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Abstract: The behaviour of the solutions of the following system of difference equations is examined.

KXoz Xuoa Vo2 Va2

positive real numbers. In this study, the solutions of the initial conditions in the range (0,1) and the behavior of
the solutions were examined. Investigations on the recent studies show that researches nature of nonlinear
difference equations have been an object of great interest. Although difference equations are relatively simple in
form, it is, unfortunately, extremely difficult to understand thoroughly the periodic and non periodic behavior of
their solutions. Nonlinear difference equations of the max type has been investigated by many authors. These
equations are particularly utilized in various fields, including population dynamics, economics, finance, and
control systems. Max-type difference equations are not only interesting from a theoretical perspective but also
possess a wide range of practical applications. They are frequently employed to model discrete dynamical systems
in control theory, economic fluctuations, and biological population models with delayed feedback mechanisms.
Understanding the periodic behavior and stability of such systems provides vital insights into the long-term
dynamics of these real-world phenomena. In addition, Mathematica software was employed to generate the
graphical illustrations and numerical examples presented in this study.

1 1 x . .
X,,, =max {—,y n=2 }, YV, =max {—,”—2} (1) where the initial conditions are
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Introduction

Recently, there has been a great interest in studying the periodic nature of nonlinear difference equations.
Although difference equations are relatively simple in form, it is, unfortunately, extremely diffucult to understand
thorougly the periodic behavior of their solutions. The periodic nature of nonlinear difference equations of the
max type has been investigated by many authors. See for example [1-28].

Amleh (1998), in her doctoral dissertation conducted under the supervision of G. Ladas, addressed three distinct
topics in difference equations. In the first chapter, he demonstrated that the solutions to the difference equation

~ A B
X, =maxq—,——
xn xn—l

are periodic for non-zero real parameters and initial conditions.

Janowski et al. (1998), in their study;
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n?’

X

max { x* A}
X

n+l

they investigated the boundedness and oscillation properties of solutions to the rational difference equation with
maximum.

In his doctoral dissertation, Valicenti (1999) studied the periodicity and global asymptotic stability of solutions
to

. . maxia,x, b . . . .
the Lyness difference equation X, = M and the difference equation with maximum
X}*l
ax,+b
Xy ==~
b

n-1
In his doctoral dissertation, Teixeira (2000) first investigated the periodicity of solutions to the difference equation

max{x,, A . . -y .
X, = M where A is an arbitrary real number and the initial conditions are non-zero real numbers.
X X

n” n-1

Papaschinopoulos and Hatzifilippidis (2001) examined the continuity, boundedness, and periodicity of positive
solutions for the difference equation

n
max{an( H x,.),bn}
X, = i=n—k+l assuming positive sequences for the coefficients and positive values for the initial
n n
I1~
i=n—k
conditions.

In their study on the periodicity of the difference equation x  =max {i,i} , Mishev et al. (2002) proved
xn xn—Z

that all positive solutions of the equation are eventually periodic, assuming that the parameters and initial

conditions are positive real values.

In the first of his two studies, Voulov (2002) solved an open problem posed by G. Ladas. In this work, he
demonstrated that all solutions of the difference equation X, =max{i,i,£} are periodic for

xrkl xn73 xn75

A+ B+ C >0, assuming the parameters are non-negative real numbers.

Feuer (2003) examined the periodic nature of solutions to the maximum-type Lyness difference equation
max {x}, 4 N R

x,,, =————, where A is a positive real number and both the parameters and initial conditions are taken

X X

n”n-1

as arbitrary real numbers.

In their 2003 study, Papaschinopoulos et al. (2003) investigated the solutions, their periodicity, and the invariant

. . . max {x,, 4} . .
intervals of the difference equation x  , = ——————, which had previously been studied by Feuer.

xnxnfl
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In their study, Patula and Voulov (2004) investigated the periodicity of solutions to the difference equation

b

X X

n n-2

A B - . .
X, = max{ n n_ L where An and Bn are positive sequences with period 3.

In their 2005 study, Cinar et al.(2005) investigated the periodicity of positive solutions to the difference equation

b

X,,, =min {i i} ,for 4, B > (0 and non-zero initial conditions. Furthermore, they generalized this equation
xn xn72

B

to x,,, =min , and examined the periodicity of its positive solutions as well.
XXt Xk Xncke2) - FXn—2k+2)

In their 2006 study, Simsek et al. (2006) investigated the periodicity of solutions to the difference equation

> n—-1

X,,, =max {_ X under positive initial conditions.

n—1

In their 2009 study, Simsek et al. (2009) investigated the solutions of the system of difference equations with
maximum

L]

]
X X yl! "\ 1

n I

1Y, 1 *, | by selecting positive initial conditions.
X, Tmax {—,— and y 41— max

In their 2009 study, Simsek et al. (2009) investigated the solutions of the system of difference equations with
maximum

A Y, A x_n] assuming that both the parameter 4 and the initial conditions

X =max {—,— and y =max {—
ntl [_Xf ,x ] }fi+l {y ,y
n n

n n
are positive.

In their 2010 study, Simsek et al. (2010) investigated the behaviors of solutions for the system of difference

. . . X . ..
equations with maximum 1 Y- 1 n=1 | assuming positive

andynH = max v

X =max
n+1 X
n—1 n—1

n—1 “"n-—I

initial conditions.

x&.’

n—1

In their 2006 study, Yan et al. demonstrated that the solutions of the difference equation x = max {L i}
n-2

are periodic with 4 for the initial conditions 0 <@ <1,4>0,4<1, A>1and x,,x ,x, €(0,00)

Definition 1: Let I be an interval of real numbers and let f:/**! =1 be a continuously differentiable function
where s is a non-negative integer. Consider the difference equation

X o= f(xn, X ]A_) forn =0,1,2, (1)
with the initial values X_ Xy €1. A point X called an equilibrium point of Eq.(1) if
x =f(x,...,x)
Definition 2: A positive semicycle of a solution {x"}:i _, Eq.(1) consists of a string of terms {xi,xH_ | ,...,xm}

all greater than or equal to equilibrium x with / >-s and m=<oo such that either /=-s or />-s and */-1 <* and either

<
m=0 or m<oo and “m+1 "
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Definition 3: A negative semicycle of a solution {x”}oc_ of Eq.(1) consists of a string of terms {xi,x[ + ,...,xm}
n= -y _

all less than or equal to equilibrium X with />-s and m<oo such that either /=-s or />-s and -1 <* and either m=o0

<
or m=<oo and xm +1 *

. . . = + .
Definition 4: The Fibonacci numbers are defined by the recurrence relation f n S n—1 / n=2 for n 2 3, with

initial conditions f = land f = L.

Main Results

To this end, the statements and proofs of lemmas and theorems are presented for various cases that may be
encountered in equation (1).

Let X and y be the unique positive equilibrium of the (1), then clearly

)_c:max{é,%} and ;:max{é,é}
X X yy

and y =

==l

ory=

<]~
< | =l

We can obtain X =1 and y=1.
Lemma I: For equation (1),

O0<x,<x,<x,<y,<y,<y,<l

the following statements are true for the solutions X, and ), with respect to the initial conditions:

a) Every positive semicycle consists of three terms.
b) Every negative semicycle consists of three terms.

c) Solution X, , every positive semicycle of length three is followed by a negative semicycle of length three.

Solution Y, , for 1 > 4 ; every positive semicycle of length three is followed by a negative semicycle of length
three.

d) Solution X, , for 7>4; every negative semicycle of length three is followed by a positive semicycle of

length three. Solution ), , for n = 7 ; every negative semicycle of length three is followed by a positive

semicycle of length three.

Proof: Let us present the proof for Case 1.
O0<x,<x,<x,<y,<y,<y,<l

Depending on the initial conditions:

1 1 _
X, =max — 2l oy

Xy X, X
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{ 1 x } {xl xfl X,
yg:max —_—,— = —’—2 :—<y
Vs Vs Yo Vo Yo
1 2 2
X, =max{—,y6}:{y° ,yg}:y—g>)_c
Yo Xg X0 %o Xo
Yo :max{i’ﬁ}:{xo ’X_é}:ﬁ<)_;
Yo Vs Yo Vo Yo

Vi = mMax

Y =max

X,, = max

{

{
:max{i,&

{

{

1 3 3
ylZZmaX _aﬁ :{&91(3) :y_(;>)—/
Yo Vo Xo %o Xo

X >X X, >X, X, >X, X, <X, X <X, Xg <X, X >X, X >X, Xy >X,
X <X, X, <X,X, <X, ...
Thus, as can be seen from this, the solutions X, follow the pattern PPPNNNPPPNNN...

It is observed that every positive semicycle consists of three terms.

It is observed that every negative semicycle consists of three terms.

It is seen from the solutions X, that every positive semicycle of length three is followed by a negative semicycle

of length three.

For n >4, every negative semicycle of length three is followed by a positive semicycle of length three.
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NZDY2 > 05Y3 > D5Va > V5 Vs > V5 Vs > Vo Y7 <o Vg <P Vg <5 Vig 2 Vs Vi >V
Yo > Vs
Thus, as can be seen from this, the solutions ), follow the pattern PPPPPPNNNPPPNNN...

It is observed that every positive semicycle consists of three terms.

It is observed that every negative semicycle consists of three terms.

For 1 > 4, every positive semicycle of length three is followed by a negative semicycle of length three.

For n =77, itis seen from the solutions ), that every negative semicycle of length three is followed by a positive

semicycle of length three.
This completes the proof of Lemma 1.

According to the following initial conditions

0<y,<x,<x, <X, <y, <y, <1,0<x,<x,<y,<x,<y,<y,<l,
0<y,<x,<x, <y, <y,;<x%,<1,0<x,<y,<y,<x,<x,<y,<l,
0<y,<x,<y,;<x,<x, <y, <1,0<x,<y,<y,<x,<y,<x,<I,
0<y,<x,<y,<x,<y,<x,<l.

The proof for the solutions X, and ), is carried out similarly to the proof of Lemma 1.

Theorem 1: 0<X72 <X, <X <V,L,<)Y, <) <1

Where

the solutions of equation (1):

f(2n+1) f(2n+1)
_| X2 I R
KXen+a = > Xenss = > Xense —
Vo Yo
y_

f(2n+1)

|‘< = |o

]f(2n+3)

a) F(2n4+3) F(2n+3)
_| Y= _
Xent1 = > Xensg = > Xeonpo =
X,
£(2n+2) £(2n+2) £ (2n+2)
Vo Yo _ Yo
Yenia = s Venes = s Venss —| >
Xy X Xo
b)

=
=

f(2n+2) f(2n+2)
X
-1 _| %o
j s Venso = (_

Yo

7(2n+2)
=)
] > Vensg = [

Vo

|
e
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is of the form. Forn=0,1,2, ..., the above equations are true.
Proof: Let us show the validity of the above statements by mathematical induction.

Forn=0,

1 2
X, :max{—,i}:{xo,x—g =D ¥
Xy Xy Mo o
I x b% Vo . —
Ve :max{_’_}:{yoa_o}:_o >y
Vi Vs %o %o
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I x . xfl =
yszmax —_—,— = —’—2 =—<y
Vs Vs Yo Vo Yo
1 2 2
X, = maxq—,=% = —O,y—g :y—g>)?
Yo Xg X0 %o Xo
2
Yy = max i,x—}={ﬁ,x—‘;}=ﬁ<?
Yo Vs Yo Vo Yo

Assume that the following hold for n = &
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F(2k+1)
X
Xekra =
\ V=)
F(2k+3)
| Vo
Xers7 = x_
)
(y \f(2k+2)
_| V=
KXekra = x_
)
F(2k+2)
(x_z 3\
Xekr7 = y_
_2)

Xekas

Xek+s

Xekss —

Xekag =

F(2k+1)
_| X
\ V-1
F(2k43)
= —y_]
Xy
( \f(Zk+2)
Y_i
X
f(2k+2)
(x_l\
V)

Now, we show that it is also true forn =k + 1

_ Yek+7
Xerr1o — Max 5
Xer+7 Xek+7
£ (2k+3)
=max3| —=%
Yo
S (2k+3)
X
= max<| ==
Vo
£(2k+3)
| *=
- )
Yo
1 x
Y6i410 = MAX ,
Yer+1 Veok+r
i F(2k+2)
_ Voo
= max e
X
f(2k+2)
= max4{| 22
X,
\f(2k+4)
| Vo
- B
)C_z)

-

X

Yo

= max

\

£ (2k+2)

f(2k+4)

= max 1
X,

“
£ (2k+3)

Y2

b

X oo

f(2k+4)

Yo

[ (2k+1)
_| X
> Xekre — >
0
F(2k+3)
| Vo
> Xekrg = [_
%o
F(2k+2)
| Vo
> Xegre — [_ )
X0
F(2k+2)
Xo
> Xereo =|
0
F(k+2) )
X
F(2k+3)
=
> Tk (
Yo
X, J
F(2k+3)
=2
Yo
f(2k+3) )
Yoo
F(2k+2)
Xy
’ k)
)
Yo J
F(2k+2)
J2
X,
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( F(2k+2) )
Xy
{ fee3 | —
— Yerss | _ ) Y
Xere11 — MAX > = max y > Tk
Xores  Kokss Yo .
\ x_l J
£(2k+3) £(2k+2) £(2k+3)
1 -1 X
= max 4| — | = =L
Y Yo Yo
£(2k+3) F(2k+4)
Xy —1
=max{| =L | =L
Yo Yo
f(2k+3)
_ | X
- )
Yo
( F(2k+3) )
1 f(2k+2) =
x ¥y _
_ k8 | _ i i
Y6ra = Max > = max- ’ F(2ke2)
Yekes  Veras X1 X,
\ y_l J
£(2k+2) £(2k+3) F(2k+2)
= max{| 22 | = SN
X, X, X,
(2k+2) [ (2k+4)
= max h R __1
X X
f(2k+4)
Y
- B
X
( F(2k+1) )
X9
{ fek+2) | —
— Yerso | _ X9 Yo
Xekr12 — Max > =maxy| — > Tk
Xek+o  Xek+9 Yo Yo
9 xo J
£(2k+2) £(2k+1) F(2k+2)
X, X
= max<| =% | =2 =2
Yo Yo Yo
F(2k+2) £(2k+3)
Xo 0
=max4| < | =2
Yo Yo
F(2k+3)
_| X
- )
Yo
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1 x
— L Koo
Yor+12 = Max 5
Yo+ Veks9
F(2k+2)
(e
Xo
F(2k+2)
— max{| 2L
Xo
F(2k+3)
Yo
- )
X0
1 y6k+9

Xekp12 = MAX >
Xekeo  Xoks9

F(2k+2)
— max{| 20
Xo
F(2k+2)
= max{| 22
Xo
f(2k+2)
Yo
- )
X0
1 Xgpo

Yor412 = MAX >
Yeor+o  Vekso

F(2k+1)
= max4| 22
X0
F(2k+1)
= max{| 20
X0
£ (2k+9)
_| X
- )
Xo

Yo
Xo

= max 9

\

F(2k+2)

£(2k+9)
Yo
Xo

%
X0

= max

\

S (2k+1)

F(2k43)
Xo

Yo

Yo
Xo

= max

N

f(2k+2)

f(2k+3)

0
reke2y |
Xo
9
Xo
Yo
F(2k+1)
Yo
Xo
Xo
Fks2) | —
0
b
Yo
Xo
£(2k+2)
-0
Yo
0
feks | T
0
9
Xo
Yo
(k1)
Yo
Xo
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( F(2k+3) )
_ Yo
F(2k+2)
— Yersio | _ Vo X
Xy = Max , =0 8 — max 3| =2 e
Xeke10 Xor+10 X X,
\ y_2 J
f(2k+2) F(2k43) F(2k+4)
= max<| 22 | 2= 22
X X, X
£(2k+2) f(2k+4)
— max{| 2= ,| ==
) Xy
f(2k+4)
| Vo
- bl
X,
( F2k+2) )
)
{ F(2k43) y
X X
_ k10 | _ -2 -2
Y6r13 = Max > = max- ’ Tk (
Yekr10 Vers10 Yo Vo,
\ x_z J
(2k+3) F(2k+2) F(2k+3)
X X X
=max<| = , =2 =2
Yo Yo Yo
F(2k+3) F(2k+4)
2 Xy
=max<{| —= | ==
Yo Yo
£(2k+3)
_| X
- 9
Yo
( f(2k+3) )
Yo
fek) | T
— Yers11 | _ 1 1
Xore14 = MAX , b = max § N TeTe
Xore11 Xerr11 X_y =
\ y_l J
f(2k+2) F(2k+3) £(2k+2)
= max 4| 2= ’ Yo Yo
X X X
£(2k+2) f(2k+4)
— max Y ’ Y
Xy X
f(2k+4)
| Yo
- )
X

and
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X
Y6i414 = MAX , =
Yers11 Ve
F(2k+3)
= max<| —
Y
F(2k+3)
= max<| —
Yo
F(2k+3)
_| X
Yo
1y
_ 6k+12
Xekr1s — Max 5
Xerr12  Xek+12
F(2k+2)
— max{| 22 ,
Xo
F(2k+2)
— max{| 20
Xo
F(2k+4)
Yo
- )
Xo
1 X,
Viius = Max Korwz
Yers12  Ver+12
f(2k+3)
= max<| —~ ,
Yo
F(2k+3)
X
= max<| —~ ,
Yo
F(2k+3)
_| %
- )
Yo

F(2k+2)
X
FQk+3) | —
_ | 2 -1
= max > 7(2k+3)
Yo .
Xy
£ (2k+2) £(2k+3)
=1 =1
Yo Yo
f(2k+4)
=1
Yo
( f(2k+3) )
0
rek+2) | —
_ Yo X0
= max < x— ’—f(Zk+2)
: X
\ yO J
£ (2k+3) £ (2k+2)
Yo Yo
Xo Xo
£ (2k+4)
X9
Yo
( f(2k+2) )
Xo
k3 | —
_ J xo yO
=maxy| — ’ £ (2k+3)
Mo Yo
C xO J
F(2k+2) F(2k+3)
Xo Xo
Yo Yo
f(2k+4)
Xo
Yo

\

'

is obtained. Thus, the validity of the above statements is established by mathematical induction.
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According to the following initial conditions

0<y,<x,<x,<x, <y, <y, <1,0<x,<x,<y,<x,<y,<y,<l,
0<y,<x,<x, <y, <y, <x, <1, 0<x,<y,<y,<x,<x,<y,<l,
0<y,<x,<y,<x,<x,<y, <1, 0<x,<y,<y,<x,<y,<x,<lI,
0<y,<x,<y,<x,<y,<x,<l.

The proof for the solutions X, and ), is obtained similarly to the proof of Theorem 1.
Theorem 2: (1) System of equations,

O0<x,<x,<x,<y,<y,<y, <1

Depending on the initial condition

Limxg, ,, =, fi’z Xonia =0, LimXxg, 5 =00,

n—>0 n—»o

a) glm x6n+4 = 0’ fzﬁ x6n+5 = 09 fi’zz x6n+6 = O’

n—>0

limxg,,, =, limx, =00, limx,, 4 =00

n—>0 n—>0 n—»o0
limyg, ,, =0, Limy,, , =0, limyg, . =oo,
n—>o0 n—o n—>w

b) Limyg, =, Limyg, =00, limyg, =0,
n—0 n—»0 n—x0

Eimy6n+7 :O’ gimy6n+8 =O> gimy6n+9 =0

n—>0
Proof:

a) We obtain,

) ) 1 1
For 0<x, <1, limx,, , =lim — |[=—=0
n—o n—o X, X,
. ) 1 1
For O0<x <1, limx,,,, =lim| — |=—=0
n—»w n—o| x
- -
) ) 1
For 0<x0 <1 , 11mx6n+3:hm — | =— =0
n—>o n—o| X
0 0
S (2n+1) f() X ©
For 0<x,<y,<l, limx,,, =lim| — _| A2 T
n— n—o0 y_2 y_z y_2
X f(2n+1) x f () X ©
For O0<x,<y,<1, limx,, s =1lim = . =|Z=L| =0
n—o0 n—o yfl yfl y71




For

For

For

For
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O<x, <y, <1, lg{loxén+6:

O<x,<y,<l,

O<x,<y,<I,

0<x,<y, <1,

b) We obtain

For

For

For

For

For

For

For

For

For

O<y, <1,

O<y, <1,

O<y, <1,

O<x,<y,<1,

O<x,<y, <1,

O0<x,<y, <1,

O<x,<y,<1,

O<x,<y, <1,

O<x,<y, <1,

S (@2n+1) S () w
n—>o0 yo yo yo
f(2n+3) f () 0
= lim| 222 =22 22| 2w
n—>o0 x_2 x_2 x_2
F(2n+3) £ () o
X, X,

hm x6n+7
n—0

lim x,, ., = lim
n—>0 n

—0 X
S (2n+3) S () o
lim x,,, = lim| =~ =| =2 =|=2| =
n—0 n—»00 xO xo xO
. . 1 1
lim yg, ., = lim| — |=— =00
n—>0 n—>00) y y
-2 -2
. . 1 1
limy,, , =lm| — |=— =
n—x0 n—>0 y y
-1 -1
. . 1 1
lim yg, 5 =lim| —|=—=00
n—0 n—>0 y y
0 0
f(2n+2) f() ©
hm y6n+4 hm & = 22 = =2 = 00
n—>0 n—0 x72 x72 x72
f(2n+2) f () ©
m v, =hm(—‘1J _ y—lj {&j -
n—»o ~ X,

f(2n+2) Sf(=)
lim y,,, = lim| 22 | 2o o[
n—0 n—>0 xo xo xo

Jw:oo

¥ f(2n+2) X () X ©
. . -2 ) )
11_1')1;10 Yeni1 = IEI; E— = (—] = (—J =0
" " Yo Vo2 Yo
X f(2n+2) ¥ f(®) x 0
li_r)l;lo Vems = h_l;?o i - (_—'j — [_—1] =0
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According to the following initial conditions

0<y,<x,<x,<x, <y, <y, <1,0<x,<x,<y,<x,<y,<y,<l,
0<y,<x,<x, <y, <y, <x, <1, 0<x,<y,<y,<x,<x,<y,<l,
0<y,<x,<y,<x,<x,<y, <1, 0<x,<y,<y,<x,<y,<x,<lI,
0<y,<x,<y,<x,<y,<x,<1

The proof for the solutions X, and ), is obtained similarly to the proof of Theorem 2.

EXAMPLE I: 1f the initial conditions are selected as follows:
x[—2] =0.2; x[-1] =0.3; x[0]=0.4; y[-2]=0.5; y[—1]=0.6; y[0]=0.7;
then the following solutions are obtained:

x(n)={5.,3.3333333333333335,2.5,0.4,0.5,0.5714285714285715,6.25,4.,3.0624999999999996,0.16,0.25,0.3265
30612244898,97.65625,32.,16.413085937499996,0.01024,...}

y(n)={2.,1.6666666666666667,1.4285714285714286,2.5,2.,1.75,0.4,0.5,0.5714285714285714,15.625,8.,5.3593
74999999999,0.064,0.125,0.18658892128279886,1525.87890625,...}

The graph of the solutions is given below.

X(n)

40

30!

20!

10!

x=1

9 10 15

Figure 1. x(n) graph of the solutions
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y(n)
20+
151
10+
5 L
y.=1 1 L n T 1 . I \‘ e ] n
5 10 15

Figure 2. y(n) graph of the solutions
EXAMPLE 2: 1f the initial conditions are selected as follows:
x[—2]=0.02;x[—1]=0.03;x[0]=0.04;y[-2]=0.05;y[—1]=0.06;y[0]=0.07;
then the following solutions are obtained:

x(n)={50.,33.333333333333336,25.,0.4,0.5,0.5714285714285714,6.25,4.,3.0625000000000004,0.16,0.25,0.326
53061224489793,97.65625,32.,16.413085937500004,0.01024,...}

y(n)={20.,16.666666666666668,14.285714285714285,2.5,2.,1.7500000000000002,0.4,0.5,0.571428571428571
4,15.625,8.,5.359375000000001,0.064,0.125,0.1865889212827988,1525.87890625,...}

The graph of the solutions is given below.

40

5 10 15
Figure 3. x(n) graph of the solutions
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y(n)

40+

30+

20-

10+

]/=1 : n
5 10 15
Figure 4. y(n) graph of the solutions
Conclusion
Given that the initial conditions X2 %15 %o are positive real numbers,
1 I x
xn+] = max{ > y"*Z }’ yn+1 = max{ B s }
Yna na Vi Vi2 ) the behavior of the solutions for the system of

max-type difference equations has been investigated.

1 y 1 X
— n—k _ n—k
X, =maxy———, s Ve = Max T

xn—k 'xn—k yn—/( yn—k

For future studies, researchers may investigate the solutions of the newly constructed system of difference
equations, for various values of k.
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