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Abstract: Integrable nonlinear differential equations are an important class of nonlinear wave equations that 

admit exact soliton of the solutions. In order to construct such equations tend to apply the method of 

mathematical physics, the inverse scattering problem method (ISPM), which was discovered in 1967 by 

Gardner, Green, Kruskal, and Miura. This method allows to solve more complicated problems.  One of these 

equations is the (1+1)-dimensional integrable Fokas-Lenells equation, which was obtained by the bi-

Hamiltonian method and appears as an integrable generalization of the nonlinear Schrödinger equation. In this 

paper, we have examined the (1+1)-dimensional Fokas-Lenells equation and in order to find more interesting 

solutions we have constructed the (2+1)-dimensional integrable Fokas-Lenells equation, whose integrability are 

ensured by the existence of the Lax representation for it. In addition, using the Hirota’s method a bilinear form 

of the equation is constructed which was found by us, through which can be find its exact multisoliton solutions 

and build their graphs. 
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Introduction 
 

Most physical laws are expressed in the form of differential equations, among them it is known that linear 

differential equations have the significant role. Besides them, some other physical phenomena in the surrounding 

world are nonlinear and require nonlinear equations for their description. Thereby, current days, an interest of 

the study of the precise nonlinear differential equations have been increased, which occur in all fundamental 

physical theories. At present, it is known that approximately two dozen one-dimensional nonlinear evolutionary 

equations integrated with the help of ISPM [1]-[2]. Multidimensional integrable systemswhich are containing 

derivatives with more than two variablesare particularly interesting. This led to the discovery of a whole 

interesting series of (2+1)-dimensional nonlinear equations integrable by the different approaches of the ISPM. 

In this paper, we have constructed the (2+1)-dimensional nonlinear Fokas-Lenells equation (FL). 

 

So, to begin with, consider the (1+1)-dimensional FL equation. The FL equation was obtained by the bi-

Hamiltonian method, which was proposed in 1995 by A.S. Fokas. Its the Lax representation was obtained in 

2009 by A.S. Fokas and J. Lenells [3]-[4]. 

 

The investigated FL equation is as follows: 

 

 0,=2
2

iqqqqiqiq xxxxxt   (1) 

 

where q
 
is the complex shell of the field, the indicesxand t denote partial derivatives with respect to the 

arguments  x and t, and i  - is the imaginary unit. 
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In addition, equation (1) can be rewritten in a modified form, with *= qr  (the sign "*" means complex 

conjugation) in the form 

 

 0,=2 iqqrqqiqiq xxxxxt   (2a) 

                                                                     
0.=2 irrqrririr xxxxxt    (2b) 

 

The Lax representation of the system of equations (2) has the form 

 

 ,),,(=  txUx  (3a) 

 ,),,(=  txVt  (3b) 

 

where )(
 

is called an eigenfunction associated with  , which is an isospectral parameter, and matrix 

operators U  and V  look like: 

 

 ,=)( 3
2 QiU    

 ,
4

1
=)( 32103

2 



i

VVQiV    

Here 

 

 .
10

01
=,

0

0

2
=,

2
=,

0

0
= 31330 




























 

r

qi
V

iqr
iV

r

q
Q

x

x
 

 

For equation (3), the following compatibility condition holds: 

 

 0,=],[ VUVU xt   

where ],[ VU  - commutators. 

 

 

(2+1)-dimensional FL equation 

 

Now we turn to the construction of the (2+1)-dimensional FL equation. To do this, we define the Lax 

representation of the required equation in the following form (below, its explicit form will be found) [5] - [6]: 

 

                                                                           
,),,(  txUx  (4a) 

 ,),,(=   txWyt   (4b) 

 

where  -  constant, matrix operators U and W take as 
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here 10 , WW and 2W  -  unknown 22  matrices that we need to define 
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where ijij ba , and ijc  - constants. 

From the cross differentiation of equation (4), we find the following compatibility condition for the (2+1)-

dimensional equation of the FL: 

 

 0.=],[ yxt UWUWU   (5) 
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From equations (5) it obtains 

 

   ],[],[],[
11

231303
2

2210 WiWiWiWWWQQ xxxyt 


  

 0.=],[
1

],[],[ 210   WQWQWQ


  (6) 

 

We have expanded equation (6) in powers of the isospectral parameter   

 

                                                                
0,=],[: 03

2 W   (7) 

 ],,[],[: 013
1 WQWiQQ yt    (8) 

    0,=],[],[: 1230
0

  WQWiW x   (9) 

                                                                0,=],[: 21
1


  WQW x  (10) 

                                                                
0.=: 2

2
xW

   (11) 

 

Equation (7) gives 

 

 0,=0,= 2112 aa
 

 

from equation (8) it follows that 

 

 0,=2 112212 aqibqq xxyxt   (12a) 

                                                                      
0,=2 112221 aribrr xxyxt   (12b) 

 

from the equation (9) we obtain the following: 

 

 ,=,=,= 2211122122122111 xxxxxxxx aarbbqarbbqa   (13) 

 ,
2

=,
2

= 1122
21

1122
12

bir
c

biq
c xx   

 

equation (10) gives 

 

 ,=,=,= 2211211222122111 xxxxxxxx bbqccrbrccqb   (14) 

 ,=,= 112221112212 rcbqcb   (15) 

 

and from equation (11) leaves 

 

 0.==== 22211211 xxxx cccc
 

  

Now substituting equations (14)-(15) into equation (13), we obtain 

 

 .=,= 220112222110112211 aqrcaaqrca 
 

 

Unknown constants are set as 

 

 /4,=/4,=0,==,=,= 22111221220110 iciccciaia 
 

 

then the matrix 1W and 0W
 
matrix components takes the following values 
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Thus, equations (12) take the form 

 

    0,=2 xxxyxt iqiqrqqqq   (16a) 

 
0.=2 xxxyxt irqrirrrr   (16b) 

 

Equation (16) is multiplied by i , then 

 

     0,=2 xxxyxt qqrqiqqiiq    (17a) 

  
0.=2 xxxyxt rqrrirriir    (17b) 

 

Thus, setting the constant 1=  in equations  (17), we finally obtain the (2+1)-dimensional Fokas-Lenells 

equation, which has the form 

 

   0,=2 iqqrqqiqiq xxxyxt   (18a) 

                                                                       
0.=2 irrqrririr xxxyxt   (18b) 

 

A Lax representation for the found (2+1)-dimensional FL equation (18) is as follows: 
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The bilinear form of the (2+1)-dimensional FL equation 

 

Some soliton solutions of integrable nonlinear differential equations can be found by Hirota  bilinear method [7]. 

In order to do this, firstly, it needs to construct the bilinear form of the equation by this method and use the 

constructed bilinear form to find the solutions of the desired equation. In what follows we shall use this method 

to obtain multisoliton solutions for equation (18). 

 

Thus, we turn to the construction of the bilinear form of the (2+1)-dimensional FL equation. To do this, we 

rewrite our system of equations (18), with *= qr  . Then the system of equations (18) takes the following form: 

 

 0.=2
2

iqqqqiqiq xxxyxt   (19) 

 

The bilinear form of equation (19) is established by the following statement: 

 

 ,=
f

g
q  (20) 

 

where g
 
and f  - complex functions from yx,

 
and t . 

Now, we find the derivatives of equation (20) alternately with respect to the arguments ,x xt  and xy
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gffg
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  (21) 
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Substituting equations (21)-(23) into equation (19) and applying the following properties of Hirota operators: 
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  (24) 

 

where tx ,  as two formal variables, ),( txf
 
and ),(* txf   - two functions, m  and n  - two non-negative 

integers, we obtain 
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Thus, by separating equation (25) in powers f , we obtain the bilinear form of the (2+1)-dimensional Fokas-

Lenells equation 

 

 0,=)(2)()( igffgDfgDiDfgDiD xyxtx   (26) 

 0,=)(
2

1
)()( *** ggDffDiDffDiD xyxtx   (27) 

                                                       
0,=

2

1
)()( *** ggffiDffiD yt   (28) 

                                                       
0,=

2

1
)()( ***

xxyxt ggffiDffiD   (29) 

 

where yx DD ,
 
and tD  - bilinear differential operators. 

 

 

Conclusion 
 

In this paper, we have examined the (1+1)-dimensional Fokas-Lenells equation and its Lax representation. By 

the method of cross differentiation, the components of the Lax representation for the (2+1)-dimensional FL 

equation have been reconstructed and, using some transformations, such as: Darboux, Backlund, and Hirota, can 

be found exact solutions of the found equation. In addition, we have obtained the bilinear form of equation (18), 

by using the bilinear form which was constructed by us, in our next papers we will try to find multisoliton 

solutions of the  (2+1)-dimensional FL equation and their graphs will be constructed. 
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