (2+1)-dimensional integrable Fokas-Lenells equation, whose integrability are
ensured by the existence of the Lax representation for it. In addition, using the Hirota’s method a bilinear form
of the equation is constructed which was found by us, through which can be find its exact multisoliton solutions
and build their graphs.
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Introduction

Most physical laws are expressed in the form of differential equations, among them it is known that linear
differential equations have the significant role. Besides them, some other physical phenomena in the surrounding
world are nonlinear and require nonlinear equations for their description. Thereby, current days, an interest of
the study of the precise nonlinear differential equations have been increased, which occur in all fundamental
physical theories. At present, it is known that approximately two dozen one-dimensional nonlinear evolutionary
equations integrated with the help of ISPM [1]-[2]. Multidimensional integrable systemswhich are containing
derivatives with more than two variablesare particularly interesting. This led to the discovery of a whole
interesting series of (2+1)-dimensional nonlinear equations integrable by the different approaches of the ISPM.
In this paper, we have constructed the (2+1)-dimensional nonlinear Fokas-Lenells equation (FL).

So, to begin with, consider the (1+1)-dimensional FL equation. The FL equation was obtained by the bi-
Hamiltonian method, which was proposed in 1995 by A.S. Fokas. Its the Lax representation was obtained in
2009 by A.S. Fokas and J. Lenells [3]-[4].

The investigated FL equation is as follows:

iqxt _iqxx +2qx _|q|2qx 'Hq =0,

where g is the complex shell of the field, the indicesxand t denote partial derivatives with respect to the
arguments x andt, and I - is the imaginary unit.
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In addition, equation (1) can be rewritten in a modified form, withr =—q”(the sign "*" means complex
conjugation) in the form

i0¢ —10y +205 —0xqr +iq =0, (2a)
irg —ir, —2r, +r,rq+ir =0. (2b)

The Lax representation of the system of equations (2) has the form

¥, =U(x,t,A)¥, (32)
Y, =V(x,t, )P, (3b)

where W(1) is called an eigenfunction associated with A, which is an isospectral parameter, and matrix
operators U and V look like:

U(4) = —il’o5 + AQ,

) 1 i
V(A) = -iP0, +AQ+Vy + =V 4 ——— 03,
(1) o3 +AQ+V, PR TIPTRE

0 q C igr i(0 g 10
Qz(rx oxj V°='03_%G3' Vl:E[—r oj’ ‘73:(0 —1}

For equation (3), the following compatibility condition holds:

Here

U, -V, +[U,V]=0,
where [U,V] - commutators.

(2+1)-dimensional FL equation

Now we turn to the construction of the (2+1)-dimensional FL equation. To do this, we define the Lax
representation of the required equation in the following form (below, its explicit form will be found) [5] - [6]:

P, =U(x,t,1) ¥, (43)
¥ =a¥, +W(Xt 1)V, (4b)

where & - constant, matrix operators U and W take as

U =-il%o5 + AQ,
1 1
W=Wy+=W_ ;1 +—=W_,,
0T 2 2

here W,,W_jand W_, - unknown 2x2 matrices that we need to define

W, = (all alzj, W, = (bll blzJ W, = [011 Clzj’
ay1 ap by by Ca Cp

where a;;,b;; and ¢;; - constants.

ij
From the cross differentiation of equation (4), we find the following compatibility condition for the (2+1)-
dimensional equation of the FL:

U, W, +[U,W]-aU, =0. (5)
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From equations (5) it obtains

7Qu = aAQ, ~Wo, =3 W1, ~—5 W5, ~ i Wo] ~idlos W 1] -ilos W]+
+ AQWE]+[QW 1+ 2 [QW.,] =0, ®)

We have expanded equation (6) in powers of the isospectral parameter A

2 ~[ogWo]l=0, (7
/11 Qt _aQy _i[0_3,W_1]+[Q,W0], (8)
A2 Wy —i[o3,W,]1+[QW,]=0, )
At W, +[QW,]=0, (10)
2 —W,, =0. (11)
Equation (7) gives
a;, =0, a, =0,
from equation (8) it follows that
Oy — Oy, —2iby, — 04832, =0, (12a)
Iy — Oy + 210y + a1, =0, (12b)

from the equation (9) we obtain the following:

A1y = Uy —byory, Ao = —0xbyy +bpoly, Q1% = —8pxs (13)
Cp = ith;nzz , Gy = irxb21122 ,
equation (10) gives
Brix = dxCa1 —Cioly, boox = IkC1z —Cp10y, brix = 0, (14)
b, =—0C112,, Dy =TCr100, (15)

and from equation (11) leaves
Crix = C1ox = Co1x = Copx =0.
Now substituting equations (14)-(15) into equation (13), we obtain
811 = Qrépp + 810, 8 = —Qr€y1op + 8-
Unknown constants are set as
ayyo =1, 00 = -, Cy =C;p, =0, Cyq = —i/4, Cyy = il4,

then the matrix W_; and W, matrix components takes the following values

iq ir
=b,, =0, =2, by=—,
bll 22 b12 2 21 2
iqr . iqr .

63



International Conference on Technology, Engineering and Science (IConTES), October 26 - 29, 2018 Antalya/Turkey

Thus, equations (12) take the form

Oxt _aqu +q +iqrqx _Ziqx =0,
Iy —aly, + 1 —ingr+2ir, =0.

Equation (16) is multiplied by i, then

iy —latly +i0—qra, +20, =0,
ing —iar,, +ir+r,qr-2r, =0.

Thus, setting the constant « =1 in equations (17), we finally obtain the (2+1)-dimensional Fokas-Lenells
equation, which has the form

10, —iqu +2q, —q,9r+iq=0,
i —ihy —2r +rrq+ir =0.

A Lax representation for the found (2+1)-dimensional FL equation (18) is as follows:

Y, =UY = (-il’o; + Q) ¥,

_ _ 1 i
Y=Y, +W¥ =¥, + (W, +EW_1—W03)‘P,

0 ¢ . iqr i(0 q 1 0
Q:[rx OX] WO:'G3_q7‘73’ W‘lzi[—r 0)’ 03:(0 —1}

The bilinear form of the (2+1)-dimensional FL equation

where

Some soliton solutions of integrable nonlinear differential equations can be found by Hirota bilinear method [7].
In order to do this, firstly, it needs to construct the bilinear form of the equation by this method and use the
constructed bilinear form to find the solutions of the desired equation. In what follows we shall use this method
to obtain multisoliton solutions for equation (18).

Thus, we turn to the construction of the bilinear form of the (2+1)-dimensional FL equation. To do this, we
rewrite our system of equations (18), with r = —q*. Then the system of equations (18) takes the following form:

. . 2 .
i0¢ — 04y +20, —0y|q|” +iq=0,
The bilinear form of equation (19) is established by the following statement:

-9
q i
where g and f - complex functions from X,y and t.

Now, we find the derivatives of equation (20) alternately with respect to the arguments x, xt and xy

_ gxf _gfx
x = f2
gth _gxft_gtfx+gfxt 29

Oxe = £2 _F(fxtf_fxft)a
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O f-0xfy -0, fi+dfy 2
Gy =0 yfz y X Xy—f—%(fxyf—fxfy). (23)

Substituting equations (21)-(23) into equation (19) and applying the following properties of Hirota operators:
m n
DD/ f-f" = (___] (_—_,j FOG) (X ) [mgrmt (24)

where x',t’ as two formal variables, f(x,t) and f (x,t") - two functions, m and n - two non-negative
integers, we obtain

1 - - - 2 - * - * 1 *
?(lDXDt(g-f)—lDXDy(g~f)+2DX(g-f)+|gf)—f2—?c*(|Dth(f-f )=iD,Dy(f- 1) -~D,(g-g ))+

2 fX - * - * l * 2 - * - * 1 *
w28 (i (1 110,01 ) -F 007 |- 2 imt 1)y (1 1) 2g-a =0, @9

Thus, by separating equation (25) in powers f , we obtain the bilinear form of the (2+1)-dimensional Fokas-
Lenells equation

iD,D,(g- £)~iD,D, (g- £)+2D,(g- f)+igf =0, (26)
iDXDt(f-f*)—iDXDy(f-f*)—%DX(g-g*)=0, @7)
iDt(f-f*)—iDy(f-f*)—%g~g*:0, (28)
D (1 1) =iDy (F ) -2 995 =0, (29)

where D,,D, and D, - bilinear differential operators.

Conclusion

In this paper, we have examined the (1+1)-dimensional Fokas-Lenells equation and its Lax representation. By
the method of cross differentiation, the components of the Lax representation for the (2+1)-dimensional FL
equation have been reconstructed and, using some transformations, such as: Darboux, Backlund, and Hirota, can
be found exact solutions of the found equation. In addition, we have obtained the bilinear form of equation (18),
by using the bilinear form which was constructed by us, in our next papers we will try to find multisoliton
solutions of the (2+1)-dimensional FL equation and their graphs will be constructed.
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