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Abstract: Topology, though relatively recent in its development, has found remarkable applications across
nearly all fields. While the theoretical or fundamental aspects of topology may seem abstract or dry at first, its
applied side becomes truly fascinating once one becomes familiar with it. This research explores a variety of
applications in diverse areas of Science and Technology-including Biology, Robotics, Geographic Information
Systems (GIS), Engineering, Computer Science, and the Medical field. Though topology originates from
mathematics, its influence extends far beyond, making a profound impact on numerous disciplines with its
powerful and wide-ranging applications. The purpose of this paper is to present another class of functions
referred to as Nano ideal semi a-generalized continuous maps, NIsag-irresolute maps, NIsag-open maps, Nlsag-
closed maps, strongly NIsag-open maps, strongly NIsag-closed maps, NIsag-homeomorphisms, Nano quasi
Isag-open maps, and Nano quasi Isag-closed maps in nano ideal topological spaces. We investigate several
properties and characterizations of this class of mappings in nano-ideal topological spaces.

Keywords: Nano ideal topological space, Nisag-open set, Nisag-closed set, Nisag-continuous map, Nisog-
irresolute map, Nisag-open map, Nisog-closed map, Strongly nisag-open map, Strongly nisag-closed map,
Nisag-homeomorphism, Nqisag-open map, Nqisag-closed map

Introduction

Nano Ideal Topological Spaces, an extension of classical nano topology, have proven valuable in a wide range
of domains where data is incomplete, uncertain, or imprecise. Their applications span various complex systems,
including network anomaly detection, social and biological network analysis, transportation network
optimization, pattern recognition, IoT security, financial market analysis, environmental monitoring, healthcare
systems analysis, and supply chain management.

Nano ideal topological spaces generalize classical topological spaces by integrating "ideals"-collections of
subsets with specific structural properties-and introducing various forms of "nano" sets and mappings. These
structures allow for the analysis of relationships between points and subsets at an extremely fine-grained level,
analogous to the "nano" concept in other scientific disciplines. Research in this area focuses on defining and
studying different types of nano open and closed sets, as well as examining the behaviour of various nano
mappings, such as nano-continuous, nano-irresolute, and nano-open maps. The aim is to understand their
properties, explore their interconnections, and identify possible applications in theoretical mathematics and
potentially in other fields.

The concept of continuity is fundamental in a large part of contemporary mathematics. In the nineteenth
century, definitions of continuity were formulated for functions of real or complex variables. In the early
twentieth century, the concept of continuity was generalized to apply to functions between topological spaces.
Over the years, many generalizations of continuous mapping have been introduced and studied. Levine (1963),
Mashhour et al.(1982) and Mashhour et al. (1983) have introduced the notions of semi-continuity, pre-
continuity and a-continuity, respectively. Continuous and irresolute functions in topological spaces present a

- This is an Open Access article distributed under the terms of the Creative Commons Attribution-Noncommercial 4.0 Unported License,
permitting all non-commercial use, distribution, and reproduction in any medium, provided the original work is properly cited.

- Selection and peer-review under responsibility of the Organizing Committee of the Conference

© 2025 Published by ISRES Publishing: www.isres.org


http://www.isres.org/

International Conference on Technology, Engineering and Sciences (ICONTES), November 12-15, 2025, Antalya/Tiirkiye

new method in the direction of research. Irresolute maps are introduced and studied by associated sciences.
Parimala et al. (2018) presented the concept of nano-ideal generalized closed sets in nano-ideal topological
spaces and investigated a portion of their essential properties. Recently, Dr. J. Arul Jesti and J. Joycy Renuka
(2022) presented and concentrated on nlgsemi*-closed sets and nlgsemix*-open sets, characterizing nlgsemix*-
continuous and nlgsemix-irresolute functions in nano ideal topological spaces.

In 2021, Suganya et al. defined and presented a new class of sets called Nano ideal NIsoag-closed sets and
NIsag-open sets in Nano ideal topological spaces. In this paper, the conceptualization of NIsog-open sets and
NIsag-closed sets in nano ideal topological spaces is utilized to characterize and examine another class of
mappings called NIsoag-continuous maps, NIsag-irresolute maps, NIsog-open maps, NIsag-closed maps,
strongly NIsag-open maps, strongly NIsag-closed maps, NIsag-homeomorphisms, Nano quasi Isag-open maps,
and Nano quasi Isag-closed maps in nano ideal topological spaces. All these concepts will be helpful for further
generalizations of nano-continuous and nano-irresolute mappings in nano-ideal topological spaces. We have
investigated fundamental properties and characterizations of this class of mappings in nano ideal topological
spaces.

Preliminaries

Throughout this paper (U,TR (X )) is a Nano topological space (brieﬂy, N,. —Top —Space) and
(U Ty (X ), I ) is a Nano ideal topological space (br‘ieﬂy, N, —Ideal -Top —Space) concerning X where

X C U, R is an equivalence relation on U/R  denotes the family of equivalence classes of U by R . Here,
we recall the following known definitions and properties.

Definition 2.1.Let U be a non-empty finite set of objects called the universe, and R be an equivalence
relation on U named as the indiscernibility relation. Then U is divided into disjoint equivalence classes.
Elements belonging to the same equivalence class are said to be discernible from one another. The pair (U,R)
is said to be the approximation space. Let X < U.

1. The Lower approximation of the set X with respect to the relation R is the set of all objects that can be for
certain, classified as X with respect to R and it is denoted by T, (X ) That is T, (X ) =
LJ)reU {R (x) 'R (x) cX } where R (x) denotes the equivalence class determined by X .

2. The upper approximation of X concerning R is the set of all objects that can be possibly defined as X
concerning R and it is denoted by TJ . (X ) Thatis TJ . (X )= UM{R (x) ‘R (x)ﬂX * ¢}

3.The boundary region of X with respect to R is the set of all objects that can be classified neither in nor as
not X with respect to R and is denoted by B | (X ) Thatis, B . (X )= U- (X )— L. (X )

Definition 2.2. Let U be a non-empty finite set of objects called the universe and R be an the universe, R
be an equivalence relation on U named as the and T, (X ):{U,¢,LR (X ),UR (X ),BR (X )} where
X < U.Then T, (X ) satisfies the following axioms.

(1) Uand geT, (X).

(2) The union of any subcollection of T, (X ) isin T, (X ).

(3) The intersection of the elements of any finite subcollection of T, (X ) isin T (X )

Then T, (X ) is a topology on U called the Nano topology on U concerning X , the pair (U,TR (X )) is

ano

called the Nano topological space (Brieﬂy N _ -Top —Space). The elements of T, (X) are called nano-

open (JV —open) sets. The complements of the nano-open sets are called nano-closed (JV —closed) sets.

ano ano

Definition 2.3. Let (U,TR (X )) bea N, -Top-Space and A X .Then

*. The Nano interior of a set A is defined as the union of all A, -open subsets contained in A and it is

denoted by N, -Int(A ). N, -Int(A ) isthe largest A, -open subset of A .

ano ano
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**_ The Nano closure of a set A is defined as the intersection of all N, —closed sets containing A and it is

denoted by N, -CYA ). N, —CIA ) is the smallest N, —closed set containingA .

ano

Definition 2.3. Anideal T ona Top—Space is a non-empty collection of subsets of X which satisfies
()AeTandBcA >BeI.(2)AelandBel =AUBel.

Definition 2.4. A nano topological space (U, T, (X )) with an ideal T on U is called a nano ideal
topological space or nano ideal space and denoted as (U , T (X ), I )

Definition 2.5. Let (U JT. (%), 1 )be a nano ideal topological space. A set operator
(A )*N P (U ) —>P (U) is called the nano local function of I on U with respectto I on T, (X ) is
defined as (A )*N = {xe U :GNA ¢1I,foreachxeG,GeT, (X )}.and is denoted by (A )*N,where nano
closure operator is defined as N, C/*(A )=A U(A )*N.

Prosition 2.6. Let (U,TR (X ), I) be a nano ideal topological space and let A and B be subsets of U,
then

(1)~(¢)*N=¢
)a < A)'e(e)"
)- 1

W N

4). (2 ) cN_ CI*(n).

(V)]

)
6)
7).(2)" (>N=<AUB)"N-
L&) N(E)" =(aNe)™.
)

9).Forevery N -opensetG,G(GNA )*N c(cNa )*N.

o]

e Y e N T T T oun s N s

10).F0revery KelI, (A UK )*N =(A )*N =(A -K )*N.

Remark 2.6. Let (U,TR (X ),I)be a N -Ideal -Top -Space and A be a subset of U, if
Ac(a)", then(a) =N _Cl(2)"=N_Cl(a)=N_Cl*(a).

Definition 2.7. Let ( . (%), ) bea N ~=Ideal -Top =Spaceand A — U.Then A is called

) N, -semi—open setif A =N, —Cl[ - —Int(A )]
2) N, —semi —closed setif N, Int[

(1

@ (2)]ea.
(3)./\/ o —closed set if N —Cl[./V —Int(./V -Cl(a ))]cA.
(4)

(

ano

ano ano ano ano

4) N, o -open setif A < N, Int[ "m0 Ci o —Int(A )J

ano ano

5) WV, —generalized closed (briefly W, g—closed) setif N, —Cl(A )<= G whenever A G and G is

ano ano

N, -open in U.

ano

The complements of the above-mentioned sets are called their respective open sets.
Definition 2.8. Let (U, T, (X ),I)bea N, -Ideal ~Top -Space and A CU. Then

(1) N, ¥ <losed, setif (A )*NcA .
(2) N, *-dense setif A < (A )*N.

ano
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(3) N, Ig—closed if (A )*Nc G whenever A G and G is W, -open in U.
(4) N, Ig*<losedif (A )*Nc G whenever A <G and G is N, g-open in U.
Definition 2.9. Let (U, T, (X ),I)bea N, -Ideal ~Top -Space and A CU. Then

ano

A is N, ¥—dense  in itself  (resp. N, *—perfect and N, *—closedset)  if

ano ano

A C (A )*N (resp. A =(A )*N,(A )*N cCA )

Lemma 2.10. Let (U,TR (X ),I) be a N =Ildeal -Top-Space and H cU. If H is

ano

ano

N, *—dense in itself, then (8 )" =N _ CI(8)" =N _ CI(H )=N amCl*[(H )N}
Definition 2.11. Let (U,TR (x), I) bea N, -Ideal -Top -Space and A — U.Then A is said to be

N . Sa -open set if there exists a ./VanOS —-open set Pin U such that PcH <N —CI(P) or
—Cl(./V o -Int(P ))

ano

equivalently if H < W,

ano

Result 2.12. Let (U, T, (X ))bea N, —Top -Space. Then

ano

(i) .Every N -opensetis N, So —open set.

ano

(ii) .Every N, o -opensetis N, Sa -open set.

ano

Definition 2.13. Let (U,TR (x )) bea N =Top-Space and H C U.Then H is said to be a Nano

ano

semi o-generalized (briefly, N, Soag-closed) set if if W, -CI(H )<= G whenever H G and G is

N, So.-open set in U. The complement H“=U-H of a N, So —closed set H is called a
N, __So -openin U.

ano

Definition 2.14. Let (U,TR (X ), I) bea N = -Ideal -Top -Space and H — U.Then H is said to be

a Nano ideal semi o-generalized (briefly, W, ISag-closed) set if if (H )*N < G whenever H G and G
is N, So-open set in U. The complement H“=U-H of a N, TISag-closed set H is called a
N,,ISag-open set in U. The collection of all M, ISog-open (resp. N, ISog-closed) sets is

ano

denoted by N,,, 1Sag-O(U,T, (x),T) (resp. ¥, I5ag-O(U,T, (X),T)).

ano

Definition 2.15. Let (U,T, (X ),I)bea N, -Ideal -Top -Space and B < U. Then

* The N, ISo—interior ofaset A is defined as the union of all N ISog-open subsets contained in A
and it is denoted by N, ISog-Int(A ). N, ISag-Int(A ) is the largest N, ISog-open subset of

A
** The N _TISag-closurcof a set A is defined as the intersection of all N, TISag-closed sets

ano ano

containing A and it is denoted by N IS(xg—CIA). N, ISocg—CIA) is the smallest

ano ano

N, ISog—closed set containing 2 .
Remark 2.16. ¥, -open = N,  *-open = N, ISog-open = N, Ig-open.

ano ano ano

&N, —closed= N, *<closed= N, ISog-closed= N, Ig-closed.

ano ano ano

3 NanolIdeal Semi -a -Generalized -Continuous Mappings
Definition 3.1. A map f:(U,TR (x),1 ) —)(V,GR/(Y ),J ) is N, —continuous if /' (H )isa

ano ano

N —closed forevery N —closed set H of (V,O‘R/(Y ),J )

483



International Conference on Technology, Engineering and Sciences (ICONTES), November 12-15, 2025, Antalya/Tiirkiye

Proposition 3.2. Amap f:(U,T, (X),T)—>(V,o_ (Y),J ) is W, ~continuous if and only if

ano ano

f7'(H )isa N, -open set forevery N, -openset H of (V,GR,(Y),J )

ano

Definition 3.3. Amap /:(U,T, (x),T)—>(V,0_,(Y).J ) is A,, *<ontinuous if /' (H )is
a N *-closed forevery N —closedset H of (V,GR,(Y ),J )
Proposition3.4. Amap f:(U,T, (x),1)>(V,o,,(¥).] ) is /¥ -continuous if and only if

f—l (H )isa N, *-open forevery N _ -openset H of (V,O‘R,(Y),J )

ano

Definition 3.5. A map f:(U,TR (%), I)—)(V,GR,(Y),J) is M__ISag-continuous if and

ano

onlyif ™ (H ) isa M TISag-closed set for every N —closed set H of (V,O'R,(Y ),J )
Theorem 3.6. Amap [ : (U, T, (X ), I ) - (V,GR , (Y ), J ) is Jvam ISag-continuousif and only

it /(1) is M, ISag-open in (U,T, (X ),T) forevery A, -open H In (V,o_,(Y),J ).

ano

Proof. Let f:(U,TR (X),I)—)(V,O'R,(Y),J) be N_ISog-continuousand H be a

N, -open set in (V,O‘R,(Y),J ) Then H € is N —closed in (V,O‘R,(Y),J) and since f is

ano ano

N, ISog-continuous, f‘l(Hc) is N _ISag-closed in (U,TR (X),I). But

ano ano

F(EC)=(/7"(8)) andso £ (8) is N, ISag-openin (U, T, (X ). T).
Conversely, assume that f ' (H ) is N ISag-openin (U,TR (x), I) for each N —open set H

ano

in (V.o ,(Y),J). Let F bea N, ~closedsetin (V,o_,(Y),J ). Then F € is A, -open in

(V,O‘R/(Y),J) and by assumption, fﬁl(FC) is N_TSag-open in (U,TR (X),I). Since

ano

f_1<FC>=(f_1(F))C, we have fﬁl(F) is N ISag-closed in (U,TR (X),I)and so f is

ano

N, ISog-continuous.

Theorem3.7 Every N __—continuous function f:(U,TR (X ), I)—)(V,G ,(Y),J) is

ano R

N, ISog-continuous but not conversely.

ano

Proof. Let f:(U,TR (X ), I ) — (V,O‘R,(Y ),J ) be a JVano —continuous function. Therefore, for
each N _-open set H of (V,O'R,(Y),J) [ (H ) is a N -open setin (U,TR (X ), I).Since

T, (X)g./V ISag-0 (U,TR (X),I). So fﬁl(H)is N_ISag-open set and so f is a

ano ano

N, ISog-continuous function.

ano

Proposition 3.8. Every N, = * -continuous function is N, ISoig-continuous. but not conversely.

ano

Proof.The proof is like Theorem 3.7, as every W, "-Open(resp../v "-closed) set is

ano ano

N, ISog-open (resp. N, ISag-closed)

Example3.9. Let U ={1,2,3,4} with U / R ={{1,3},{2},{4}};X ={2,3} and I ={¢,{3}}. Then
the N, -Top. T, (x)={4Uf2}.{12,3}.{L.3}}. N, ISag-closed sets are

0, U, {3}, {4}, {1,4},{2,4}, {3,4}, {1,2,4}, {1,3,4},{2,3,4}. The set {14} is not
N, ¥ -closed set.
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Let V={a,bc} with V/R ={{a},{bc}} and Y={a}. Then the N, -Top.

ano

r, (Y):{d),{a},\/} and J ={¢} Define a function f:(U,TR (X ), I)—)(V,FR/(Y),J ) by:
f()=b,7(2)=f(3)=a,f(4)=c. Then ['({a})={2.3} is N, IScg-open but not
N, *-openin U.Thus fis MN_ ISog-continuous but not N, = *-eontinuous. Furthermore, we
notice that fis not N, —continuous, since f ({a}) = {2,3} isnot A -open in (U,TR (X ), I )

Theorem 3.10. Suppose that f: (U, T, (X ), I ) - (V,GR , (Y ), J ) and

g:(V,O'R/(Y),J )—)(W ,.QR,,(Z ),K) are any two maps. Then gof is N, TSog-continuous

if gis N, *-continuous and f is N TISog-continuous.
Proof . Easy.
Definition 3.11. Let (U,TR (X ), I) be a N = -1deal -Top.-Space. Let z be a point of U and G

be a subset of U. Then Gis called a N, ISag-neighbourhood (brieﬂy, N_TISag -nbhd) of Z in

ano

U if there existsa N, TSag-openset S of U such that ze S = G.

ano

Proposition 3.12. Let M be a subset of (U, T, (X ), I ) Then me N, _ISog —CI(M ) if and only if

ISag-nbhd G, of min (U, T, (x),I),M NG, #4.
Proof . Necessity. Assume me N TISoag —CI(M ) Suppose that there isa N, TSog-nbhd G of the

ano

for any N

ano

point m in (U,TR (X),I)such that G[\M =¢. Since G is N, _ISag-nbhd of min

ano

(U,T, (X),I), By definition, there exists a M, ISog-open set H, such that meH, CG.

Therefore, we have HmﬂM =¢ and so M Q(HM)C. Since (Hm)cis an N _TISag-closed set

ano
c
containing M ,we have by definition N, ISag—Cl (M ) c (H n ) and therefore
mg N,

ano

Sufficiency. Assume for each N, ISag-nbhd H, of m in (U,TR (X ), I ), H (1M # . Suppose

ISog —CI(M ), which is a contradiction.

that m g N

ano

ISag-Cl (M ) Then by definition, there exists an N, TISog-closedset F of
(U,T, (x),I), such that M CF and mgF. Thus meF “and F is N, ISoig-openin
(0,7, (X),I),and hence F is a N, ISag-nbhd of m in (U,T,(X),I). But
M NF€= @, , which is a contradiction.

In the next theorem we explore certain characterizations of ./Vano ISag—continuous maps.

Theorem 3.13. Let f:(U,TR (X ), I)—)(V,O‘R,(Y ),J ) be a map. Then the following statements are

equivalent.
(1). The map f is N, ISo.g—continuous.

2). The inverse of each N, -open setis N, ISog-open.
). For each point p in (U,TR (x ),I)and each N -openset H in (V,O‘R,(Y),J)with
f(p)eH ; there isan N

o ISag-openset G in (U,T, (X ),I) suchthat p G, f(G)cH .
. The inverse of each N —closed setis N,  ISog-closed..

5). Foreach p in (U LT (X)), 1 ), the inverse of every neighbourhood of f'( p)is a N, ISoug-nbhd of

ano
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(6). For each p in (U,TR (X),I) and each neighbourhood M of f(p), there is a
N, ISag-nbhd G of p suchthat /(G)c M.

ano

(7). For each subset A of (U,T, (X ),I), f(N,,ISag-CIa))cN,, -CLf(2)).
(8). For each subset B of (V,O‘R,(Y ),J ), ./VmISOL(_:}-C{f’1 (B))gf’l(./vm -Cif(B)))
Proof . (1) < ( 2). This follows from Theorem 3.5.

(2)<:>(4). The result follows from the fact that if Q is a subset of (V,O‘R*(Y),J ), then
c

S 09)=(")) -
(2)<(5). For p in (U,T,(X),I), let M be a neighbourhood of f(p).Then there exists an
N, —openset Hin (V,0_,(Y),J) such that f(p)€H =M . Consequently, f'(H) is an
N, ISag-open set in (U,T, (X),I) and pef"(H)cf"(M ). Thus [ (M) is a

N, ISag-nbhd of p.

(5)<>(6). Let pe U andlet M be a neighbourhood of (). Then by assumption, G= /' (M ) isa
N, ISog-nbhd of p and f(G)=f(f"(M ))cM .

(6) < (3).Foran element p in (U, T, (X),I), let M bea N, —open setcontaining /(p). Then
M s a neighbourhood of f(p). So by assumption, there exists a N, ISag-nbhd Gof p such that
f(G)<M . Hence, there exists a N, ISag-openset H in (U,T, (X),I) suchthat peH =G and
S0 f(H )gf(G)gM .

(7)< (4). Suppose that (4) holds and let G be a subset of (U,T,(X),I). Since
/(6)eN,, c1£(G)), wehave G £ (W, -C1£(G))). Since N, ~C1f(G)) isa N,, ~closed
setin (V,0_,(Y),J ), by assumption f~'(,,, -C{f(G))) is a N, ISag-closed set containing G.

Consequently, N, ISag-C1G)c f (./Vm —Cif(G))).Thus

ano

[ 15a-c16)] < A (A <41 @) 2 - (0)
Conversely, suppose that (7) holds for any subset G of (U, T, (X ), I ) Let H bea N __ —closed subset

of (v, o (Y).J ) Then by assumption,
f[ Mo 1509-c1 7 (5) | N, -c{ [ (5)]) S, -c(H )=H.
N, Isag-Clf " (H))c /7 (H) andso £~ (H )is N,, ISag—closed.

(7) <> (8). Suppose that (7) holds and B be any subset of (V,o_,(Y),J ). Then replacing A by /' (B)
in (7, we obain f(&,TSag-clf(B))) W, <[f(/(B))) SN, <IB),ic.
N, Isag-clf ()< (N, -CIB)).

Conversely, suppose that (8) holds. Let B = f (A )) where A is a subset of (U, T, (X ),I).Then we have,
N, 18ag-CYa ) N, Isag-Cl /' (B)) < /™ (N, <1/ (2))) and 50
f(WN,,ISag-CYA ))c N, -CYf (2 )). This completes the proof of the theorem.

ano
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4 Nano Ideal Semi -a -Generalized -Irresolute Mappings

In this section N, TSog-—function is defined, and its characterizations and properties concerning

ano

N TISag-Intand N, TSag-Cl of sets are derived.

ano ano

Definition 4.1. A map f( Ty (X ),I) (V,UR,(Y),J) is called N TSog-irresolute if the

ano

inverse image [~ (H ) is N, ISag-open set in (U,TR ( ) ) for each N, TISog-open set H in

(V.o (¥).7).

Theorem 4.2. A map f:(U,TR (X ), I ) —)(V,O'R/(Y ),J ) is N ISog-irresolute if and only if the
inverse image of every N, ISag-—closed setin V is N, ISag-—closed in U.

Proof. Let f:(U T, (X), I)—)(V o /(Y),J) be N, _ISag-irresolute. Let H  be

ano

N, Isag—closed in V. Then H is M, ISag-openin V. Since f is N, Ig*a -irresolute

ano ano ano

f_l(HC):(f_l(H))C: T W)-r"(g)=u-,"(8) is N, ISag-open in U. Therefore
f_l(H) is N ISOLg—Closed in U. Thus, the inverse image of every N, ISoag-closed set in V is

ano ano

N_ ISog-closed in

ano

Conversely, let the inverse image of every N, ISag-closed setin V is N ISog-closed in U.Let B

ano

be a N, TSag-open set in V. Then B® is M, TISag-closed in V. By our assumption
f_l(Bc):(f_'(B))C = (V)—f_l(B)=U —f_l(B) is N,  ISog-closed in U. Therefore
f_l(B) is M ISag-openin U. Thus the inverse image of every N, ISog-open set in V is

ano

N_ TISag-open in U.Hence f is N, TISog-irresolute.

ano ano

Example4.3. Let W ={abcd} W/R/:{{{

I
,{a}} . —Topology €2, ( ) {¢5 }
{ ,C}, {a b, C} {b c, d} Consider ( , Ty R I) as given in Example 3.9. Now
define f (U,T b

).1)—>(w .2 ,(2).3) by £(1)=d, ()= f(3)=a,f(4)=c. We notice
that

P (@) =37 (b)) = (2415 (b)) = (2.3.4), 7 (1)) = (1,24), £ (8) =65 (9 )=

. },{d}}} z ={a,d}  and

o —ldeal J

={¢
jo b
(x

Then the N, TSag-closed

ano

sets are ¢

R

are N _TISog-closed sets in (U T (X ) I ) as stated in Example 3.9. Then by Theorem 4.2, it follows

ano

that fisa N, TISag-irresolute function.

ano

Theorem 4.4. Every N, ISag-irresolute map is N, ISoug—-continuous but not conversely.

ano

Proof.Let f( , R(X ),I) (V,GR,(Y),J) be a N TISag-rresolute map. Let H be a

N —closedset of (V,O' ,(Y),J). Then H is M, ISag-closed. Since [ is

ano

N, ISag-irresolute, then ™' (H ) isa N, ISag-closed set of (U,T, (X ),I).Therefore f is

ano ano

N _ ISog-continuous.

ano

Example4.5. Let (U,TR( ), ) be a N, _ -ideal -Top.-Spaces as given in Example 3.9 and

ano

(W ,QR*(Z ),J) as given in Example 4.13. Define f:(U,TR (X) I)—)(W ,0 *(Z ),J) by

R

f()=a,f(2)=b,f(3)=d,f(4)=c.1t is clear that {a} is N, ISag-closed set of

ano

(W 02 .(2z ),J) but f_l({a}):{l} is not N, ISag-closed set of ( ,T. (X ),I). Thus f is not
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N, ISag-irresolute map. We notice that f ({a,d}) = {1,3} is N, —open in (U,TR (x ), I) and
therefore f* is N,

no

—continuous and hence f isalsoa N TISog-continuous map.

Theorem 4.6. Let f': (U Ty (X ), I ) - (V,GR , (Y ), J ) be a function. Then the following statements are

equivalent.
(i) fis N, ISag-irresolute.

ano

(ii) For every subset A of U, N, ISOLg—Cl[f_I(JV ISocg—Cl(f(A )))JZ

ano ano

ST [N, 180g-Ci(f(n))].
(iii) For  every  subset B of vV, N,,ISag —Cl[f_1 (./me ISag —CZ(B))] =
ST [N, 180g-Ci(f(n))].
Proof. (i)« (ii). Let f be WM, ISag-imesolute and A cU. Then f(A)cV.
N, ISog —Cl(f(A )) is N, ISog—closed in V. Since f is
N, ISag-irresolute, /™ [./Vam, ISag —CI( f (A ))} is N ISog-closed in U. Therefore we obtain

ano

N, ISOLg—Cl(f_l |:./V Isag-Cl(f(a ))]) =7 [./V ISog —cl(f(A ))]
Conversely, suppose that we have N ISocg—Cl(f_] [./V ISog —Cl(f(A ))J) =

f [JVanDIS(xg—Cl(f(A ))] for every subset A of U, Let H be a N _TISag-closed set in V. Since

f(#)eu,
./waIS(xg—Cl(f_l [./V Tsag-<i(f (/7 (8 )))]) =/ [JVanOISOLg—Cl(f(f_I (H )))J That is

./waIS(xg—Cl(f_l(H ))Zf_l(H) implies that f~'(H) is A, ISag-closed in U. Hence f is

N, . ISag-irresolute.
(ii) < (iii). Assume (ii) holds. Let B be any subset of V. Then replacing & by f~'(B) in (ii) we have

./VmISocg—Cl(f_l[./VanoISag—Cl(f(f_l(B)))])= [ W, ts0g=ci(£ (7 (®)))] hat s

N, 180g-Cl(f™'[WN,,Is0g-Cl(B)])= f7'[N,,ISag-CI(B)].

Conversely, suppose (iii) holds. Let A be any subset of U. Then f(A )gV. Let B =f(A ) Then we
have ¥, ISog —Cl(f'1 [./Vm ISag —Cl(f(A))]) =/ I:‘/vano ISag—CI(f(A))] for every subset A of
U.

Theorem 4.7. Let f: (U , T (X ), I ) - (V,O‘R , (Y ),J ) be a function. Then the following statements
are equivalent.

(i) fis N, ISag-irresolute.

ano

(ii)  For  every  subset A of U ISag—Int[f_l (N ISocg-Int(f(A )))}z

7 |:./V ISag-Int(f (A ))]
(iii) ~ For  every subset B of Vv, N, Ig*a —Int[f_1 (JVM Ig*a —Int(B))] =
(WM, ISag-1nt(B)).

Proof. (i)« (ii). Let f be W, ISag-irresolute and A cU. Then f(A)cV.

ano

N, Isag-Int(f(2)) is N, ISog-open in V. Since f is

ano
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N _ ISog-irresolute, f_l[./\/ ISag—Int(f(A ))} is MN_TISag-open in U. Therefore, we

ano ano ano

obtain NV, ISocg—Int(f_l [JVW ISocg—Int(f(A ))]) =/ [./Vano ISag—Int(f(A ))]

Conversely, suppose that we have
N, ISag-Int( f™ [./Vm ISag—Int(f(A ))J) =/ [JVW ISog —Int(f(A ))] for every subset A of
U, Let G be a N, ISag-open set in V. Since /7(e)cu,

./VWIS(xg—Int(f_l [./waISOLg—Int(f(f_l(G)))J): f [./VanaISOLg—Int(f(f_l(G)))}. That is

N ISag—Inl(f_l(G))zf_l(G) implies that f_l(G) is N, ,ISog-open in U. Hence f is

N, ISag -irresolute
(ii) = (iii). Assume (ii) holds. Let B be any subset of V. Then replacing A by f~' (B) in (i) we get

./VanOISOLg—Int(f_l [A/mISocc_z;—Int(f(f‘1 (B)))}) = |:JV ISag—Int(f(f“ (B)))J. That
sV ISag—Int(f_l[./V ISag—Int(B)]):zpcff“[N Isag-Int(B)].

ano ano ano

Conversely, suppose (iii) holds. Let A be any subset of U. Then f (A)gv. Let B=f (A ) Then

N, ISOLg—Int(f_1 |:JVW ISOLg—Int(f(A))]) = f [./Vm ISOLg-Int(f(A))] for every subset A of
U.
Theorem 4.8. Let [ : (U »Tq (X ), I ) - (V,GR , (Y ), J ) be a N _ISoag-irresolute function. Then

ano

fisaN,  ISog-continuous function.

Proof. Let f:(U,T, (X),I)—)(V,O'R,(Y),J) be N TSog-irresolute. Let G be any

ano
N, -open setin V, Then G is M, ISag-open in V, Since f is N, ISag-irresolute, f ' (G) is

N, ISog-open in U, Thus, the inverse image of every N, _ -open setin V is N, ISag-open in U,
Therefore any N, ISog —irresolute function is a N, ISoug—-continuous function.

ano ano

Theorem 4.9. Consider two functions f: (U Ty (X ), I ) - (V,GR , (Y ), J ) and
g: (V,GR , (Y ),J ) - (W ,_QR ” (Z ),K ) Then the following statements are true.
(1). Let f be a N, ISog-irresolute function and g be a N, ISog-continuous function. Then

show that gof:(U,TR (x), I)—)(W 02 (2 ),K) isa N ISog-continuous function.

ano

(2).g0f is N, ISog-irresolute if both f and g are N, ISag-irresolute.

ano

Proof. (1). Let G be N, -open in W . Since g is M, ISag-continuous ¢ '(G) is

ano

N_ISoag-open in V. Since f is N, ISag-irresolute, f_l(g_l(G))z(gof)_l(G) is

ano ano

N, ISag-open in U. Thus the inverse image of every N —open setin W is N, ISog-open in U.

ano ano

Therefore gof is N, ISag-continuous.
( 2) . Easy.

Theorem 4.10. If f:(U,TR (X),I)—)(V,O'R/(Y),J) is a M _ISog-irresolute function

ano

and g:(V,GR/(Y),J )—)(W 02 (2 ),K) is a N___—continuous function,

ano

thengof:(U,TR (x), I)—)(W 02 ,(z ),K) is N ISag-continuous.

ano

Proof. Proof is like Theorem (4.9) since N__ -open setisa N, TISog-open set.

ano ano
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ano

Theorem 4.11. If f:(U,TR (x ),I)—)(V,O‘R,(Y),J) is a MN_ ISag-irresolute function and
)

g: (V, o ,(Y).J ) — (W 2 ,(2).K ) is a  N__ —contra —continuous function,  then

gof:(U,TR (x ),I)—)(w ,TR,,( ),K) is NV, ISog-continuous.

Proof. Proof is like Theorem (4.9) since N —closed setisa N __ISag—closed set.

ano ano

Theorem 4.12. If f:(U,TR (x ),I)—)(V,O‘R,(Y),J) and g:(V,O'R/(Y),J )—)(W 02 ,(z )K)

are N, ISog-irresolutes, then gof:(U,TR (x), I)—)(W 02 (2 ),K) is N ISag-irresolute.

ano

Proof. Let G be W__-open in W . Since g is N, ISog-irresolute g~'(G) is N, ISag-open in

ano ano

V. Since f is N, ISog-irresolute, f"(g"(G)): (g0f)™(G)is N, ISog-open in U. Thus, the

inverse image of every W, ISog-open set in W is M, TISag-open in U. Therefore gof is
N ISog-irresolute.

ano

5 Nano Ideal Semi -o -Generalized -Open and Closed Mappings

In this section AN, TSog-open mappings and N,  TSag-closed Mappings are defined, and some of their

ano ano

characterizations are presented.

Definition 5.1. A map f:(U,TR (X ), I)—)(V,O‘R,(Y ),J ) is said to be a N, ISog-open -map on

-open set in (U,TR (X ), I) isa M_ ISag-open setin (V,TR,(Y),J )

ano

U if the image of every N

Definition5.2. A mapping  f:(U.T, (X),T)>(V,0,,(¥).J) is said to be a
N, Isag-closed-map on U if the image of every N, —closed set in (U,T, (X)) is a
N, ISog-closed setin (V,GR,(Y),J )

Definition 5.3.A map f:(U,T, (X),T)—>(V.0_,(Y),J ) is said to be a Strongly A, ISoig—closed
map on U if the image of every N, ISog—closed set in (U,TR (X ), I) isa N ISoag-closed set
in (V,GR,(Y),J )

Definition 5.4. A map f:(U,T, (X),T)—>(V,0,,(¥),J )is said to be a Strongly N, IScig—open
map on U if the image of every N,
(V,O'R/(Y),J )

Theorem 5.5. A map f:(U,TR (X ),I)—)(V,O‘R,(Y),J) is N_ISag-closed if and only if for

ISag-open set in (U,TR (x ),I) isa N_ISog-open set in

ano

ano

each subset A of V and for each WN__ -open set G of (U,TR (x), I) containing /™' (A ), there is a

N, TISag-open set B of (V,O'R/(Y),J) such that A B and f_l(B)gG.

ano

ano

Proof.Let A be a subset of (V,GR,(Y),J) and G bea N __ -open set of (U,TR (X ), I) such that

ST (A)<SG. Then U-G isa N, —closed set of U. Since f is N, ISag-closed, f(U=G) is
N, ISag—closed in (V,GR,(Y ),J ) Now B =V = f(U = G) isa N, ISog-open set containing A
in V suchthat /™' (B)cG.

Conversely, let H be a N __—closed set of (U,TR (X ), I ), then [~ (V - f(H )) cU-H and
U-H is N _ -open. By our assumption, there is a N, TISog-open set B of (V,O‘R / (Y ),J ) such
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that V—f(H)gB and f_l(B)gU—H . Hence V—Bgf(H) and H gU—f_l(B). Thus
V—Bgf(H)gf(U—f_l(B) CV-B which implies f(H)=V—B. Since V=B s
N, ISag—closed, f(H) is a M, ISag-closed set in (V,UR,(Y),J). That is f(H) is
N, ISag—closed in V forevery N _ —closedset H of U.Hence fisa N, ISog-closed -map.

ano

Theorem 5.6. A map f:(U,TR (X ), I ) —)(V,O‘R,(Y ),J ) is N ISag-openif and only if for each

ano

subset A of V and for each N __ —closed set H of (U,TR (X ),I) containing ' (2), there is a

ano

N_ISag-closed set B of (V,O‘R,(Y),J) suchthat A =B and /™ (B)C H .

Proof. Let A be a subset of (V,O‘R,(Y),J) and H bea N__ —closed set of (U,TR (X ), I) such that

ano

f_l(A)gH . Then U—-H isa N __-open set of U. Since f is N  ISog-open, f(U—H) is

ano

ano ano

N, TISag-open in (V,O‘R/(Y),J ) Now B =V—f(U - H) isa N_ TSog-closed set containing
A in V such that f_l(B)gH . Conversely let G be a N _-open set of (U,TR (X ),I), then

! (V - f(G)) cU=-G and U-G is N__—closed. By our assumption there is a N, TSog-closed

set B of (V,O'R/(Y),J) such that V—f(G)gB and f_l(B)gU —G. Hence V—B gf(G) and
GcU —f_l(B).Thus V—BC f(G)gf(U —f_l(B))gV—B which implies f(G)=V—B.Since
V-B is N, ISag-open, f(G) isa M, TISog-open set in (V,O‘R/(Y),J). That is f(G) is
N, ISag-open in V forevery N _-open set G of U.Hence fisa AN, ISog-open —-map.
Theorem5.7. Let [ : (U, T, (X ), I ) - (V,O‘R , (Y ), J )be a function. Then the following statements
are equivalent

(i ) f is strongly N,  ISog-—closed.

(ii) For every subset A of V and every N, ISag-open G of (U,TR (X ), I) containing /™' (A ),

there isa N, TSog-open set B of (V,O‘R,(Y),J) with A B and f_l(B)gG.

Proof.Let A be a subset of (V,O'R/(Y),J) and G bea N_ ISag-open set of (U,TR (X ), I) such

ano

that ' (A )g G.Then U-G isa N, ISoag-closed setof U. Since f is strongly N, TISog-closed,
f(u-6)is N, ISag—closed in (V,O’R/(Y),J ) Now B=V—f(U—=G) isa N, ISag-open set
containing A in V suchthat /™' (B)<G.

Conversely, let H be a N, TISog-closed set of (U,TR (x),1 ), then f'l(V - f(H ))g U-H and
U—H is N, ISog-open. By our assumption, there is a N, ISog-open set B of (V,GR,(Y),J)
such that V= f(H)cB and /' (B)cU=-H.Hence V-Bc f(H) and H cU - f7(B). Thus
v-Bc f(H)cf(U-f"(B))cV-B which implies f(H)=V—B. Since V=B is

N, ISog—closed, f(H) is a M, ISoag-closed set in (V,O‘R/(Y),J). That is f(H)is
N, ISog—closed in VvV for every M ISog-closed set H of U. Hence f is a

ano

strongly N/ TSag-closed —-map.

ano

Theorem 5.8. Let f: (U Ty (X ), I ) - (V,O'R , (Y ),J )be a function. Then the following statements are
equivalent

(i) f s strongly N, TSog-open.

ano
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(ii) For every subset A of V and every N TISag-closed set H of (U,TR (X ),I) containing

ano

f7(n), thereisa N, Ig*o —closed set B of (V,O‘R,(Y),J) with A B and /™' (B)cH .

Proof. Let A be a subset of (V,GR,(Y),J) and H bea N, ISog-closed set of (U,TR (X )) such
that f~(A)cH. Then U-H is a N, ISog-open set of U. Since [ is strongly
N, ISag-open, /(U —-H) is N, ISog-open in (V,O‘R,(Y),J ) Now B=V - f(U-H) isa

ano ano

ano

N,,, ISag—closed set containing A in V such that ™' (B)c H .
Conversely, let G be a N ISog-open set of (U,TR (X ),I), then f~' (V —f(G))gU -G and

U -G is M, ISag-closed. By our assumption there is a N, ISog-closed set B of (V,(TR (Y),0 )

such that V—f(G)gB and f_l(B)gU—G. Hence V-Bc f(G) and GcU - f7'(B). Thus
V—Bgf(G)gf(U—f_l(B))gV—B which  implies f(G)zV—B. Since V-B s

N, ISag-open, f(G) is a N, ISag-open set in (V,GR,(Y),J). That is f(G) is

ano

N, _ISoag-open in V for every N TISoag-open set G of U. Hence [ is a

ano ano

strongly /__ TSog—open —map.

ano

Theorem 5.9. A map f:(U,TR (X ),I)—)(V,O‘R,(Y),J)is N _ ISag-closed if and only if

ano

N, Isag-Cl(f(a))< f(N,.CI(R)) forevery subset A of U.

ano ano

Proof. Suppose that f is N, ISog-closed and A c U. Then W, -CI(A) is N, _-closed in U

and so f(JVanO -cl(a )) is N ISog-closed in (V,O'R, (v),J ) We have f(A)c f(JVano -Cl(a ))

ano

and N, 1Sag-CI(f(n))c N, ISag=Cl| f(N,, -cl(n))]= [ (N, -Cl(2))

ano ano ano

Conversely, let A be any N, _-—closed set in U. Then A =WN__-C/(A) and so

ano

f(A ): f(./V —CZ(A )) N Ig*a —Cl(f(Z—\ )), by hypothesis. We have

ano ano

f(r)e N, Ig*a-Cl(f(n)) Therefore  f(A)=WN,, ISag-C/(f(2)). ie, f(n) i
N, ISag—closed and hence f is N, ISog-closed.
Theorem 5.10. Let f: (U Ty (X ), I ) - (V,GR , (Y ), J ) be a function such that

N ISOLg—Cl(f(A ))g f(./\/ano —CI(A )) for every subset A of U. Then the image f(A) of a

ano

N, —losed set A in U is N, ISag-—closedin V.

ano

Proof. Let A be a N —closed set  in U. Then by  hypothesis,
N, Isag-Cl(f(n))c f(N,, ~Cl(2))= f(n) and so N, Isag-Cl(f(2))=/f (). Therefore

ano ano ano

f(n)is N, ISag—closed in V.

Theorem 5.11. Let f:(U,TR (X ), I)—)(V,O'R,(Y),J ) be a N _-—closed function and
g: (V,UR , (Y ),J )—) (W 42 (Z ),K ) bea N Ig*oa —closed function, then their composition function

gof:(U.T, (x).1)>(w .2 ,(2).K)is N, ISag—closed function.

ano

ano

Proof. Let A bea W —closed set of U. Then by assumption /(A ) is N, —closed in V. Since g is
N, ISag—closed function, g(f(2)) is M, ISag-closed set in W . ie, (gof)(n) is
N, ISag—closed setin W andso gof is a N, ISog-closed function.

Theorem 5.12. Let [0, (%),1)> (V.0 ,(¥).7) and

g:(V,TR,(Y ),J )—)(W ,QR ,,(Z ),K) be two functions such that
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gof: (U T (X ), I ) — (w ,.QR ) (Z ),K ) isa M _ ISag-closed function. Then the next conditions are
true.
(i) If fis N —continuous and surjective, then g is N,  ISog-closed.

(i) If g is N, ISag-irresolute and injective, then f is N, ISag-closed.

ano ano

(i) If g is strongly N, ISog-continuous and injective, then f is N —closed.

ano

Proof. (i) Let B bea WV,  —closed set of V. Since f is N,  -continuous, /™' (B) is N, —closed
in U and since gof is N, ISog—closed, (gof)(f'l(B)) is N, ISog—closed in W . Thatis g(B)

is N _TISag-closed in W ,since f is surjective. Therefore g isa N, _TISog-closed function.

ano ano

(i) Let A be a N -closedset of U. Since gof is N, ISag-closed, (gof)(n) is
N, Isag—losed in W . Since g is N, ISag-irresolute, g~ ((gof)(2 )) is N, ISag—closed set
in V. Thatis f(A)is N, ISag-closed in V, since g is injective. Thus f is a N, ISag-closed

ano

function.
(iif) Let A be a N _-closed set of U. Since gof'is N, ISag-closed, (gof)(A) is

N, ISag-closed in W . Since g is strongly NV, TSog-continuous, g'l((go )& )) is

ano

N, —closed in V. Thatis f(A))is N, —closed setin V, since g is injective. Therefore f is a

ano ano

N —closed function.

ano

Theorem 5.13. Let f:(U,TR (X ), I)—)(V,O'R,(Y),J )be a function. Then the next conditions are

equivalent:

(i) f isa N, ISog-open function.
(ii) For a subset A of U,f(./\/amo —Int(A )) cN ISag—Int(f(A ))

ano

(iii)For each x€ U and for each N, -nbhd G of x in U, there exists a N, ISag-nbhd M of
f(x) in V such that M gf(G).
Proof. (i):)(ii). Suppose f is N, ISog-open. Let A C U.Then W, -Int(A)is N, -open

ano

in Uand so f(./Vano -Int(A )) is M _ISag-open in V. We have f(./Vano -Int(A ))gf(]—\ )-

ano

Therefore f(./Vamo —Im‘(A )) cN, Ig*a —Int(f(A ))

ano

(ii):>(iii). Suppose (ii) holds. Let x€ U and G be an arbitrary N__ -nbhd of x in U. Then there

ano

exists a N __-open  set H such that xe€H cG. By assumption, we have

f(Br)=f(N,, -Int(8))c N, ISag-Int(f(H)). Thus, f(H)=WN,, Isag-Ini(f(H)). We
) is N, ISag-open in V. Further, f(x)ef(H )< f(G) and so (iii)holds, by taking

y ef(G) and for each y € f'(G), by assumption, there exists a N, ISag-nbhd M , of y in V such

ano

ano

that M | gf(G). Since M , isa N, ISog-nbhd of y, there exists a N, ISag-open set P, in V
such that ye P <M . Therefore, f(G) = U{Py Jye f(G)} isa N  ISog-open setin V. Thus f
isa N ISog-open function.

Theorem 5.14.Let f': (U Ty (X ), I ) - (V,G , (Y ), J ) be any bijection. Then the following statements

R

are equivalent.

(i) f™ is N, ISag—continuous.

ano
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(ii) f is N, ISag-open.
(iii) fis N, ISag—closed.
Proof. (i):>(ii). Let A be N __-opensetin U.Then U—-A is N __—closed in U. Since f~' is

N, ISog-continuous, (f_l)_l(U -a)=f(u=-2a)=v-f(n) is N, ISag—closed in V. Then

ano ano

ISog-open.

ano no

(ii):(z’ii). Let A be N, _-—closed set in U. Then U—A is N __-open in U. Since f is

f(n)is N, ISag-open in V.Hence fis N,

N, ISag-open, f(U-2A)=V - f(A)is N, ISag-open in V.Then f(A) N, ISoag-closed
in V.Hence f is N,  ISag-closed.
(ii)=>(i). Let A be N, —losed in U. Since f:(U,T,(X),T)—>(V.0,(¥).T) is

=1

N, ISag=closed, f(A) is N, ISag—closed in V. ie, (f_') (2) is N, ISag—closed in V.

ano ano

Therefore £~ is N, TISag-continuous.

ano

6 Nano Ideal Semi -o. -Generalized -Homeomorphisms

In this section, we define and study the concept of nano ideal semi-a generalized-homeomorphisms
(briefly, W,,, ISag-homeomorphisms) in A, -Ideal -Top -Space (U,T, (x),I) and obtain

some of its properties and characterizations.
Definition 6.1. A map f:(U,TR (x),1 ) —>(V,0R,(Y ).J ) is said to be /__ —-homeomorphisms if

f is one-to-one & onto, N_ _ —open and ./VaLno —continuous.
Definition 6.2. A map [0, (x).T)> (V.o (Y).T) s said o

be N_ ISog-homeomorphisms if f is one-to-one & onto, N _TISog-open and

ano ano

N__TISog=-continuous.

ano
Theorem6.3. Let f:(U,TR (X ),I)—)(V,GR,(Y),J) be a one-to-one onto mapping. Then [ is

N, ISag-homeomorphism if and only if f is N, ISag-closed and N, TISag-continuous.

ano ano ano

Proof. Let f:(U,T, (X ),I)—)(V,O‘R,(Y),J) be a N, _ISog-homeomorphism. Then f is

ano

N _ISag-continuous. Let A be an arbitrary N __ —closed set in (U,TR (X ),I). Then U—-2A is

ano ano

N, -open. Since f is N, ISag-open, f(U-2) is N, ISag-open in (V,O‘R,(Y),J ) That is,

ano ano

v—/f(a) is N, ISag-open in (V,O‘R,(Y),J) for every N —closed set A in (U,TR (x ),I)

implies~ that  f(a) is  W,ISag—closed  in  ((V,o_,(Y),J).  Hence
f(v.T, (%).1) > (V.o (Y).T ) is W, ISag-closed.
Conversely, let f be N, ISag-closed and N ISag-continuous function. Let G bea N

ano ano ano

setin (U,T, (X),I). Then U=G is N, —closed in (U,T, (X ),I). Since f is N, ISag—closed,

-open

f(u-¢) is WN,ISag=closed in (V,o,,(Y),J). That is, f(U=-G)=V=-f(C) is
N, ISag—=closed in (V,GR/(Y),J ) Hence f(G) is N, ISag-open in (V,O‘R,(Y),J) for every
N, -open set G in (U,T,(x),I). Thuss, [ is N, Ig*oa-open  and

sof:(U,TR (x), I)—)(V,O‘R/(Y),J) is N__ISog-homeomorphism.

ano
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Theorem 6.4.: Let f:(U,TR (x ),I)—)(V,O‘R,(Y),J) be a bijective and N, ISag-continuous

map. Then the following statements are equivalent.
(i) f isa N, ISag-open map.

(ii) f isa N, ISog-homeomorphism.
(iii) f isa N, ISag-closed map.
Proof. ((i):)(ii). By the given hypothesis, the map f:(U,TR (X ), I ) —)(V,GR, (Y ),J ) is bijective

N, ISog-continuous and W, ISag-open. Hence f:(U,T, (X).1)>(V.o_,(¥).J) is

N, ISag-homeomorphism.
(ii):>(iii).Let A be a N  —closed set in(U,TR (x).1 ) Then A€ is MN__-open in

f(AC):(f(A ))C:v—f(A) is N, ISag-open in (V,O‘R,(Y),J) and hence f(A)is
N _ISag-closed in (V,O‘R,(Y),J) for every N —closed set A in (U,TR (X ),I). Hence the

ano

(U,TR(X),I).By assumption, f(AC) is MN_ TISoag-open in (V,GR,(Y),J). That is

function f:(U,TR (X ), I)—)(V,GR,(Y),J ) is/,__ISag-closed map.

ano

€ is N —closed set in

ano

(iii):>(i).Let B be a N __-open set in (U,TR (X ),I). Then B
(U,TR (X ),I). By the given hypothesis, f(BC) is N ISog-closed in (V,O'R,(Y),J). But
f(BC)z(f(B))sz—f(B) is N, ISag-closed. Therefore f(B) is N, ISog-open in
(V,O‘R,(Y),J) for every N__ -open set B in (U,TR (X ), I). Hence
f:(U,TR (x ),I)—)(V,(TR/(Y),J) is /. ISog-open map.

Theorem 6.5. Every N__ -homeomorphism is AN, ISog-homeomorphism.

ano ano

Proof. If /:(U.T, (x),1)—>(V,0_,(Y).J ) is W, -homeomorphism, by definition 6.1, / is

bijective, ~ N__ -continuous  and N, _-open.  Then f: (U,TR (x),1 ) - (V,aR (Y),0 )

is /. ISag —continuous and N, ISag-open. Hence the function
fi(u,T, (x),1)> (V,O'R (Y),a ) is M, ISag-homeomorphism. Every N, _ -continuous

function is M,  ISog—continuous and every N, -open map is N,  ISog-open. Then f is bijective,

ano

N, ISag-continuous and N, TISag-open. Therefore [ is N, TISog-homeomorphism.

ano ano ano

Theorem 6.6. Let f:(U,TR (%), I)—)(V,O‘R,(Y ),J) be a N.__aI ~homeomorphism. Then prove

ano

that f* is N, ISog-homeomorphism.
Proof. Let f:(U,T, (X), I)—)(V,O’R,(Y),J ) bea N__aT -homeomorphism. Then f is bijective,

ano

ano ano

N oI —continuous and N oI -open. Let H bea N __ -open setin (V,O‘R,(Y ), J ) Since f is

N, oI —continuous, /™" (H) is W, oI -open setin (U,T, (X ),I). Since every N, oI —open set

ano

is N, ISag-open set, f~ (H) is N, ISag-open in (U,T, (X ),I) which implies that f i

ano ano

N, ISaig—continuous. Let G be a N, -open setin (U,T, (X),I). Since f is N, oI -open,

ano

f(G) is N, oI -open setin (V,O'R,(Y),J ) Since every N__aI -open setis N, ISog-open set,

f(G) is N, ISag-open setin (V,O'R,(Y),J ) which implies f is N, ISog-open map. Therefore,

consequently f is N,  ISog-homeomorphism.
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Theorem 6.7. Let f:(U,T, (X),I)— (V,O'R (Y),0 ) be a bijective and N, TISog-irresolute map.
Then the following statements are equivalent.

(i) f isa N, ISag-open map.

(ii) f isa N, ISog-homeomorphism.
(iii) f isa N, ISag-closed map.
Proof. Identical to the proof of Theorem 6.5.

Theorem 6.8. Let [ : (U, T, (X ), I ) — (V,O'R , (Y ), J ) be a bijective function. Then prove that f

ano

is N, ISog-homeomorphism if and only if fI:./V Isag-Cl(A )] =N, =CI(f(n)) for every
subset A of (U,TR (X ), I).
Proof. If f:(U,TR (x), I)—)(V,O‘R,(Y),J) is N, TISog-homeomorphisms, then f is

N_ISog-continuous and N, ISag-closed. If A U, Then f[./V ISag—Cl(A)]g

ano ano ano

N, -CI(f(a)) since [ is N, ISag—continuous. Since W, ISag-Cl(a) is N, -closed in
(U,TR (X ),I) and [ is N

ano

(V.o (¥),7). Ako N, Tsag=Cl| f(&,,ISag-Cl(n))]|= f(&N,,TSag-Cl(2)).  Since

ano ano ano

ISoag—-closed map, f [./Vana ISag-Cl(A )} is N, ISoag—closed in

AcCWN ISag—Cl(A ), f(A )gf[JV ISag—Cl(A )] and hence

ano ano

N, ~Cl(f(2))c W, < f(N,,I5ag-Cl(n))]= f(¥,,1sag-ci(n)) Thus

ano ano

N, —Cl(f(2))c f(N,,ISag-Cl(n)). Hence, f[WN,, ISag-Cl(A)]

ano

=N, -Cl(f(n))if f is N, ISag-homeomorphism.

ano

Conversely, if f[JVmIS ag-Cl(a )] =N __ —Cl(f(A )) for every subset A of (U,TR (x),1 ), then

f is N, ISag-continuous. If A is N __ —closed in (U,TR (%), I), then A is N__ISog-closed

ano

ano

in (U,TR (X ),I). Then JVanoISag—Cl(A):A which implies f[./V ISag—Cl(A )]zf(A )

ano

Hence, by the given hypothesis, it follows that N ___ —Cl(f(A )) = f(A ) Thus f(A ) is N —closed in
V and hence N, ISog-closed in V for every N _-closed set A in U. That is, f is a

ano

N, ISoag—closed map. Therefore fi(u,T, (x),1)> (v,aR A(Y),a ) is

N, ISag-homeomorphism.

ano

7 NanoQuasiIdeal Ideal Semi -o -Generalized -Open and Closed Mappings
Definition 7.1. A function f:(U,TR (X ), I ) —)(V,O‘R,(Y ),J ) is said to be nano ideal quasi semi-a-

ano

generalized open (briefly, N, Q ISag-open), If the image of every N, ISag-openset in U is
N __ —openin U.

ano

Theorem 7.2. A function f:(U,T, (X),T)—>(V,0,(Y),J) is A,,Q ISag-open if and only if for

ano

every subset G of U, f(./V ISag—Int(G))gNm —Int(f(G)).

ano

Proof. Let f be a W, O ISog-openfunction. Now, we have N ISag—Int(G and

ano

cG
N ISag—Int(G)is a N ISog-openset. Hence, we obtain that f(./V ISag-Int(G))g f(G).As

ano ano

f(N,, Isag-1nt(G))is N,, —open, f(N,,ISag-Int(G))c N,, -Int(f(G)).

ano ano ano
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Conversely, assume that G is a N TSag-openset in U, then,

ano

f(6)= f(./me ISag-Int(G)) chN,, -Int(f(G)) but N, —Int(f(G)) c f(G).Consequently,

f(G)Z./V —Int(f(G)) and hence f'is N, O ISag-open.

ano no

Theorem 7.3.If a  function f:(U,TR (X ), I ) —)(V,O'R,(Y ),J ) is AN O ISog-open, then

N ISO{g-Int(f’l(G))gf’1 (./me —Int(G)) for every subset G of V.

ano

Proof. LetG be any arbitrary subset of V. Then, N ISag—Int(f’l (G)) isa N  ISag-openset in

ano

U and f is N,,Q ISag-open, then
f( N, 15ag-1nt( 17 (G))) S N, ~1nt(f(£7(6))). < N, ~Tnt(G). Thus,

N, 18ag-Int( 7 (G)) < £ (N,, -Int(G)).
Definition 7.4. A subset G is said to be an N, TISog-nrighbourhood of a point p of U if there exists a

N, ISag-openset O suchthat peO CG.
Theorem 7.5. For a function f : (U T (X ), I ) - (V,O'R , (Y ), J ),the following are equivalent

(i) f is M,.,0 ISag-open;
(ii) for each subset G of U, f(./V ISag—Int(G))g N, —Int(f(G));

ano

(iii) for each peU and each WM ISog-nrighbourhood G of pin U,there exists a

N,,,, —nrighbourhood H of f'(p) in V suchthat E < f(G).

Proof. (i) = (ii) It follows from Theorem 7.2.

(ii) = (iii) Let pe U and Gbe an arbitrary N, ISog-neighbouhood of p € U. Then, there exists a
N _OISag-open set H in U such that peH G Then by (i), we

ano

havef(H )=f(./V ISag—Int(H ))g./V Int(f(H )) and hence f(H )is N, —open in V such that

F(p)ef (1)< /().

(iii) = (i) Let G be an arbitrary N, ISag-opensetin U.Then for each pe f (G), by (iii) there exists a
N,,, —neighbourhood H , of p in V such that H, < f (G) As H  is a N, -neighbourhood of
D, there existsa N, -open set O , in V suchthat p€O , C H .Thus f(G) = U{Op :pe f(G)} which
isa M -open setin V.This implies that fis N

ano no

Theorem 7.6. A function f:(U,TR (X ), I ) - (V,GR/ (Y ),J )is N, O ISag-open if and only if for

Q ISag=-open function.

any subset B of Vand for any N

ano

QISag-closedset F of U containing f 71(B), there exists a
N, —closedset G of V containing B such that /' (G) cF.

ano

Proof. Suppose f is N, O ISag-open. Let BCVand F bea N,  ISag-closed set of U containing

ano

[ (B) Now, put G=V —f(U -F ) It is clear that fﬁl(B)g F  implies B < GSince f is
N,_.Q ISag-open, we obtain G asa M —closed set of V. Moreover, we have f ! (G) C F .Conversely,

ano

let G bea N  ISag-open setof U and put B =V —f(G). Then U -G isa N,  ISag-closed set in
U containing f _I(B).By hypothesis, there exists a N, —closed set ' of V such that B C F and

ano

fﬁl(F)gU—G. Hence, we obtain f(G)gV—F. On the other hand, it follows that B cC F,
V-F cV-B =f(G). Thus we obtain f(G)=V-F which is A  -open and hence f'is

ano

N, O ISag-open function.

ano
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Theorem 7.7. A function f:(U,TR (X ),I)—)(V,O'R,(Y),J )is N, ,O ISog-openif and only if
f’l(./V —Cl(B))g./V ISag—C(fﬁl(B)) for every subset B of V.

ano ano

Proof. Suppose that f is M, QISag-open For any subset B  of V,
(B)c ¥ ISOLg—Cl(f" (B )) Therefore, by Theorem 7.5, there exists a N —closed set ' in V

£ (W <(B)) = 1 (F )< N, 15017 (8)).

Conversely, let BcCV and F be a N _TISag-—closedset of U containing f _I(B). Put

ano

such  that BCF and ! (F ) cN ISag —C(f_1 (B )) Therefore, = we  obtain

H=WN -CI (B ),then we have BcCW and W is N —closed and

ano ano

/7 (W JI=¥ ISO!g-C(f" (B)) C F . Then by Theorem 7.6, f is N, Q ISog-open.

ano ano

Theorem 7.8. Consider two functions f: (U T (X ), I ) - (V, o, (Y ), J ) and

g:(V,O‘R,(Y),J)—)(W N (Z),L) and  suppose gof:(V,O'R,(Y),J )—)(W ,}/R,,(Z),L)is

N,.,Q ISag-open. If g is N, —continuous injective function, then f is N, QO ISag-open.

Proof. Let G be a N, OISag-opensetin U, then (gof)(G) is M, -open in W , since gof is
N, Q ISog-open. Again g is an N, -continuous function, f(G)= g’l(go f(G))is N, -open in

ano ano

V . This shows that f is N,

ino

Q ISag-open.
Definition 7.9. A function f : (U » Ty (X ), I ) - (V, o,/ (Y ), J )is said to be Nano quasi-ideal semi-

o generalized closed (briefly, N, O ISag—closed) if the image of every N, O ISag—closed setin U is
N, —closedin V.

Theorem 7.10. Every N, O ISog-closed functionis M  —closed as well as N, O ISag—closed.
Proof. Itis obvious.

Theorem7.11. A function f:(U,TR (X ), I)—)(V,O‘R,(Y ),J ) is N QISag-closed if and only if

for any subset B of V and for any N, ISog-open set G of U containing f _I(B), there exists a
N, —open set H of V containing B such that /' (H )< G.

Proof. This proof is similar to that of theorem 7.6.

Theorem7.12. Suppose that f: (U,TR (X ), I ) - (V,O‘R, (Y ),J ) and

g:(V,O'R,(Y),J )—)(W 42 ,,(Z),L) be any two N OISag-closed functions. Then

gof:(U,TR (x).1 ) —>(W 02 /,(Z),L) is M, O ISoag-closed function.
Proof. It is obvious.

Theorem7.13. Suppose that f:(U,TR (X ), I)—)(V,GR/(Y),J ) is M, ISag-closed function and

ano

9:(V.o,(¥).7 )—>(w ,QR,,(Z),L) is N, 0 ISag-closed function. Then

gof:(U,TR (X ),I)—)(W ,.QR/,(Z),L) is N/ —closed function.

Proof. It is obvious.
Theorem7.14. Suppose that f:(U,T (X ), I)—)(V,O'R/(Y),J ) is N __ISoqg-irresolute surjective
Y

R ano
function and g: (V, o, ( ,J ) — (W ,.QR P (Z ), L) is a function such that

Z L) is a N, Q ISag-closed function. Then

ano

ano

g:(V,O'R,(Y),J )—)(W ,_QR,,(Z),L) is a M —closed function.
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Proof. Suppose that F' is an arbitrary N

ano

f is N, ISog-irresolute, f_l(F) is M ISog—closed in U. Since gofis N, O ISag-closed

—closedsetin V. Then F is N, TISog-closed in V.As

ano ano

and f is surjective, (gof)(f’l(F )) = g(F ), which is N, —closed in Z . This implies that g is a

ano

N —closed function.

ano

Theorem7.15. A function f:(U,T, (X),T)—> (V.0 ,(¥),J) is N,,0QISag-closed if and only if

ano

f(u) is N, —closed in V and f(G)-f(U-G) is N, -open in f(U) whenever Gis

ano

N, ISog-openin U.
Proof. Necessity: Suppose f:(U,TR (X ), I)—)(V,O'R,(Y ),J )is a N _ 0O ISag-closed function.

ano

Since U is N _ ISog-closed, f (U) is M _—losed in @V and

f(G)=-f(v=-6)=r(c)Nf(v)=-f(U=G)is N, —open in f(U) when G is N, ISog-openin
U.
Sufficiency: Suppose f(U)) is N —closed in V, f(G)—f(U —G)is N, -open in f(U)when G

ano ano

is N _ISag-open in U and let H be N, -closed in U. Then

ano ano

f(r)=r(u)=(f(u-8)=f("))is N, ~losedin f(U) and hence N, —closed in V,

ano

Corollary 7.16. A surjective function f:(U,TR (X ), I)—)(V,UR,(Y ),J ) is N_Q ISag-closed if

ano

and only if f(G)—f(U —G) is /_ —open in V whenever G is N_ TISag-openin U.

ano ano

Proof. Itis obvious.
Theorem7.17. Let f:(U,T, (X ),I)—)(V,O‘R,(Y),J) be N,  TISag-continuous  and

ano

N, Q ISag-closed surjective function. Then the topology on v is

ano

{f(R)-f(U-H):HIisN,, ISag-openinU}|.

ano

Proof.Let M be W, -open in V. Let f (M) is N, ISag-openin U, and
f(f’l(M ))—f(U—f"(M ))=M. Hence all N, _-open sets in V are of the form

ano

f(G)—f(U—G), G is MN_TISag-openin U. On the other hand, all sets of the form

ano

f(6)=f(U=6G), G isWN,, ISag-openin U,are N, -openin V from Corollary 7.16.

Definition 7.18.A N, -ideal -Top. -Space (U,TR (%), I) is said to be N, -normal if for any pair

of disjoint N —closedsubsets E and F' of U there exists disjoint N, -open sets G and H such that
EcGand F CH.

Definition 7.19.A A/, -ideal -Top. -Space (U,T, (X ),I) is said to be W, ISag-normal if for

ano ano

ISag-closed subsets E and F of U there exists disjoint N

ano

any pair of disjoint N

ano

H suchthat EC G and FF CH .
Theorem7.20. Let f:(U,TR (%), I)—)(V,GR,(Y),J) be a N _ISag-continuous and

ano

-open sets G and

N, O ISag-closed surjective function with U is N, ISog-normal. Then V is N, -normal.

ano

Proof. Let K and L be disjoint A  —closedsubsets of V. Then f71 (K), fﬁl(L) are disjoint

N, ISog—closed subsets of U. Since U is N,  ISog-normal,there exists disjoint N -opensets G
and H such  that fﬁl(K)gG,f_l(L)gH . Then Kgf(G)—f(U—G) and

Lc f(H)=f(U=-H), further by corollary 7.16, f(G)—f(U —G) and f(H)=-f(U-H)are
N, —opensets in V and clearly [f(G)—f(U —G)]ﬂ[f(H )—f(U -H )]=ON. This shows that V is

N —normal.

ano
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Conclusions

The author has introduced the notions of new classes of functions called N, ISog=—continuous maps,
N, ISog -irresolute - maps, N, ISog-open = maps, N, ISog—closed - maps, strongly
N, ISag-open=-maps, strongly N

ano ano

ISag-closed=-maps and N _ ISog-homeomorphisms,

ano

N, .Q ISag-open-maps, and N O ISog-closed-maps and has investigated fundamental properties

ano

and characterizations of these mappings in N -Ideal -Top -Spaces. In future work, the author intends to

continue to introduce and investigate properties and characterizations of the notions of N,

ano

ISag —separation

Axioms namely N,

ISag-T, space, N,  ISag-T, space, N,

ano ano

ISag-T, space, N  ISog-regular

ano

space, N ISog-normal space, almost AN, TISog-normal space, mildly N  ISog-normal space,
N, ISag-compact space, N _ ISoag-Lindelof space, N ISog-connected space,

ano ano ano

N, ISag—closed graph and strongly AN, ISog-closed graphin A, -Ideal -Top —Spaces. In future

ano

work, N, TSog-open sets can be applied in an application field of real-life experience.
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