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Abstract: The behaviour of the solutions of the following system of difference equations is examined.
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  (1)  where the initial conditions are 

positive real numbers. In this study, the solutions of the initial conditions in the range (0,1) and the behavior of 

the solutions were examined. Investigations on the recent studies show that researches nature of nonlinear 

difference equations have been an object of great interest. Although difference equations are relatively simple in 

form, it is, unfortunately, extremely difficult to understand thoroughly the periodic and non periodic behavior of 

their solutions. Nonlinear difference equations of the max type has been investigated by many authors. These 

equations are particularly utilized in various fields, including population dynamics, economics, finance, and 

control systems. Max-type difference equations are not only interesting from a theoretical perspective but also 

possess a wide range of practical applications. They are frequently employed to model discrete dynamical systems 

in control theory, economic fluctuations, and biological population models with delayed feedback mechanisms. 

Understanding the periodic behavior and stability of such systems provides vital insights into the long-term 

dynamics of these real-world phenomena. In addition, Mathematica software was employed to generate the 

graphical illustrations and numerical examples presented in this study. 
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Introduction 
 

Recently, there has been a great interest in studying the periodic nature of nonlinear difference equations. 

Although difference equations are relatively simple in form, it is, unfortunately, extremely diffucult to understand 

thorougly the periodic behavior of their solutions. The periodic nature of nonlinear difference equations of the 

max type has been investigated by many authors. See for example [1-28]. 

 

Amleh (1998), in her doctoral dissertation conducted under the supervision of G. Ladas, addressed three distinct 

topics in difference equations. In the first chapter, he demonstrated that the solutions to the difference equation 

 

1
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are periodic for non-zero real parameters and initial conditions. 

 

Janowski et al. (1998), in their study;  
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they investigated the boundedness and oscillation properties of solutions to the rational difference equation with 

maximum. 

 

In his doctoral dissertation, Valicenti (1999) studied the periodicity and global asymptotic stability of solutions  

to  

 

the Lyness difference equation  
 

1
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n

n

a x b
x
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=  and the difference equation with maximum  
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In his doctoral dissertation, Teixeira (2000) first investigated the periodicity of solutions to the difference equation  

 

 
1

1

max ,n

n

n n

x A
x

x x
+

−

=  where A  is an arbitrary real number and the initial conditions are non-zero real numbers. 

 

Papaschinopoulos and Hatzifilippidis (2001) examined the continuity, boundedness, and periodicity of positive 

solutions for the difference equation 
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 assuming positive sequences for the coefficients and positive values for the initial 

conditions. 

 

In their study on the periodicity of the difference equation 
1

2

max ,n

n n

A B
x

x x
+

−

 
=  

 

, Mishev et al. (2002) proved 

that all  positive solutions of the equation are eventually periodic, assuming that the parameters and initial 

conditions are positive real values. 

 

 

 In the first of his two studies, Voulov (2002) solved an open problem posed by G. Ladas. In this work, he 

demonstrated that all solutions of the difference equation 

1 3 5

max , ,n

n n n

A B C
x

x x x− − −

 
=  

 

 are periodic for 

0++ CBA , assuming the parameters are non-negative real numbers. 

  

Feuer (2003) examined the periodic nature of solutions to the maximum-type Lyness difference equation 

 
1

1
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n

n

n n

x A
x

x x
+

−

=


, where A  is a positive real number and both the parameters and initial conditions are taken 

as arbitrary real numbers. 

 

In their 2003 study, Papaschinopoulos et al. (2003) investigated the solutions, their periodicity, and the invariant 

intervals of the difference equation 
 

1

1

max ,n

n

n n

x A
x

x x
+
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= , which had previously been studied by Feuer. 
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In their study, Patula and Voulov (2004) investigated the periodicity of solutions to the difference equation 

1

2
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n

n n
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 
=  

 

, where nA  and nB  are positive sequences with period 3. 

  
In their 2005 study, Çinar et al.(2005) investigated the periodicity of positive solutions to the difference equation 

1
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,for 0 , BA  and non-zero initial conditions. Furthermore, they generalized this equation 

to 
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and examined the periodicity of its positive solutions as well. 

 

In their 2006 study, Simsek et al. (2006) investigated the periodicity of solutions to the difference equation 

1 1

1

1
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n

x x
x

+ −

−
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under positive initial conditions. 

 

In their 2009 study, Simsek et al. (2009) investigated the solutions of the system of difference equations with 

maximum 

 

 by selecting positive initial conditions. 

 

In their 2009 study, Simsek et al. (2009) investigated the solutions of the system of difference equations with 

maximum  

 

assuming that both the parameter A and the initial conditions 

are positive. 

 

In their 2010 study, Simsek et al. (2010) investigated the behaviors of solutions for the system of difference 

equations with maximum  assuming positive 

initial conditions. 

 

In their 2006 study, Yan et al. demonstrated that the solutions of the difference equation 

1 2

1
max ,n

n n

A
x

x x

− −

 
=  

 

 

are periodic with 4 for the initial conditions  ,1,0,10  AA 1A  and  ),0(,, 012 − xxx- .
 

 

Definition 1: Let I be an interval of real numbers and let  be a continuously differentiable function 

where s is a non-negative integer. Consider the difference equation 

 

for n =0,1,2,      (1) 

 

with the initial values . A point  called an equilibrium point of Eq.(1) if 

 
 

 

Definition 2: A positive semicycle of a solution  Eq.(1) consists of a string of terms  

all greater than or equal to equilibrium  with l ≥-s and m≤∞ such that either l=-s or l>-s and  and either 

m=∞ or m≤∞ and  
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Definition 3: A negative semicycle of a solution  of Eq.(1) consists of a string of terms  

all less than or equal  to equilibrium   with l≥-s and m≤∞ such that either l=-s or l>-s and  and either m=∞ 

or m≤∞ and  

 

Definition 4: The Fibonacci numbers are defined by the recurrence relation  for , with 

initial conditions . 

 

 

Main Results 
 

To this end, the statements and proofs of lemmas and theorems are presented for various cases that may be 

encountered in equation (1). 

 

Let x and y  be the unique positive equilibrium of the (1), then clearly 

 

1 1
max ,  and  max ,
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1 1
  or       or   

y x
x x and y y

x x y y
= = = =  

and 

 

( ) ( )
2 2

1  and  1 x y= =  

 

We can obtain 1x =  and 1y = . 

 

Lemma 1: For equation (1), 

 

10 012012  −−−− yyyxxx  

 

the following statements are true for the solutions  nx  and ny with respect to the initial conditions: 

a) Every positive semicycle consists of three terms. 

b) Every negative semicycle consists of three terms. 

c) Solution  nx , every positive semicycle of length three is followed by a negative semicycle of length three. 

Solution ny , for 4n  ; every positive semicycle of length three is followed by a negative semicycle of length 

three. 

d) Solution  nx , for 4n  ; every negative semicycle of length three is followed by a positive semicycle of 

length three. Solution ny , for 7n  ; every negative semicycle of length three is followed by a positive 

semicycle of length three. 

 

Proof: Let us present the proof for Case 1. 

 

10 012012  −−−− yyyxxx   

 

Depending on the initial conditions: 
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1x x ,
2 3 4 5 6, , , , ,x x x x x x x x x x    

7 8 9, ,x x x x x x   ,   

 

10
,x x

11x x , 12 ,x x  …  

 

Thus, as can be seen from this, the solutions nx  follow the pattern PPPNNNPPPNNN... 

 

It is observed that every positive semicycle consists of three terms. 

 

It is observed that every negative semicycle consists of three terms. 

 

It is seen from the solutions nx  that every positive semicycle of length three is followed by a negative semicycle 

of length three. 

 

For 4n , every negative semicycle of length three is followed by a positive semicycle of length three. 
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,,,,,,,,, 987654321 yyyyyyyyyyyyyyyyyy  10
,y y

11
,y y

12
,y y  

 

Thus, as can be seen from this, the solutions ny  follow the pattern PPPPPPNNNPPPNNN... 

 

It is observed that every positive semicycle consists of three terms. 

 

It is observed that every negative semicycle consists of three terms. 

 

For 4n , every positive semicycle of length three is followed by a negative semicycle of length three.  

 

For 7n  , it is seen from the solutions ny   that every negative semicycle of length three is followed by a positive 

semicycle of length three. 

 

This completes the proof of Lemma 1. 

 

According to the following initial conditions 

 

10 010122  −−−− yyxxxy , 10 120012  −−−− yyxyxx , 

 

10 001122  −−−− xyyxxy , 10 001122  −−−− yxxyyx , 

 

10 001122  −−−− yxxyxy , 10 001122  −−−− xyxyyx , 

 

10 001122  −−−− xyxyxy . 

 

The proof for the solutions nx  and ny  is carried out similarly to the proof of Lemma 1. 

 

Theorem 1: 10 012012  −−−− yyyxxx   

 

Where 
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the solutions of equation (1): 
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    
= = =     
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is of the form. For n = 0,1,2, …, the above equations are true. 

 

Proof: Let us show the validity of the above statements by mathematical induction. 

 

For n = 0, 
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Assume that the following hold for n = k 
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=
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0

0

,
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y

x
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+
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     
= =    
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is obtained. Thus, the validity of the above statements is established by mathematical induction. 
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According to the following initial conditions 

 

10 010122  −−−− yyxxxy , 10 120012  −−−− yyxyxx , 

 

10 001122  −−−− xyyxxy ,  10 001122  −−−− yxxyyx , 

 

10 001122  −−−− yxxyxy ,  10 001122  −−−− xyxyyx , 

 

10 001122  −−−− xyxyxy . 

 

The proof for the solutions nx  and ny  is obtained similarly to the proof of Theorem 1. 

 

Theorem 2: (1) System of equations,  

 

10 012012  −−−− yyyxxx   

 

Depending on the initial condition  

 

a)   

6 1 6 2 6 3

6 4 6 5 6 6

6 7 6 8 6 9

,  , ,

0,   0,  0,

,  ,

n n n
n n n

n n n
n n n

n n n
n n n

im x im x im x

im x im x im x

im x im x im x

+ + +
→ → →

+ + +
→ → →

+ + +
→ → →

=  =  = 

= = =

=  =  = 







  

 

b)   

6 1 6 2 6 3

6 4 6 5 6 6

6 7 6 8 6 9
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0,   0,  0

n n n
n n n

n n n
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im y im y im y
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+ + +
→ → →

+ + +
→ → →

+ + +
→ → →

=  =  = 

=  =  = 

= = =







  

 

Proof:  

 

a) We obtain, 

 

     For 10 2  −x   ,            ==







=

−−
→

+
→

22

16

11
limlim

xx
x

n
n

n
 

 

     For  10 1  −x   ,            ==







=

−−
→

+
→

11

26

11
limlim

xx
x

n
n

n
 

 

     For  10 0  x   ,            ==









=

→
+

→
00

36

11
limlim

xx
x

n
n

n
 

 

     For  10 22  −− yx   ,   0limlim
2

2

)(

2

2

)12(

2

2
46 =








=








=








=



−

−



−

−

+

−

−

→
+

→ y

x

y

x

y

x
x

fnf

n
n

n
 

 

     For   10 11  −− yx  ,    0limlim
1

1

)(

1

1

)12(

1

1
56 =








=








=








=



−

−



−

−

+

−

−

→
+

→ y

x

y

x

y

x
x

fnf

n
n

n
 



International Conference on Basic Sciences and Technology (ICBAST), April 02-05, 2026, Konya/Türkiye 

477 
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b) We obtain  
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According to the following initial conditions 

 

10 010122  −−−− yyxxxy , 10 120012  −−−− yyxyxx , 

 

10 001122  −−−− xyyxxy ,  10 001122  −−−− yxxyyx , 

 

10 001122  −−−− yxxyxy ,  10 001122  −−−− xyxyyx , 

 

10 001122  −−−− xyxyxy  

 

The proof for the solutions nx  and ny  is obtained similarly to the proof of Theorem 2. 

 

 

EXAMPLE 1: If the initial conditions are selected as follows: 

 

𝑥[−2] =0.2; 𝑥[−1] =0.3; 𝑥[0]=0.4; 𝑦[−2]=0.5; 𝑦[−1]=0.6; 𝑦[0]=0.7; 

 

then the following solutions are obtained:  

 

x(n)={5.,3.3333333333333335,2.5,0.4,0.5,0.5714285714285715,6.25,4.,3.0624999999999996,0.16,0.25,0.3265

30612244898,97.65625,32.,16.413085937499996,0.01024,…} 

 

y(n)={2.,1.6666666666666667,1.4285714285714286,2.5,2.,1.75,0.4,0.5,0.5714285714285714,15.625,8.,5.3593

74999999999,0.064,0.125,0.18658892128279886,1525.87890625,…} 

 

The graph of the solutions is given below. 

 

 
Figure 1. x(n) graph of the solutions 



International Conference on Basic Sciences and Technology (ICBAST), April 02-05, 2026, Konya/Türkiye 

479 

 

 

 
Figure 2. y(n) graph of the solutions 

 

EXAMPLE 2: If the initial conditions are selected as follows: 

 

𝑥[−2]=0.02;𝑥[−1]=0.03;𝑥[0]=0.04;𝑦[−2]=0.05;𝑦[−1]=0.06;𝑦[0]=0.07; 

 

then the following solutions are obtained:  

 

x(n)={50.,33.333333333333336,25.,0.4,0.5,0.5714285714285714,6.25,4.,3.0625000000000004,0.16,0.25,0.326

53061224489793,97.65625,32.,16.413085937500004,0.01024,…} 

 

y(n)={20.,16.666666666666668,14.285714285714285,2.5,2.,1.7500000000000002,0.4,0.5,0.571428571428571

4,15.625,8.,5.359375000000001,0.064,0.125,0.1865889212827988,1525.87890625,…} 

 

The graph of the solutions is given below. 

 

 
Figure 3. x(n) graph of the solutions 

 



International Conference on Basic Sciences and Technology (ICBAST), April 02-05, 2026, Konya/Türkiye 

480 

 

 
Figure 4. y(n) graph of the solutions 

 

 

Conclusion  
 

Given that the initial conditions 012  ,, xxx −−  are positive real numbers,

2 2
1 1

2 2 2 2

1 1
max , , max ,n n

n n

n n n n

y x
x y

x x y y

− −
+ +

− − − −
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= =   

       the behavior of the solutions for the system of  

 

max-type difference equations has been investigated.  
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−

−

−

+
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kn

kn

n

kn

kn

kn

n
y

x

y
y

x

y

x
x ,

1
max,,

1
max 11

 
 

For future studies, researchers may investigate the solutions of the newly constructed system of difference 

equations, for various values of k. 

 

 

Scientific Ethics Declaration 
 

* The authors declare that the scientific ethical and legal responsibility of this article published in EPSTEM journal 

belongs to the authors. 

 

 

Conflict of Interest 
 

* The authors declare that there is no conflict of interest 

 

 

Funding 
 

* This research received no specific grant from any funding agency in the public, commercial, or not-for-profit 



International Conference on Basic Sciences and Technology (ICBAST), April 02-05, 2026, Konya/Türkiye 

481 

 

sectors. 

 

 

Acknowledgements or Notes 
 

* This article was presented as an oral presentation at the International Conference on Basic Sciences and 

Technology ( www.icbast.net ) held in Konya/Türkiye on April 02-05, 2026.  

 

 

References 

 

Amleh, A. M. (1998). Boundedness, periodicity and stability of some difference equations (Doctoral dissertation). 

University of Rhode Island. 

Cınar, C., Stević, S., & Yalçınkaya, I. (2005). On the positive solutions of reciprocal difference equation with 

minimum. Journal of Applied Mathematics and Computing, 17(1–2), 307–314. 

Elaydi, S. (1996). An introduction to difference equations. New York, NY: Springer-Verlag. 

Elsayed, E. M., & Stević, S. (2009). On the max-type equation xn+1 = max{A/xn, xn−2}. Nonlinear Analysis: 

Theory, Methods & Applications, 71(3–4), 910–922. 

Elsayed, E. M., Iričanin, B., & Stević, S. (in press). On the max-type equation xn+1 = max{An/xn, xn−1}. ARS 

Combinatoria. 

Feuer, J. (2003). Periodic solutions of the Lyness max equation. Journal of Mathematical Analysis and 

Applications, 288(1), 147–160. 

Gelişken, A., Çınar, C., & Karataş, R. (2008). A note on the periodicity of the Lyness max equation. Advances in 

Difference Equations, Article 651747. 

Gelişken, A., Çınar, C., & Yalçınkaya, İ. (2008). On the periodicity of a difference equation with maximum. 

Discrete Dynamics in Nature and Society, Article 820629. 

Gelişken, A., Çınar, C., & Kurbanlı, A. S. (2010). On the asymptotic behavior and periodic nature of a difference 

equation with maximum. Computers & Mathematics with Applications, 59(2), 898–902. 

Iričanin, B., & Elsayed, E. M. (2010). On a max-type equation xn+1 = max{A/xn, xn−3}. Discrete Dynamics in 

Nature and Society, 2010, Article 675413. 

Kulenović, M. R. S., & Ladas, G. (2002). Dynamics of second order rational difference equations with open 

problems and conjectures. Boca Raton, FL: CRC Press. 

Mishev, D. P., Patula, W. T., & Voulov, H. D. (2002). A reciprocal difference equation with maximum. Computers 

& Mathematics with Applications, 43(8–9), 1021–1026. 

Moybe, L. A. (2000). Difference equations with public health applications. CRC Press. 

Papaschinopoulos, G., & Hatzifilippidis, V. (2001). On a max difference equation. Journal of Mathematical 

Analysis and Applications, 258(1), 258–268. 

Papaschinopoulos, G., Schinas, J., & Hatzifilippidis, V. (2003). Global behaviour of the solutions of a max-

equation and of a system of two max-equations. Journal of Computational Analysis and Applications, 

5(2), 237–247. 

Patula, W. T., & Voulov, H. D. (2004). On a max type recursive relation with periodic coefficients. Journal of 

Difference Equations and Applications, 10(3), 329–338. 

Stefanidou, G., & Papaschinopoulos, G. (2006). The periodic nature of the positive solutions of a nonlinear fuzzy 

max-difference equation. Information Sciences, 176(24), 3694–3710. 

Stević, S. (2008). On the recursive sequence xn+1 = max{c, xnp/xn−1p}. Applied Mathematics Letters, 21(8), 

791–796. 

Şimşek, D., Çınar, C., & Yalçınkaya, İ. (2006). On the solutions of the difference equation xn+1 = max{1/xn−1, 

xn−1}. International Journal of Contemporary Mathematical Sciences, 1(9–12), 481–487. 

Şimşek, D., Demir, B., & Kurbanlı, A. S. (2009). Denklem sistemlerinin çözümleri üzerine. Ahmet Keleşoğlu 

Eğitim Fakültesi Dergisi, 28, 91–104. 

Şimşek, D., Demir, B., & Çınar, C. (2009). On the solutions of the system of difference equations xn+1 = 

max{A/xn, yn/xn}, yn+1 = max{A/yn, xn/yn}. Discrete Dynamics in Nature and Society, 2009, Article 

325296. 

Teixeira, C. T. (2000). Existence, stability, boundedness and periodicity of some difference equations (Doctoral 

dissertation). University of Rhode Island. 

Valicenti, S. (1999). Periodicity and global attractivity of some difference equations (Doctoral dissertation). 

University of Rhode Island. 

Voulov, H. D. (2002). On the periodic character of some difference equations. Journal of Difference Equations 

and Applications, 8(9), 799–810. 

http://www.icbast.net/


International Conference on Basic Sciences and Technology (ICBAST), April 02-05, 2026, Konya/Türkiye 

482 

 

Voulov, H. D. (2002). Periodic solutions to a difference equation with maximum. Proceedings of the American 

Mathematical Society, 131(7), 2155–2160. 

Yalçınkaya, İ., Iričanin, B. D., & Çınar, C. (2007). On a max-type difference equation. Discrete Dynamics in 

Nature and Society, 2007, Article 47264. 

Yalçınkaya, İ., Çınar, C., & Atalay, M. (2008). On the solutions of systems of difference equations. Advances in 

Difference Equations, 2008, Article 143943. 

Yan, X., Liao, X., & Li, C. (2006). On a difference equation with maximum. Applied Mathematics and 

Computation, 181(1), 1–5. 

 

 

Author(s) Information 
Naciye Cansu Dikici 
Konya Technical University  

Institute of Graduate Studies, Konya, Türkiye 

ORCID iD: https://orcid.org/000-0009-8216-6111 

*Contact e-mail: cansudikici20@gmail.com 

Dagıstan Simsek 
Konya Technical University  

Faculty of Engineering and Natural Sciences, Konya, 

Türkiye 

ORCID iD: https://orcid.org/0000-0003-3003-807X 

*Corresponding author(s) contact email 
  
  

To cite this article:  

Dikici, N.C., & Simşek, D. (2026). Solutions and solution behavior of difference equation systems. The Eurasia 

Proceedings of Science, Technology, Engineering and Mathematics (EPSTEM), 40, 462-482.  

 

 

  

https://orcid.org/000-0009-8216-6111
mailto:cansudikici20@gmail.com
https://orcid.org/0000-0003-3003-807X

