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Abstract: Regression is widely used in statistical analysis. For binary response variables, Logistic Regression 

has been widely applied due to its interpretability. However, conventional Binary Logistic Regression (BLR) 

generally assumes a linear relationship between predictors and the response, which may limit its ability to capture 

complex data patterns. To address this limitation, this study examines a Truncated Spline Nonparametric Logistic 

Regression (TSNLR) model that provides greater flexibility in modeling nonlinear relationships through the use 

of knot points. Statistical inference of the proposed model is examined using simultaneous hypothesis testing to 

assess the significance of predictor variables. The TSNLR model is applied to Human Development Index (HDI) 

data of cities/districts in Indonesia, which are classified into high and low HDI categories. Model performance is 

evaluated and compared with BLR using classification performance metrics. These findings suggest that TSNLR 

is an effective alternative for modeling binary response data with complex predictor relationships and can offer 

improved interpretability in applied statistical analysis. 

 

Keywords:  Truncated spline, Binary logistic, Simultaneous test, Human Development Index (HDI) 

 

 

Introduction 

 

Regression has become an analytical framework in statistical, enabling the prediction of outcomes and trends 

based on historical data (Yahya, 2022). Over the past few decades, regression analysis has significantly advanced 

from classical statistical approaches to more advanced methods (Joshi & Dhakal, 2021; Marasco et al., 2022). In 

the case of binary response variables that follow a Bernoulli distribution, binary logistic regression becomes one 

of the most widely used methods (Hosmer & Lemeshow, 2000). Through this approach, model parameter 

estimates can be obtained and used to explain the effect of predictor variables on the probability of an event 

occurring. 

 

Various studies have examined binary logistic regression (Manoharan et al., 2020, Saifudin et al., 2024; Alfardus 

& Rawat, 2024) specially from the perspective of statistical inference, such as parameter hypothesis testing 

(Rusliyadi et al., 2021; Yuniarsih et al., 2024) and confidence interval formation (Gupta et al., 2020; Zhang et al., 

2020). However, most of these studies in the fiel of binary logistic regression have only focused on the assumption 

of a linear relationship between predictor variables and logit functions, thereby limiting the flexibility of the model 

when faced with data with more complex patterns. 

http://www.isres.org/
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In practice, the relationship between predictor and response variables is often nonlinear (Eubank, 1999). This 

condition has encouraged the development of nonparametric regression approaches that do not depend on specific 

function forms, such as truncated splines (Budiantara, 2005). This approach is considered more effective because 

this method works by dividing the predictor variable domain into several subintervals through knot points, so that 

changes in relationship patterns in each subinterval can be modeled more accurate (Hazelton & Turlach, 2011), 

(Permatasari et al., 2021). Further developments have led to the use of nonparametric approaches in binary logistic 

regression, including local likelihood approaches to logistic models (Suliyanto et al., 2020), Fourier series 

functions (Zulfadhli et al., 2025), and truncated spline function integration (Suriaslan, et al., 2025a, 2025b). 

 

Based on previous studies, this article aims to develop a binary logistic regression model using a truncated spline 

approach and examine its statistical inference through simultaneous parameter significance testing. The proposed 

modeling framework is applied to data on the Human Development Index (HDI) of districts/cities in Indonesia in 

2023, which are categorized into high and low HDI levels. Furthermore, the performance of the proposed method 

is compared with traditional binary logistic regression to evaluate improvements in modeling performance. 

 

 

Method 

 

The research methodology is presented using a workflow diagram, as shown in Figure 1. 

 

 
Figure. 1. Analysis workflow 

 

 

Data Application 

 

This study used secondary data obtained from the Indonesia Central Bureau of Statistics (BPS). The sample 

consists of 514 districts/cities in Indonesia for the year 2023, of which 305 are classified as having high HDI, 

while 209 are classified as having low HDI. The details of the variables are presented in Table I. 

 

Table 1. Variable research 

Variables Description 

𝑦  
Human Development Index (HDI) 

0 = Low HDI 

1 = High HDI 

𝑣1 Household access to clean water (%) 

𝑣2 Poverty rate 

𝑣3 Rate of open unemployment 

𝑣4 High school participation rate 
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HDI modeling using the TSNBLR method begins by exploring the relationship between the logit of the response 

variable and the predictor variable. This exploration is presented in a scatter diagram in Fig. 2. 

 

 
 

 
Figure 2. Scatterplots of the relationships between logit function of HDI and predictor variables 

 

Based on the scatter plot in Fig. 2, it can be initially identified that there is a tendency for the relationship to 

fluctuate in certain sub-intervals. Therefore, in this study, it is appropriate to model the HDI using the Truncated 

Spline approach. 

 

 

Binary Logistic Regression (BLR) 

 

Agresti (2002) explains that the logistic regression model is expressed as 𝜋(𝒘𝒊), where 𝜋(𝒘𝒊) is defined as follows: 

 

π(𝒘𝒊) =  
exp(𝛽0+ 𝛽1𝑤1𝑖+𝛽2𝑤2𝑖+⋯+𝛽𝑝𝑤𝑝𝑖)

1+ exp(𝛽0+ 𝛽1𝑤1𝑖+𝛽2𝑤2𝑖+⋯+𝛽𝑝𝑤𝑝𝑖)
      (1) 

 

The response variable in logistic regression is binary and will have a probability of 𝜋(𝒗𝒊) if it is 1, and probability 

of 1 − 𝜋(𝒗𝒊) if it is 0.  
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Simultaneous tests can determine whether the regression model used in general has sufficient ability to explain 

the relationship between the response variable and the predictor variable. The hypotheses used in simultaneous 

tests are as follows: 

 

𝐻0: 𝛽1 = 𝛽2 = ⋯ 𝛽𝑝 = 0 

𝐻1:  At least there is one 𝛽𝑗 ≠ 0 , 𝑗 = 1,2, … , 𝑝 

 

The test statistics used based on the Likelihood Ratio Test (LRT) method are as follows (Hosmer & Lemeshow, 

2000): 

 

𝐺2 = 2[ln 𝑙(𝛀̂) − ln 𝑙(𝜔̂)]      (2) 

Where 

 

𝜔  : set of parameters under 𝐻0  

𝛀 : set consisting of parameters under the population 

 

The null hypothesis 𝐻0 is rejected if the test statistic 𝐺2 exceeds the chi-square critical value 𝜒(∝,𝑣)
2  or, 

equivalently, if the 𝑝 − 𝑣𝑎𝑙𝑢𝑒 is less than 𝑎. Rejection of 𝐻0 indicates that at least one model parameter is 

statistically significant. 

 

 

Truncated Spline Nonparametric Logistic Regression (TSNLR) 

 

Given response variable (𝑌𝑖) is bernoulli distributed, and  𝑣1𝑖 ,  𝑣2𝑖 ,  …  ,  𝑣𝑝𝑖; 𝑖 =  1,  2 , . . . , n, are as many as p 

predictor variables. The probability distribution formulated as (Hosmer & Lemeshow, 2000): 

 

𝑃(𝑌𝑖  =  𝑦𝑖) =  π(𝒗𝒊)
𝑦𝑖(1 − π(𝒗𝒊))

1−𝑦𝑖
      (3) 

 

When (3) is formulated in exponential form, it belongs to the exponential family of distributions. The logit 

function is defined as: 

 

ln (
𝜋(𝒗𝒊)

1−𝜋(𝒗𝒊)
) = 𝑓(𝑣1𝑖 , 𝑣2𝑖,   …, 𝑣3𝑖)       (4) 

 

Then a logit transformation is performed to obtain a logistic regression model, is expressed as: 

 

ln(exp 𝑓(𝑣1𝑖 , 𝑣2𝑖,   …, 𝑣3𝑖)) = ln (
𝜋(𝒗𝒊)

1−𝜋(𝒗𝒊)
)  𝜋(𝒗𝒊) =

exp 𝑓(𝑣1𝑖,𝑣2𝑖,   …, 𝑣3𝑖)

1+exp 𝑓(𝑣1𝑖,𝑣2𝑖,   …, 𝑣3𝑖)
   (5) 

 

The function 𝑓(𝑣1𝑖 , 𝑣2𝑖,   …, 𝑣3𝑖) in (5) is approximated by a truncated spline function with knot points 

𝐾1𝑗 , 𝐾2𝑗,   …, 𝐾3𝑗 , where j is 1, 2, …, 𝑝. Consequently, the TSNBLR model can be expressed as (Suriaslan, et al., 

2025a): 

 

𝜋(𝒗𝒊) =
exp(∑ ∑ 𝛾𝑗𝑘𝑣𝑗𝑖

𝑘𝑚
𝑘=0

𝑝
𝑗=1 + ∑ ∑ 𝛾𝑗(𝑚+𝑢)(𝑣𝑗𝑖− 𝐾𝑗𝑢)

+

𝑚
 𝑟

𝑢=1
𝑝
𝑗=1 )

1+exp(∑ ∑ 𝛾𝑗𝑘𝑣𝑗𝑖
𝑘𝑚

𝑘=0
𝑝
𝑗=1

+ ∑ ∑ 𝛾𝑗(𝑚+𝑢)(𝑣𝑗𝑖− 𝐾𝑗𝑢)
+

𝑚
 𝑟

𝑢=1
𝑝
𝑗=1

)
     (6) 

 

where, 𝛾0, 𝛾𝑗𝑘 , and 𝛾𝑗(𝑚+𝑢), 𝑗 = 1,2, … , 𝑝, 𝑘 = 1,2, … , 𝑚, 𝑢 = 1,2, … , 𝑟 are the model parameters in the truncated 

spline function. Truncated function for spline is represented by the following equation: 

 

(𝑣𝑗𝑖 − 𝐾𝑗𝑢)
+

𝑚
=  {

(𝑣𝑗𝑖 −  𝐾𝑗𝑢)
 

 
 , 𝑣𝑗𝑖 ≥  𝐾𝑗𝑢 

0                      , 𝑣𝑗𝑖 <  𝐾𝑗𝑢

     (7) 

 

The simultaneous test evaluates the significance of the full set of model parameters 𝛾 in the model, with 

hypothesis: 

 

𝐻0: 𝛾0 = 𝛾11 = ⋯ = 𝛾𝑝1 = ⋯ = 𝛾𝑝(𝑚+𝑟) = 0 

𝐻1: at least one 𝛾𝑗𝑘 ≠ 0 or  𝛾𝑗(𝑚+𝑢) ≠ 0, 𝑗 = 1, 2, … , 𝑝, 𝑘 = 1, 2, … , (𝑚 + 𝑢), 𝑢 = 1, 2, … , 𝑟 
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The test statistic used is the Likelihood Ratio Test (LRT), is formulated as (Suriaslan, et al., 2025b): 

 

𝐺2 =  2[ln 𝑙(𝜸̂𝛀) − ln 𝑙(𝜸𝜔)] − 2[ln 𝑙(𝜸̂𝜔) − ln 𝑙(𝜸𝜔)]     (8) 

 

Equation (8) is approximated by a second-order Taylor series expansion around the MLE under the full model 𝜸̂𝛀 

 

ln 𝑙(𝜸𝜔) ≈ ln 𝑙(𝜸̂𝛀) + 𝑔(𝜸̂𝛀)(𝜸𝜔 − 𝜸̂𝛀) −
1

2
(𝜸𝜔 − 𝜸̂𝛀)𝑇[I(𝜸̂𝛀)](𝜸𝜔 − 𝜸̂𝛀)  (9) 

 

Because 𝑔(𝜸̂𝛀) is zero in (9), it can be expressed as follows: 

 

2[ln 𝑙(𝜸̂𝛀) − ln 𝑙(𝜸𝜔)] ≈ (𝜸̂𝛀 − 𝜸𝜔)𝑇 − [I(𝜸̂𝛀)](𝜸̂𝛀 − 𝜸𝜔)           (10) 

 

The ln-likelihood function ln 𝑙(𝜸𝜔) expanding around 𝜸̂𝜔 gives:  

 

ln 𝑙(𝜸𝜔) ≈ ln 𝑙(𝜸̂𝜔) + 𝑔(𝜸̂𝛀)(𝜸𝜔 − 𝜸̂𝜔) −
1

2
(𝜸𝜔 − 𝜸̂𝜔)𝑇[I(𝜸̂𝛀)](𝜸𝜔 − 𝜸̂𝜔)      (11) 

 

As 𝑔(𝜸̂𝛀) is zero in (11), it may be defined as follows: 

 

2[ln 𝑙(𝜸̂𝜔) − ln 𝑙(𝜸𝜔)] ≈ (𝜸̂𝜔 − 𝜸𝜔)𝑇[I(𝜸̂𝛀)] − (𝜸̂𝜔 − 𝜸𝜔)        (12) 

 

Based on (10) and (11), the LRT statistic becomes: 

 

𝐺2 ≈  (𝜸̂𝛀 − 𝜸𝜔)𝑇[I(𝜸𝛀)](𝜸̂𝛀 − 𝜸𝜔)−(𝜸̂𝜔 − 𝜸𝜔)𝑇[I(𝜸̂𝛀)](𝜸̂𝜔 − 𝜸𝜔)       (13) 

 

Based on (Pawitan, 2001), the maximum likelihood estimator 𝜸̂𝛀 satisfies the asymptotic distribution: 

 

(𝜸̂𝛀 − 𝜸𝛀)
𝑑
→ 𝑁(𝟎, [I(𝜸̂𝛀)]−1) 

 

where,  

 

I(𝜸̂𝛀) = [
[I11] [I12]

[I21] [I22]
]  

 

The quadratic form (𝜸̂𝛀 − 𝜸𝜔)𝑇[I(𝜸̂𝛀)](𝜸̂𝛀 − 𝜸𝜔) in (13) can be decomposed into: 

 

(𝜸̂𝛀 − 𝜸𝜔)𝑇[I(𝜸̂𝛀)](𝜸̂𝛀 − 𝜸𝜔) = [
𝜸̂1

𝜸̂2 − 𝜸0𝜔
]

𝑇

[
[I11] [I12]

[I21] [I22]
] [

𝜸̂1

𝜸̂2 − 𝜸0𝜔
]        (14) 

 

thus obtained: 

 

𝐺2 ≈  𝜸̂1
𝑇([I11] − [I12][I22]−1[I21])𝜸̂1         (15) 

 

Equation (15) is simplified to 

 

𝐺2 ≈  𝜸̂1
𝑇[I11]−1𝜸1           (16) 

 

where, 

 

𝜸̂1

𝑑
→ 𝑁 (𝟎, [I11](𝑝(𝑚+𝑟)×𝑝(𝑚+𝑟))), and [I11]−

1

2 𝜸̂1

𝑑
→ 𝑁 (𝟎, I(𝑝(𝑚+𝑟)×𝑝(𝑚+𝑟))) 

 

Assuming the null hypothesis 𝐻0 is true, the LRT statistic converges asymptotically to a chi-square distribution 

with 𝑝(𝑚 + 𝑟) degrees of freedom. 

 

𝐺2 ≈  [[I11]−
1
2 𝜸̂1]

𝑇

[[I11]−
1
2 𝜸1] ≈  𝑍𝑇𝑍

𝑑
→ 𝜒𝑝(𝑚+𝑟)

2  

 

Thus it can be concluded 𝐺2
𝑑
→ 𝜒𝑝(𝑚+𝑟)

2   
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For simultaneous testing of model parameters, the rejection region of the null hypothesis 𝐻0 at significance level 

𝛼 is defined according to the distribution of the test statistic, expressed as: 

 

𝐺2 > 𝜒(𝛼,𝑝(𝑚+𝑟))
2   

 

 

Results and Discussion 
 

The dataset is divided into training and testing sets with an 80:20 ratio, where the training data are used for model 

estimation and parameter inference, while the testing data are employed to evaluate predictive performance. 

Modeling was performed considering all combinations of predictor variables and knot points. The best model 

selection was determined based on the minimum Akaike Information Criterion (AIC) value. The TSNBLR results 

showed that the best model was obtained when all four predictor variables were included in the model with the 

optimal knot point combination, are 𝐾1𝑢 = 1, 𝐾2𝑢 = 1, 𝐾3𝑢 = 1, and 𝐾4𝑢 = 4, as presented in Table 2. 

 

Table 2. TSNLR Number Of Knots 

No. Number of Knot AIC 

1 1, 1, 1, 1 427.67 

2 2, 1, 1, 1 429.60 

3 3, 1, 1, 1 429.83 

4 4, 1, 1, 1 431.30 

⋮ 
193 1, 1, 1, 4 423.67 

194 2, 1, 1, 4 425.56 

⋮ 
255 3, 4, 4, 4 435.20 

256 4, 4, 4, 4 436.45 

 

Based on the Table 2, it can be seen that the optimal knot point model are 𝐾11 = 90.27, 𝐾21 = 9.62, 𝐾31 = 4.02, 

𝐾41 = 58.96, 𝐾42 = 62.81, 𝐾43 = 64.76, and 𝐾44 = 67,64. 

 

Table 3. Parameter Estimation Of TSNLR  

Parameter Estimation Parameter Estimation 

𝛾0 -7.869 𝛾32 -0.830 

𝛾11 0.040 𝛾41 0.066 

𝛾12 -0.017 𝛾42 -0.082 

𝛾21 -0.197 𝛾43 1.113 

𝛾22 -0.058 𝛾44 -1.618 

𝛾31 0.832 𝛾45 0.744 

 

Based on the results of the TSNLR parameter obtained in Table, the model for HDI can be written in the following 

equation: 

 

Logit π(𝒗𝒊)) = −7.869 +  0.040𝑣1𝑖 − 0.017(𝑣1𝑖 −  90.27) − 0.197𝑣2𝑖 − 0.058(𝑣2𝑖 −  9.62)+ + 0.832𝑣3𝑖 −
0.830(𝑣3𝑖 −  4.02)+ +  0.066𝑣4𝑖 − 0.082(𝑣4𝑖 − 58.96)+ + 1.113(𝑣4𝑖 −   62.81)+ − 1.618(𝑣4𝑖 −  64.76)+ +
0.744(𝑣4𝑖 −  67,64)+ 

 

Table 4. Simultaneous Test Of TSNLR  

Test Statistic Value 

𝐺2 292.494 

𝜒2 19.675 

p-value 3.337e-56 

 

Based on the Simultaneous Hypothesis Test Results, the test statistic value 𝐺2 is 292.494 with a p-value of 

3.33710-56. Meanwhile, from the chi-square distribution table, the critical value 𝜒(0,005;11)
2  = 19.675 was obtained. 

Because the 𝐺2 value is greater than the 𝜒(0,005;11)
2  value, or equivalently p-value < 0.05, the null hypothesis is 
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rejected. Thus, it can be concluded that there is at least one predictor variable that has a significant effect on the 

HDI. 

 

As material for model evaluation, at this stage a conventional binary logistic regression model is constructed. 

 

Table 5. Parameter Estimation Of BLR  

Parameter Estimation 

𝛽̂0 -7.959 

𝛽̂1 0.037 

𝛽̂2 -0.228 

𝛽̂3 0.278 

𝛽̂4 0.106 

 

Based on the results of the BLR parameter obtained in Table, the model for HDI can be written in the following 

equation: 

 

logit(π(𝒙𝒊)) = −7.959 +  0.0375𝑥1𝑖 − 0.228𝑥2𝑖 + 0.278𝑥3𝑖 +  0.106𝑥4𝑖  

 

Table 6. Simultaneous Test Of BLR 

Test Statistic Value 

𝐺2 271.489 

𝜒2 9.488 

p-value 1.523e-57 

 

Based on the simultaneous hypothesis test, the test statistic 𝐺2 is 271.489with a p-value of 1.52310-57. Since 𝐺2 

exceeds the critical value𝜒(0,005;11)
2  = 9.488, or equivalently the p-value is less than 0.05, the null hypothesis is 

rejected. This indicates that at least one predictor variable has a significant effect on HDI. 

 

Table 7. Comparison of Models 

Test Statistic TSNLR BLR 

Accuracy 82.9% 81.1% 

Sensitivity 88% 87.7% 

Specificity 75.2% 73.3% 

Precision 84.1% 83.1% 

F1 86.03% 85.3% 

AUC 89.5% 88.4% 

 

Based on the results of testing on the test data, TSNLR showed better classification performance than binary 

logistic regression. TSNLR produced an accuracy of 82.9%, higher than the logistic model at 81.1%. The 

sensitivity of TSNLR models is 88%, which higher than BLR and shows ability in identifying areas with high 

HDI categories. However, the specificity of TSNLBR is higher, at 75.2% compared to 73.3% for BLR, so 

TSNLBR is better at recognizing areas with low HDI. In addition, the precision and F1-score values of TSNLBR 

are 84.1% and 86.03%, respectively, which are higher than those of the BLR model. However, the AUC value of 

TSNLR is slightly higher, at 89.5% compared to 88.4% for TSNBLR, indicating that TSNLR has slightly better 

discrimination capabilities at various classification thresholds. Overall, TSNLR showed better classification 

performance than BLR on most evaluation metrics. 

 

 

Conclusion  
 

This study shows that Truncated Spline Nonparametric Logistic Regression (TSNLR) is an effective 

methodological approach in modeling the Human Development Index (HDI), especially when the relationship 

between predictor and response variables is change in certain subinterval. The selection of the optimal knot point 

combination based on the AIC criterion produces a statistically significant model that is capable of improving 

classification performance compared to conventional Binary Logistic Regression (BLR), particularly in terms of 

accuracy, specificity, precision, and F1-score. Although the difference in AUC values between the two models is 

relatively small, the overall evaluation results confirm that the TSNLR approach provides better modeling 

flexibility without sacrificing discrimination ability, thus contributing as a competitive and relevant 

methodological alternative in the analysis of binary response data with complex relationship patterns. 
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Recommendations 

 

Building on the current findings, future research may extend the TSNLR by considering higher order spline 

functions, such as quadratic or cubic forms. In addition, incorporating spatial data settings could be explored to 

better capture regional interdependencies. Further extensions may also involve semiparametric modeling to allow 

flexible relationships between the variables. 
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